
Section 4.7 Optimization Problems

47. A cone-shaped drinking cup is made from a circular piece of paper of radius R by cutting out a sector and joining

the edges CA and CB. Find the maximum capacity of such a cup.

344ζHAPTER 4 Applications of Differentiation 

問 28. Find , correct to two decimal places , the coordinates of the 
point on the curve y = sin x that is cJ osest to the point (4, 2). 

29. Find the dimensions of the rectan!!le of lar立est area that can 0'- _. '-'0 

be inscribed in a circle of radius r. 

30. Find the area of the larσest rectan!!le that can be inscribed in o-u-. ----"0 
the ell恥e x 2jα 2 + y2j b 2 = 1 

31. Find the dimensions of the rectangle of largest area that can 

be inscribed in an equilateral triangle of side L if one side of 

the rectangle lies on the base of the triangle. 

32. Find the area of the largest trapezoid that can be inscribed in 

a circJe of radius 1 and whose base is a diameter of the circle. 

33. Find the dimensions of the isosceles triangle of largest area 

that can be inscribed in a circle of radius r. 

34. If the two equal sides of an isosceles triangle have lengthα， 

自 nd the length of the third side that maximizes the area of the 
triangle. 

35. If one side of a triangle has length a and another has length 
2a , show that the largest possible area of the triangle is a 2 

36. A rectangle has its base on the x-axis and its upper two ver
tices on the parabola y = 4 - x 2 • 叭rhat is the largest po公
sible area of the rectangle? 

37. A right circular cylinder is inscribed in a sphere of radius r. 
Find the largest possible volume of such a cylinder. 

38. A right circular cylinder is inscribed in a cone with height h 
and base radius r. Find the largest possible volume of such 
a cylinder 

39. A right circular cylinder is inscribed in a sphere of radius r. 
Find the largest possible surface area of such a cylinder. 

40. A Norman window has the shape of a rectangle sur
mounted by a semicircle. (Thus the diameter of the 
semicircle is equal to the width of the rectangle. See Exer-
cise l.1.72.) If the perimeter of the window is 10 m, find the 
dimensions of the window so that the greatest possible 
amount of light is admitted. 

41. The top and bottom margins of a poster are each 6 cm and 
the side margins are each 4 cm. If the area of printed material 

on the poster is fìxed at 384 cm2, fìnd the dimensions of the 
poster with the smallest area. 

A--
ro
ll+ 

42. A poster is to have an area of 900 cm2 with 2.5 cm margins at 
the bottom and sides and a 5 cm margin at the top. What 
dimensions will give the largest printed area? 

43. A piece of wire 10 m long is cut into two pieces. One piece is 
bent into a square and the other is bent into an equilateral 
triangle. How should the wire be cut so that the total area 
enclosed is (a) a maximum? (b) A minimum ? 

44. Answer Exercise 43 if one piece is bent into a square and the 
other into a circle. 

45. If you are 0叮'ered one slice from a rOllnd pizza (in other 
words , a sector of a circle) and the slice must have a perim
eter of 60 cm , what diameter pizza will reward you with the 
largest slice? 

46. A fence 2 m tall runs parallel to a tall building at a di stance of 
1 m from the building. What is the length of the shortest lad
der that will reach from the ground over the fence to the wall 
of the bllilding? 

t 
m 

47. A cone-shaped drinking cup is made from a circular piece of 
paper of radills R by cutting Ollt a sector and joining the edges 
CA and CB. Find the maximllm capacity of sLlch a cup. 

A B 

Solution:

SECTION 4.7 OPTIMIZATION PROBLEMS ¤ 411

40.

 

 = 2 csc  + 1 sec , 0    
2

,



= −2 csc  cot  + sec  tan  = 0 when

sec  tan  = 2csc  cot  ⇔ tan3  = 2 ⇔ tan  =
3
√

2 ⇔
 = tan−1 3

√
2.

  0 when 0    tan−1 3
√

2,   0 when tan−1 3
√

2    
2

, so

 has an absolute minimum when  = tan−1 3
√

2, and the shortest ladder has

length  = 2

√
1 + 2 23

213
+
√

1 + 2 23 ≈ 416 m.

