Section 7.1 Integration by Parts
2. Evaluate the integral using integration by parts with the indicated choices of uw and dv.

/ﬁlnxdw; u=Inz, dv=+zdx

Solution:

1 .
Letu=Ilnz,dv=+rdxr = du==dr,v= %x?’/z. Then by Equation 2,
T

1
/\/Eln:cd:c:%xg/anx—/%xB/Q'Eda?:%x3/2lnx—/§x1/2da¢:§x3/21nx—%m3/2+0.

42. Evaluate the integral fg e®sin(t — s)ds.

Solution:

Letu = sin(t — s), dv = e°ds = du = —cos(t — s)ds, v = e°. Then
t

I= fot e’sin(t — s)ds = {es sin(t — s)} + fot e cos(t — s)ds = e'sin0 — e’ sint + I1. For I1, let U = cos(t — s),
0

AV =e’ds = dU:Sin(t—s)ds,V:es.Sollz[escos(t—s)]to—fotessin(t—s)ds:etCOSO—eocost—I.

Thus, ] = —sint +¢e' —cost — I = 2] =e' —cost —sint = I = 3(e’ —cost —sint).

48. First make a substitution and then use integration by parts to evaluate the integral. [ %ﬂnw)dw

Solution:

1 in(1
Let y = Inx, so that dy = — dz. Thus, / 7arcsm( nz) dx = /arcsinydy. Now use
x x

parts with u = arcsiny, dv = dy, du = dy, and v = y to get

1
v 1—y?
/arcsinydy:yarcsiny—/\/%dy:yarcsiny—i— vV1—9y?+C = (Inz)arcsin(lnz) + /1 — (Inz)? 4+ C.
-y

60. Use integration by parts to prove the reduction formula.

t 2 -2
/sec" xdr = anxsecl T : /sec"*2 zdzr (n#1)
n— n—

Solution:

Letu =sec" 2z, dv =sec’vdx = du=(n—2)sec" 3

x secx tanx dx, v = tan x. Then, by Equation 2,
[sec™ zdr = tanz sec” *z — (n — 2) [sec" ?z tan® v dx

=tanz sec” 2 — (n —2) [sec" ?z (sec’z — 1) dx

=tanz sec” >z — (n —2) [sec" xdx + (n —2) [sec" *zdx

so (n — 1) [sec" xdx = tanz sec" >z + (n — 2) [sec" >z dz. If n — 1 # 0, then

tanz sec” 2 -2 _
sec” ¢ dp = 22T i + n sec" 2 x dx.
n—1 n—1




78.

(a) Use integration by parts to show that

[ f@yte = apa) - [of @)ds

(b) If f and g are inverse functions and f’ is continuous, prove that

f()
IRCI Ry T

[Hint: Use part (a) and make the substitution y = f(x).] (c¢) In the case where f and g are positive functions and
b > a >0, draw a diagram to give a geometric interpretation of part (b).

(d) Use part (b) to evaluate [, Inzdz.

Solution:
(a) Take g(z) = x and ¢'(z) = 1 in Equation 1.

(b) By part (a), f: f(z)dz =bf(b) —a f(a) — f: x f'(z) dz. Now let y = f(z), so that x = g(y) and dy = f'(z) dz.
Then f: zf(z)de = [ 4 ((;)) g(y) dy. The result follows.

(c) Part (b) says that the area of region ABF'C is
b
= bf (b) — af(a) - [
= (area of rectangle OBF'E) — (area of rectangle OAC D) — (area of region DCF'E)
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(d) We have f(z) = Inxz, so f~*(x) = €, and since g = f ', we have g(y) = e?. By part (b),

e Ine 1
/lnxdx:elne—llnl—/ eydy:e—/ eydy:e—[ey]éze—(e—l)zl.
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