
Section 9.5 Linear Equations

24. Solve the initial-value problem.

(x2 + 1)
dy

dx
+ 3x(y − 1) = 0, y(0) = 2

Solution:
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21. 



= 2 + 3 ⇒ 0 − 3


 =  (). () = 

 −3  = −3 ln|| = (ln||)−3 = −3 [  0] = 1

3
. Multiplying ()

by () gives 1
3

0 − 3

4
 =

1

2
⇒


1

3


0
=
1

2
⇒ 1

3
 =


1

2
 ⇒ 1

3
 = −1


+ . Since (2) = 4,

1

23
(4) = −1

2
+  ⇒  = 1, so 1

3
 = −1


+ 1, or  = −2 + 3.

22. 0 +  =  ln ⇒ ()0 =  ln ⇒  =

 ln ⇒  = 1

2
2 ln− 1

4
2 + 


by parts

with  = ln


⇒

 =
1

2
 ln− 1

4
+




. (1) = 0 ⇒ 0 = 0− 1

4
+  ⇒  =

1

4
, so  = 1

2
 ln− 1

4
+

1

4
.

23. 0 =  + 2 sin ⇒ 0 − 1


 =  sin. () = 


(−1)  = − ln  = ln

−1
=
1


.

Multiplying by 1

gives 1


0 − 1

2
 = sin ⇒


1




0
= sin ⇒ 1


 = − cos+ ⇒  = − cos+ .

() = 0 ⇒ − · (−1) +  = 0 ⇒  = −1, so  = − cos− .

24. (2 + 1)



+ 3( − 1) = 0 ⇒ (2 + 1) 0 + 3 = 3 ⇒ 0 +

3

2 + 1
 =

3

2 + 1
.

() = 

3(2+1)  = (32) ln|2+1| =


ln(

2+1)
32

= (2 + 1)32. Multiplying by (2 + 1)32 gives

(2 + 1)32 0 + 3(2 + 1)12  = 3(2 + 1)12 ⇒

(2 + 1)32

0
= 3(2 + 1)12 ⇒

(2 + 1)32  =

3(2 + 1)12  = (2 + 1)32 +  ⇒  = 1 + (2 + 1)−32. Since (0) = 2, we have

2 = 1 +(1) ⇒  = 1 and hence,  = 1+ (2 + 1)−32.

25. 0 + 2 =  ⇒ 0 +
2


 =




.

() = 

(2)  = 2 ln|| =


ln||

2
= ||2 = 2.

Multiplying by () gives 2 0 + 2 =  ⇒ (2)0 =  ⇒
2 =


  = (− 1) + [by parts] ⇒

 = [(− 1) + ]2. The graphs for  = −5, −3, −1, 1, 3, 5, and 7 are
shown.  = 1 is a transitional value. For   1, there is an inflection point and

for   1, there is a local minimum. As || gets larger, the “branches” get
further from the origin.

26. 0 = 2 + 2 ⇔ 0 − 2 = 2 ⇔ 0 − 2


 = .

() = 
 −2  = −2 ln|| = (ln||)−2 = ||−2 = 1

2
. Multiplying by

() gives 1
2

0 − 2

3
 =

1


⇒

1

2


0
=
1


⇒ 1

2
 =


1


 ⇒

1

2
 = ln ||+ ⇒  = (ln ||+)2. For all values of , as ||→ 0,
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30. Solve the second-order equation xy′′ + 2y′ = 12x2 by making the substitution u = y′.

Solution:

SECTION 9.5 LINEAR EQUATIONS ¤ 841

21. 0 + 2 =  ⇒ 0 +
2


 =




.

() = 

(2)  = 2 ln|| =


ln||

2

= ||2 = 2.

Multiplying by () gives 2 0 + 2 =  ⇒ (2)0 =  ⇒
2 =


  = (− 1) + [by parts] ⇒

 = [(− 1) + ]2. The graphs for  = −5, −3, −1, 1, 3, 5, and 7 are

shown.  = 1 is a transitional value. For   1, there is an inflection point and

for   1, there is a local minimum. As || gets larger, the “branches” get
further from the origin.

22. 0 = 2 + 2 ⇔ 0 − 2 = 2 ⇔ 0 − 2


 = .