Another method: Minimize 2 = 2 + (1 + )2, where


1 + 
=

2


.

41. 2 + 2 = 2 ⇒  = 
3
2 = 

3
(2 − 2) = 

3
(2− 3).

 0() = 
3
(2 − 32) = 0 when  = 1√

3
. This gives an absolute maximum, since

 0()  0 for 0    1√
3
 and  0()  0 for   1√

3
. The maximum volume is




1√
3



= 
3


1√
3
3 − 1

3
√

3
3


= 2

9
√

3
3.

42. The volume and surface area of a cone with radius  and height  are given by  = 1
3
2 and  = 

√
2 + 2.

We’ll minimize  = 2 subject to  = 27.  = 27 ⇒ 1
3
2 = 27 ⇒ 2 =

81


(1).

 = 22(2 + 2) = 2


81




81


+ 2


=

812

2
+ 81, so 0 = 0 ⇒ −2 · 812

3
+ 81 = 0 ⇒

81 =
2 · 812

3
⇒ 3 =

162


⇒  = 3


162


= 3 3


6


≈ 3722. From (1), 2 =

81


=

81

 · 3 3


6
=

27
3
√

62
⇒

 =
3
√

3
6
√

62
≈ 2632. 00 = 6 · 8124  0, so  and hence  has an absolute minimum at these values of  and .

43. By similar triangles,



=

 − 


(1). The volume of the inner cone is  = 1

3
2,

so we’ll solve (1) for .



=  −  ⇒

 =  − 


=

−


=




(− ) (2).

Thus, () =


3
2 · 


(− ) =



3
(2 − 3) ⇒

 0() =


3
(2 − 32) =



3
(2− 3).

 0() = 0 ⇒  = 0 or 2 = 3 ⇒  = 2
3
 and from (2),  =






− 2

3



=





1
3



= 1
3
.

 0() changes from positive to negative at  = 2
3
, so the inner cone has a maximum volume of

 = 1
3
2 = 1

3



2
3

2 1

3



= 4
27
· 1

3
2, which is approximately 15% of the volume of the larger cone.
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57. An oil refinery is located on the north bank of a straight river that is 2 km wide. A pipeline is to be constructed

from the refinery to storage tanks located on the south bank of the river 6 km east of the refinery. The cost of laying

pipe is 400, 000ykmoverlandtoapointPonthenorthbankand800,000ykm under the river to the tanks. To minimize

the cost of the pipeline, where should P be located?

Solution:

SECTION 4.7 OPTIMIZATION PROBLEMS ¤ 413

 0() = 800+ 450(− 1) = 1250− 450 = 0 when  = 450
1250

= 036 h.

036 h× 60 min
h = 216 min = 21 min 36 s. Since  00()  0, this gives a minimum, so the boats are closest together

at 2:21:36 PM.

49. Here  () =

√
2 + 25

6
+

5− 

8
, 0 ≤  ≤ 5 ⇒  0() =



6
√
2 + 25

− 1

8
= 0 ⇔ 8 = 6

√
2 + 25 ⇔

162 = 9(2 + 25) ⇔  = 15√
7

. But 15√
7
 5, so  has no critical number. Since  (0) ≈ 146 and  (5) ≈ 118, he

should row directly to .

50. In isosceles triangle , ∠ = 180◦ −  − , so ∠ = 2. The

distance rowed is 6 cos  while the distance walked is the length of arc

 = 3(2) = 6. The time taken is given by

 () =
6 cos 

3
+

6

6
= 2 cos  + , 0 ≤  ≤ 

2
.

 0() = −2 sin  + 1 = 0 ⇔ sin  = 1
2
⇒  = 

6
.

Check the value of  at  = 
6

and at the endpoints of the domain of  ; that is,  = 0 and  = 
2

.

 (0) = 2, 


6


=
√

3 + 
6
≈ 226, and 



2


= 

2
≈ 157. Therefore, the minimum value of  is 

2
when  = 

2
; that is,

the woman should walk all the way. Note that  00() = −2 cos   0 for 0 ≤   
2

, so  = 
6

gives a maximum time.

