Section 7.3 Trigonometric Substitution

20. Evaluate the integral. [) %

Solution:

Letz = tanf, sodx = sec?0df,z =0 = H=0,andz=1 = ¢ = 7. Then

/1 de /”/4 sec’0df /”/4 sec?6 do
o (@2+1)2  J,  (tan?20+1)2  J,  (sec20)?
/4 ) /4 1
:/ cos 9d9:/ = (1 + cos20) do
0 o 2
/4

— [0+ dsin2] ;= 4[5+ 5 -0 =+ 4

30. Evaluate the integral. fol VI — xidx

Solution:

1 1 1 >

/\/a:—:ﬁdx:/ \/i—(:ﬁ—x—i-i)dx:/ Vi—-(z—3) dz

0 0 0

/2 11
:/ / \/1 — 3sin?0 1 cos6do [m di_iil:s%de]
—7/2
/2 /2 /2

:2/ %cos@%cos@d@z%/ COSQQdGZ%/ (1 + cos 20) df

0 0 0

= [0 +3sin26]3" = 1(5) =

|3

39. Find the average value of f(z) = vaz?2 —1/z, 1<z <T.
Solution:

The average value of f(x) = v/z? — 1/z on the interval [1, 7] is

1 [TV22 -1 1 [*tanf - -
/ L de = = / anb sectand do where x = sec 6, dz = secf tan 6 db,
7T—-1/; x 6 /o

secH VzZ — 1 =tanf,and @ = sec” 1 7

= % foa tan?0 df = %foa(SeCQQ —1)df = %[tang _ 9]3‘

= %(tana—a) = %(\/E—secfl 7)

45. (a) Use trigonometric substitution to verify that

* 1 1
/ Va2 —t2dt = §a2 sin~! <§> + —zva? — 22
0 a

2

(b) Use the figure to give trigonometric interpretations of both terms on the right side of the equation in part (a).

a y=\a*- 1




Solution:

(a) Lett = asinf,dt =acos0df,t =0 = 6O=0andt=z =

a
0 = sin"*(z/a). Then t (or x)
x sin~Y(z/a) ) sin"(z/a) ) #]
a? —2dt = acosf (acosfdf) =a cos” 0df R
0 0 0 a—t
2 sin~!(z/a) 2 sin~Y(z/a) 2 sin"1(z/a)
:a_/ (1+c0520)d9:a—[0+%sin29} :a—[9+sin0cos9}
2 Jo 2 0 2 0

2 2 _ .2
= % [(sin_l(g) +Z. u) — O] = 1a’sin"!(z/a) + 22 va2 — 22

a a
(b) The integral fom va? — t2 dt represents the area under the curve y = v/a? — t2 between the vertical lines t = 0 and t = .

The figure shows that this area consists of a triangular region and a sector of the circle t* 4+ y* = a*. The triangular region

has base z and height v/a? — 22, so its area is 22 v/a2 — 22. The sector has area 2a°0 = 1a®sin™"(z/a).

47. A torus is generated by rotating the circle 22 + (y — R)? = r2 about the z-axis. Find the volume enclosed by the
torus.

Solution:

We use cylindrical shells and assume that R > 7. 2°> = 7% — (y — R)> = x=4+/r2— (y— R)2,
sog(y) =2+/r? — (y — R)? and
V= [ ory.2\/r2 = (y—R)2dy = [" 4r(u+ R)VrZ —u2du  [whereu =y — R]
o [T TP dut 4rR [T, VT du where w = rsin 0, du = r cos 0 df

in the second integral

r

=4n [—%(TQ - u2)3/2} +4rR fl/r% r?cos® 0 df = — 27 (0 — 0) + 47 Rr? fjﬁz cos” 0 do

—r
/2

= 27 Rr? f:{%(l + cos 20) df = 2w Rr? [0 + 1 sin 20| iy

6. 2p.2
2f27rRr

Another method: Use washers instead of shells, so V = 87 R for 1/12 — y2 dy as in Exercise 6.2.63(a), but evaluate the

integral using y = rsin 6.

49. Find the area of the crescent-shaped region (called a lune) bounded by arcs of circles with radii r and R. (See the

figure.)

Jam
[

Solution:



y
Let the equation of the large circle be 2> 4 y* = R?. Then the equation of

y=b+\r*=x
the small circle is 2 + (y — b)?> = 72, where b = v/R2 — 72 is the distance ;A

: : . !
bet th t f th les. The d d
etween the centers of the circles. The desired area is y=JR =2 b

A:fﬁr[(b+\/r27m2)f\/R27x2]d;r —R x
=2 (b+Vr?—a?— VR —a?)dx kj

=2 [ bdx+2 [ V2 —a2dx—2 [ VR? —22dx

The first integral is just 2br = 27 v/ R? — r2. The second integral represents the area of a quarter-circle of radius r, so its value

is %mﬂQ. To evaluate the other integral, note that

[Va2 —2?dx = [a®cos’0df [z =asinb, dz=acosfdf] = (2a”)[(1+ cos26)df

= 2a’(0 + 3sin20) + C = 1a*(0 + sin6 cosd) + C
= a_2 arcsin(z) + a_2 (E)M +C = ﬁ arcsin(z) + z Va2 —z2+C
2 2 a 2

a 2 \a a

Thus, the desired area is
A =2rvVR?> =12 +2(57r*) — [R?arcsin(z/R) + 2 VR? — xz]g
=2rvVR2 — 12+ i7r® — [R*arcsin(r/R) + r VR? — 2] = rV/R? — 12 + Zr? — R? arcsin(r/R)