() = 
 −2  = −2 ln|| = (ln||)−2 = ||−2

=
1

2
. Multiplying by

() gives
1

2
0 − 2

3
 =

1


⇒


1

2


0
=

1


⇒ 1

2
 =


1


 ⇒

1

2
 = ln ||+ ⇒  = (ln ||+)2. For all values of , as ||→ 0,

 → 0, and as ||→∞,  →∞. As || increases from 0, the function decreases and attains an absolute minimum.

The inflection points, absolute minimums, and -intercepts all move farther from the origin as  decreases.

23. Setting  = 1−,



= (1− ) −




or




=



1− 




=

(1−)

1− 




. Then the Bernoulli differential equation

becomes
(1−)

1− 




+  ()1(1−) = ()(1−) or




+ (1− ) () = ()(1− ).

24. Here 0 +  = −2 ⇒ 0 +



= −2, so  = 2,  () =

1


and () = −1. Setting  = −1,  satisfies

0 − 1


 = 1. Then () = 


(−1) =

1


(for   0) and  = 


1


+ 


= (ln ||+). Thus,

 =
1

( + ln ||) .

25. Here 0 +
2


 =

3

2
, so  = 3,  () =

2


and() =

1

2
. Setting  = −2,  satisfies 0 − 4


= − 2

2
.

Then () = 

(−4)  = −4 and  = 4


− 2

6
+ 


= 4


2

55
+ 


= 4 +

2

5
.

Thus,  = ±

4 +

2

5

−12

.

26. 00 + 20 = 122 and  = 0 ⇒ 0 + 2 = 122 ⇒ 0 +
2


 = 12.

() = 

(2)  = 2 ln|| =


ln||

2

= ||2 = 2. Multiplying the last differential equation by 2 gives
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20 + 2 = 123 ⇒ (2)0 = 123 ⇒ 2 =


123  = 34 +  ⇒  = 32 + 2 ⇒

0 = 32 +2 ⇒  = 3 −  +.

27. (a) 2



+ 10 = 40 or




+ 5 = 20. Then the integrating factor is 


5  = 5. Multiplying the differential equation

by the integrating factor gives 5



+ 55 = 205 ⇒ (5)0 = 205 ⇒

() = −5


205  +


= 4 + −5. But 0 = (0) = 4 +, so () = 4− 4−5.

(b) (01) = 4− 4−05 ≈ 157 A

28. (a)



+ 20 = 40 sin 60, so the integrating factor is 20. Multiplying the differential equation by the integrating factor

gives 20



+ 2020 = 4020 sin 60 ⇒ (20)0 = 4020 sin 60 ⇒

() = −20


4020 sin 60  + 


= −20

4020


1

4000


(20 sin 60− 60 cos 60)


+−20

=
sin 60− 3 cos 60

5
+ −20

But 1 = (0) = − 3
5

+ , so () =
sin 60− 3 cos 60 + 8−20

5
.

(b) (01) =
sin 6− 3 cos 6 + 8−2

5
≈ −042 A (c)

29. 5



+ 20 = 60 with (0) = 0 C. Then the integrating factor is 


4  = 4, and multiplying the differential

equation by the integrating factor gives 4



+ 44 = 124 ⇒ (4)0 = 124 ⇒

() = −4


124  +


= 3 + −4. But 0 = (0) = 3 +  so () = 3(1− −4) is the charge at time 

and  =  = 12−4 is the current at time .

30. 2



+ 100 = 10 sin 60 or




+ 50 = 5 sin 60. Then the integrating factor is 


50  = 50, and multiplying the

differential equation by the integrating factor gives 50



+ 5050 = 550 sin 60 ⇒ (50)0 = 550 sin 60 ⇒

() = −50


550 sin 60  +


= −50

550


1

6100


(50 sin 60− 60 cos 60)


+ −50

= 1
122

(5 sin 60− 6 cos 60) +−50

But 0 = (0) = − 6
122

+ so  = 3
61

and () =
5 sin 60− 6 cos 60

122
+

3−50

61
is the charge at time , while the current

is () =



=

150 cos 60+ 180 sin 60− 150−50

61
.
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39. An object with mass m is dropped from rest and we assume that the air resistance is proportional to the speed

of the object. If s(t) is the distance dropped after t seconds, then the speed is v = s′(t) and the acceleration is

a = v′(t). If g is the acceleration due to gravity, then the downward force on the object is mg − cv, where c is a

positive constant, and Newton’s Second Law gives

m
dv

dt
= mg − cv

(a) Solve this as a linear equation to show that

v =
mg

c
(1− e−ct/m)

(b) What is the limiting velocity?