51. There are (6− ) km over land and
√
2 + 4 km under the river.

We need to minimize the cost  (measured in $100,000) of the pipeline.

() = (6− )(4) +
√

2 + 4

(8) ⇒

0() = −4 + 8 · 1
2
(2 + 4)−12(2) = −4 +

8√
2 + 4

.

0() = 0 ⇒ 4 =
8√
2 + 4

⇒ √
2 + 4 = 2 ⇒ 2 + 4 = 42 ⇒ 4 = 32 ⇒ 2 = 4

3
⇒

 = 2
√

3 [0 ≤  ≤ 6]. Compare the costs for  = 0, 2
√

3, and 6. (0) = 24 + 16 = 40,



2
√

3


= 24− 8
√

3 + 32
√

3 = 24 + 24
√

3 ≈ 379, and (6) = 0 + 8
√

40 ≈ 506. So the minimum cost is about

$379 million when  is 6− 2
√

3 ≈ 485 km east of the refinery.

52. The distance from the refinery to  is now


(6− )2 + 12 =
√
2 − 12+ 37.

Thus, () = 4
√
2 − 12+ 37 + 8

√
2 + 4 ⇒

0() = 4 · 1
2
(2 − 12+ 37)−12(2− 12) + 8 · 1

2
(2 + 4)−12(2) =

4(− 6)√
2 − 12+ 37

+
8√
2 + 4

.

0() = 0 ⇒  ≈ 112 [from a graph of 0 or a numerical rootfinder]. (0) ≈ 403, (112) ≈ 383, and

(6) ≈ 546. So the minimum cost is slightly higher (than in the previous exercise) at about $383 million when  is

approximately 488 km from the point on the bank 1 km south of the refinery.

c° 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.

65. (a) If C(x) is the cost of producing x units of a commodity, then the average cost per unit is c(x) = C(x)/x. Show

that if the average cost is a minimum, then the marginal cost equals the average cost.

(b) If C(x) = 16000 + 200x + 4x3/2, in dollars, find (i) the cost, average cost, and marginal cost at a production

level of 1000 units; (ii) the production level that will minimize the average cost; and (iii) the minimum average

cost.

Solution:

1



SECTION 4.7 OPTIMIZATION PROBLEMS ¤ 123

65. (a) If () = ()


, then, by the Quotient Rule, we have 0() = 0()−()

2
. Now 0() = 0 when

0()− () = 0 and this gives 0() =
()


= (). Therefore, the marginal cost equals the average cost.

(b) (i) () = 16,000 + 200+ 432, (1000) = 16,000 + 200,000 + 40,000
√
10 ≈ 216,000 + 126,491, so

(1000) ≈ $342,491. () = () =
16,000


+ 200 + 412, (1000) ≈ $34249unit. 0() = 200 + 612,

0(1000) = 200 + 60
√
10 ≈ $38974unit.

(ii) We must have 0() = () ⇔ 200 + 612 =
16,000


+ 200 + 412 ⇔ 232 = 16,000 ⇔

 = (8,000)23 = 400 units. To check that this is a minimum, we calculate

0() =
−16,000

2
+

2√

=
2

2
(32 − 8000). This is negative for   (8000)23 = 400, zero at  = 400,

and positive for   400, so  is decreasing on (0 400) and increasing on (400∞). Thus,  has an absolute minimum

at  = 400. [Note: 00() is not positive for all   0.]

(iii) The minimum average cost is (400) = 40 + 200 + 80 = $320unit.

66. (a) The total profit is  () = ()− (). In order to maximize profit we look for the critical numbers of  , that is, the

numbers where the marginal profit is 0. But if  0() = 0()−0() = 0, then 0() = 0(). Therefore, if the profit

is a maximum, then the marginal revenue equals the marginal cost.

(b) () = 16,000 + 500− 162 + 00043, () = 1700− 7. Then () = () = 1700− 72. If the profit is

maximum, then 0() = 0() ⇔ 1700− 14 = 500− 32+ 00122 ⇔ 00122 + 108− 1200 = 0 ⇔
2 + 900− 100,000 = 0 ⇔ (+ 1000)(− 100) = 0 ⇔  = 100 (since   0). The profit is maximized if

 00()  0, but since  00() = 00()− 00(), we can just check the condition 00()  00(). Now

00() = −14  −32 + 0024 = 00() for   0, so there is a maximum at  = 100.

67. (a) We are given that the demand function  is linear and (27,000) = 10, (33,000) = 8, so the slope is
10− 8

27,000− 33,000 = − 1
3000 and an equation of the line is  − 10 = − 1

3000


(− 27,000) ⇒

 = () = − 1
3000

+ 19 = 19− (3000).

(b) The revenue is () = () = 19− (23000) ⇒ 0() = 19− (1500) = 0 when  = 28,500. Since

00() = −11500  0, the maximum revenue occurs when  = 28,500 ⇒ the price is (28,500) = $950.

68. (a) Let () be the demand function. Then () is linear and  = () passes through (20 10) and (18 11), so the slope is

− 1
2

and an equation of the line is  − 10 = − 1
2
(− 20) ⇔  = − 1

2
+ 20. Thus, the demand is () = − 1

2
+ 20

and the revenue is () = () = − 1
2
2 + 20.

(b) The cost is () = 6, so the profit is  () = ()− () = − 1
2

2 + 14. Then 0 =  0() = −+ 14 ⇒
 = 14. Since  00() = −1  0, the selling price for maximum profit is (14) = − 1

2
(14) + 20 = $13.
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66. (a) Show that if the profit P (x) is a maximum, then the marginal revenue equals the marginal cost.

(b) If C(x) = 16000 + 500x − 1.6x2 + 0.004x3 is the cost function and p(x) = 1700 − 7x is the demand function,

find the production level that will maximize profit.

Solution:

SECTION 4.7 OPTIMIZATION PROBLEMS ¤ 123

65. (a) If () = ()


, then, by the Quotient Rule, we have 0() = 0()−()

2
. Now 0() = 0 when

0()− () = 0 and this gives 0() =
()


= (). Therefore, the marginal cost equals the average cost.

(b) (i) () = 16,000 + 200+ 432, (1000) = 16,000 + 200,000 + 40,000
√
10 ≈ 216,000 + 126,491, so

(1000) ≈ $342,491. () = () =
16,000


+ 200 + 412, (1000) ≈ $34249unit. 0() = 200 + 612,

0(1000) = 200 + 60
√
10 ≈ $38974unit.

(ii) We must have 0() = () ⇔ 200 + 612 =
16,000


+ 200 + 412 ⇔ 232 = 16,000 ⇔

 = (8,000)23 = 400 units. To check that this is a minimum, we calculate

0() =
−16,000

2
+

2√

=
2

2
(32 − 8000). This is negative for   (8000)23 = 400, zero at  = 400,

and positive for   400, so  is decreasing on (0 400) and increasing on (400∞). Thus,  has an absolute minimum

at  = 400. [Note: 00() is not positive for all   0.]

(iii) The minimum average cost is (400) = 40 + 200 + 80 = $320unit.

66. (a) The total profit is  () = ()− (). In order to maximize profit we look for the critical numbers of  , that is, the

numbers where the marginal profit is 0. But if  0() = 0()−0() = 0, then 0() = 0(). Therefore, if the profit

is a maximum, then the marginal revenue equals the marginal cost.

(b) () = 16,000 + 500− 162 + 00043, () = 1700− 7. Then () = () = 1700− 72. If the profit is

maximum, then 0() = 0() ⇔ 1700− 14 = 500− 32+ 00122 ⇔ 00122 + 108− 1200 = 0 ⇔
2 + 900− 100,000 = 0 ⇔ (+ 1000)(− 100) = 0 ⇔  = 100 (since   0). The profit is maximized if

 00()  0, but since  00() = 00()− 00(), we can just check the condition 00()  00(). Now

00() = −14  −32 + 0024 = 00() for   0, so there is a maximum at  = 100.