(c) Find the distance the object has fallen after t seconds.

Solution:

SECTION 9.5 LINEAR EQUATIONS ¤ 913

37. (0) = 0 kg. Salt is added at a rate of

04

kg
L


5
L
min


= 2

kg
min

 Since solution is drained from the tank at a rate of

3 Lmin, but salt solution is added at a rate of 5 Lmin, the tank, which starts out with 100 L of water, contains (100 + 2) L

of liquid after  min. Thus, the salt concentration at time  is ()

100 + 2

kg
L . Salt therefore leaves the tank at a rate of

()

100 + 2

kg
L


3
L
min


=

3

100 + 2

kg
min . Combining the rates at which salt enters and leaves the tank, we get




= 2− 3

100 + 2
. Rewriting this equation as 


+


3

100 + 2


 = 2, we see that it is linear.

() = exp


3 

100 + 2


= exp


3
2
ln(100 + 2)


= (100 + 2)32

Multiplying the differential equation by () gives (100 + 2)32 

+ 3(100 + 2)12 = 2(100 + 2)32 ⇒

[(100 + 2)32]0 = 2(100 + 2)32 ⇒ (100 + 2)32 = 2
5
(100 + 2)52 +  ⇒

 = 2
5
(100 + 2) + (100 + 2)−32. Now 0 = (0) = 2

5
(100) +  · 100−32 = 40 + 1

1000
 ⇒  = −40,000, so

 =

2
5
(100 + 2)− 40,000(100+ 2)−32


kg. From this solution (no pun intended), we calculate the salt concentration

at time  to be () = ()

100 + 2
=


−40,000

(100 + 2)52
+
2

5


kg
L
. In particular, (20) = −40,000

14052
+
2

5
≈ 02275 kg

L

and (20) = 2
5
(140)− 40,000(140)−32 ≈ 3185 kg.

38. Let () denote the amount of chlorine in the tank at time  (in seconds). (0) = (005 gL) (400 L) = 20 g. The amount of

liquid in the tank at time  is (400− 6) L since 4 L of water enters the tank each second and 10 L of liquid leaves the tank

each second. Thus, the concentration of chlorine at time  is ()

400− 6
g
L . Chlorine doesn’t enter the tank, but it leaves at a rate

of


()

400− 6
g
L


10
L
s


=

10 ()

400− 6
g
s
=

5 ()

200− 3
g
s
. Therefore, 


= − 5

200− 3 ⇒





=

 −5 
200− 3 ⇒

ln  = 5
3
ln(200− 3) +  ⇒  = exp


5
3
ln(200− 3) + 


= (200− 3)53. Now 20 = (0) =  · 20053 ⇒

 =
20

20053
, so () = 20(200− 3)

53

20053
= 20(1− 0015)53 g for 0 ≤  ≤ 66 2

3
s, at which time the tank is empty.

39. (a)  


=  −  ⇒ 


+




 =  and () = 


()  = (), and multiplying the last differential

equation by () gives () 

+

()


= () ⇒


()

0
= (). Hence,

() = −()


() +

= +−(). But the object is dropped from rest, so (0) = 0 and

 = −. Thus, the velocity at time  is () = ()[1− −()].

(b) lim
→∞

() = 
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(c) () =

()  = ()[+ ()−()] + 1 where 1 = (0)−22.

(0) is the initial position, so (0) = 0 and () = ()[+ ()−()]−22.

40.  = ()(1− −) ⇒



=






0− − · 

2


+




(1− −) · 1 = −


− +




− 


−

=





1− − − 


−


⇒








= 1−


1 +






− = 1− 1 + 


= 1− 1 +


, where  =




≥ 0. Since   1 + for all   0,

it follows that   0 for   0. In other words, for all   0,  increases as increases.