67. (a) We are given that the demand function  is linear and (27,000) = 10, (33,000) = 8, so the slope is
10− 8

27,000− 33,000 = − 1
3000 and an equation of the line is  − 10 = − 1

3000


(− 27,000) ⇒

 = () = − 1
3000

+ 19 = 19− (3000).

(b) The revenue is () = () = 19− (23000) ⇒ 0() = 19− (1500) = 0 when  = 28,500. Since

00() = −11500  0, the maximum revenue occurs when  = 28,500 ⇒ the price is (28,500) = $950.

68. (a) Let () be the demand function. Then () is linear and  = () passes through (20 10) and (18 11), so the slope is

− 1
2

and an equation of the line is  − 10 = − 1
2
(− 20) ⇔  = − 1

2
+ 20. Thus, the demand is () = − 1

2
+ 20

and the revenue is () = () = − 1
2
2 + 20.

(b) The cost is () = 6, so the profit is  () = ()− () = − 1
2

2 + 14. Then 0 =  0() = −+ 14 ⇒
 = 14. Since  00() = −1  0, the selling price for maximum profit is (14) = − 1

2
(14) + 20 = $13.
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77. Let v1 be the velocity of light in air and v2 the velocity of light in water. According to Fermat’s Principle, a ray of

light will travel from a point A in the air to a point B in the water by a path ACB that minimizes the time taken.

Show that
sin θ1
sin θ2

=
υ1
υ2

where θ1 (the angle of incidence) and θ2 (the angle of refraction) are as shown. This equation is known as Snell’s

Law.

 Section 4.7  Optimization Problems 341

where �1 (the angle of incidence) and �2 (the angle of refrac-
tion) are as shown. This equation is known as Snell’s Law.

C

A

B

¨¡

¨™

 72.  Two vertical poles PQ and ST are secured by a rope PRS 
going from the top of the first pole to a point R on the ground 
between the poles and then to the top of the second pole as in 
the figure. Show that the shortest length of such a rope occurs 
when �1 − � 2.

Q R T

P
S

¨¡ ¨™

 73.  The upper right-hand corner of a piece of paper, 12 in. by  
8 in., as in the figure, is folded over to the bottom edge. How 
would you fold it so as to minimize the length of the fold?  
In other words, how would you choose x to minimize y?

xy

8

12

 74.  A steel pipe is being carried down a hallway 9 ft wide. At 
the end of the hall there is a right-angled turn into a narrower 
hallway 6 ft wide. What is the length of the longest pipe that 
can be carried horizontally around the corner?

6

¨

9

 75.  An observer stands at a point P, one unit away from a 
track. Two runners start at the point S in the figure and run 
along the track. One runner runs three times as fast as the 
other. Find the maximum value of the observer’s angle of 
sight � between the runners.

S

1

P

¨

 76.  A rain gutter is to be constructed from a metal sheet of 
width 30 cm by bending up one-third of the sheet on each 
side through an angle �. How should � be chosen so that 
the gutter will carry the maximum amount of water?

10 cm 10 cm 10 cm

¨ ¨

 77.  Where should the point P be chosen on the line segment 
AB so as to maximize the angle �?

5

2

A

B

P ¨
3

 78.  A painting in an art gallery has height h and is hung so that 
its lower edge is a distance d above the eye of an observer 
(as in the figure). How far from the wall should the 
observer stand to get the best view? (In other words, where 
should the observer stand so as to maximize the angle � 
subtended at his eye by the painting?)

¨

h

d

 79.  Find the maximum area of a rectangle that can be circum-
scribed about a given rectangle with length L and width W. 
[Hint: Express the area as a function of an angle �.]
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Solution:
420 ¤ CHAPTER 4 APPLICATIONS OF DIFFERENTIATION

71. The total time is

 () = (time from  to ) + (time from  to )

=

√
2 + 2

1

+


2 + (− )2

2

, 0    

 0() =


1

√
2 + 2

− − 

2


2 + (− )2

=
sin 1

1

− sin 2

2

The minimum occurs when  0() = 0 ⇒ sin 1

1

=
sin 2

2

.