41. (a)  = 1


⇒  =

1


⇒  0 = − 0

2
. Substituting into  0 =  (1− ) gives us − 0

2
= 

1




1− 1




⇒

0 = −

1− 1




⇒ 0 = − + 


⇒ 0 +  =




().

(b) The integrating factor is 

  = . Multiplying () by  gives 0 +  =




⇒ ()0 =




 ⇒

 =







 ⇒  =

1


 +  ⇒  =

1


+ −. Since  = 1


, we have

 =
1

1


+−

⇒  =


1 +−
, which agrees with Equation 9.4.7,  = 

1 +−
, when = .

42. (a)  = 1


⇒  =

1


⇒  0 =

−0
2
. Substituting into 


= ()


1− 

()


gives us

− 0

2
=

()




1− 1

()


⇒ 0 = −()


1− 1

()


⇒ 0 = −() + ()

()
⇒




+ () =

()

()
().

(b) The integrating factor is (), where() =
 
0
() , so that0() = (). Multiplying () by

() gives () 

+ ()() =

()()

()
⇒ (())0 =

0()()

()
⇒

() =

 

0

0()()

()
+ , so  =

1


=

() 

0

0()()

()
+ 

. Now suppose that is a constant. Then

 () =
() 

0
0()() + 

=
()

() + 
=



1 + −()
. If
∞
0

()  =∞ then lim
→∞

() =∞, so

lim
→∞

 () =


1 + lim
→∞

−()
=



1 +  · 0 = .
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41. (a) Show that the substitution z = 1/P transforms the logistic differential equation P ′ = kP (1 − P/M) into the

linear differential equation

z′ + kz =
k

M

(b) Solve the linear differential equation in part (a) and thus obtain an expression for P (t). Compare with Equation

9.4.7.

Solution:

844 ¤ CHAPTER 9 DIFFERENTIAL EQUATIONS

34. Let () denote the amount of chlorine in the tank at time  (in seconds). (0) = (005 gL) (400 L) = 20 g. The amount of

liquid in the tank at time  is (400− 6) L since 4 L of water enters the tank each second and 10 L of liquid leaves the tank

each second. Thus, the concentration of chlorine at time  is
()

400− 6

g
L
. Chlorine doesn’t enter the tank, but it leaves at a rate

of


()

400− 6

g
L


10

L
s


=

10 ()

400− 6

g
s

=
5 ()

200− 3

g
s
. Therefore,




= − 5

200− 3
⇒





=

 −5 

200− 3
⇒

ln  = 5
3

ln(200− 3) +  ⇒  = exp


5
3

ln(200− 3) + 


= (200− 3)53. Now 20 = (0) =  · 20053 ⇒

 =
20

20053
, so () = 20

(200− 3)53

20053
= 20(1− 0015)53 g for 0 ≤  ≤ 66 2

3
s, at which time the tank is empty.

35. (a)



+




 =  and () = 


()  = (), and multiplying the differential equation by

() gives () 


+

()


= () ⇒


()

0
= (). Hence,

() = −()


() +


= +−(). But the object is dropped from rest, so (0) = 0 and

 = −. Thus, the velocity at time  is () = ()[1− −()].

(b) lim
→∞

() = 

(c) () =

()  = ()[ + ()−()] + 1 where 1 = (0)−22.

(0) is the initial position, so (0) = 0 and () = ()[+ ()−()]−22.

36.  = ()(1− −) ⇒



=






0− − · 

2


+




(1− −) · 1 = −


− +




− 


−

=





1− − − 


−


⇒








= 1−


1 +






− = 1− 1 + 


= 1− 1 +


, where  =




≥ 0. Since   1 + for all   0,

it follows that   0 for   0. In other words, for all   0,  increases as increases.

37. (a)  =
1


⇒  =

1


⇒  0 = − 0

2
. Substituting into  0 =  (1− ) gives us − 0

2
= 

1




1− 1




⇒

0 = −


1− 1




⇒ 0 = − +




⇒ 0 +  =




().

(b) The integrating factor is 

  = . Multiplying () by  gives 0 +  =




⇒ ()0 =




 ⇒

 =







 ⇒  =

1


 +  ⇒  =

1


+ −. Since  =

1


, we have

 =
1

1


+−

⇒  =


1 +−
, which agrees with Equation 9.4.7,  =



1 +−
, when = .
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