[Note:  00()  0]

72. If  = | |, we minimize (1) = ||+ || =  csc 1 +  csc 2.

Differentiating with respect to 1, and setting


1

equal to 0, we get



1

= 0 = − csc 1 cot 1 −  csc 2 cot 2
2

1

.

So we need to find an expression for
2

1

. We can do this by observing that | | = constant =  cot 1 +  cot 2.

Differentiating this equation implicitly with respect to 1, we get − csc2 1 −  csc2 2
2

1

= 0 ⇒

2

1

= − csc2 1

 csc2 2

. We substitute this into the expression for


1

to get

− csc 1 cot 1 −  csc 2 cot 2


− csc2 1

 csc2 2


= 0 ⇔ − csc 1 cot 1 + 

csc2 1 cot 2

csc 2

= 0 ⇔

cot 1 csc 2 = csc 1 cot 2 ⇔ cot 1

csc 1

=
cot 2

csc 2

⇔ cos 1 = cos 2. Since 1 and 2 are both acute, we

have 1 = 2.

73. 2 = 2 + 2, but triangles  and  are similar, so

20 = 


2
√

10− 100
 ⇒  = 10

√
10− 100 . Thus, we minimize

() = 2 = 2 + 1002(10− 100) = 3(− 10), 10   ≤ 20.

 0() =
(− 10)(32)− 3

(− 10)2
=

2[3(− 10)− ]

(− 10)2
=

22(− 15)

(− 10)2
= 0 when

 = 15.  0()  0 when   15,  0()  0 when   15, so the minimum

occurs when  = 15 cm.

74. Paradoxically, we solve this maximum problem by solving a minimum problem.

Let  be the length of the line  going from wall to wall touching the inner

corner . As → 0 or → 
2

, we have →∞ and there will be an angle that

makes  a minimum. A pipe of this length will just fit around the corner.
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79. The upper right-hand corner of a piece of paper, 30 inches by 20 inches, as in the figure, is folded over to the bottom

edge. How would you fold the paper so as to minimize the length of the fold? In other words, how would you choose

x to minimize y?

Solution:
128 ¤ CHAPTER 4 APPLICATIONS OF DIFFERENTIATION

79. 2 = 2 + 2, but triangles  and  are similar, so

() =

80. Paradoxically, we solve this maximum problem by solving a minimum problem.

Let  be the length of the line  going from wall to wall touching the inner

corner . As → 0 or → 
2

, we have →∞ and there will be an angle that

makes  a minimum. A pipe of this length will just fit around the corner.

From the diagram,  = 1 + 2 = 3csc  + 2sec  ⇒  = −  cot  + 2sec  tan  = 0 when

 tan  = 3csc  cot  ⇔ tan3  = = 15 ⇔ tan  = 3
√
15. Then sec2  = 1 +


3
2

23 and

csc2  = 1 +

3
2

−23, so the longest pipe has length  = 3

1 +


3
2

−2312
+ 2


1 +


3
2

2312 ≈ 

Or, use  = tan−1

3
√
15
 ≈ 0853 ⇒  = 3csc  + 2sec  ≈ 02

81.  = ( + )−  = arctan
3

1
− arctan 

1
⇒ 0 =

3

1 + 92
− 1

1 + 2
.

0 = 0 ⇒ 3

1 + 92
=

1

1 + 2
⇒ 3 + 32 = 1 + 92 ⇒ 2 = 62 ⇒

2 = 1
3
⇒  = 1

√
3. Thus,

 = arctan3
√
3− arctan1√3 = 

3
− 

6
= 

6
.

82. We maximize the crosssectional area

() = 10+ 2

1
2


= 10+  = 10(10 sin ) + (10 cos )(10 sin )

= 100(sin  + sin  cos ), 0 ≤  ≤ 
2

0() = 100(cos  + cos2  − sin2 ) = 100(cos  + 2 cos2  − 1)
= 100(2 cos  − 1)(cos  + 1) = 0 when cos  = 1

2
⇔  = 

3
[ cos  6= −1 since 0 ≤  ≤ 

2
.]

Now (0) = 0, 


2


= 100 and 



3


= 75

√
3 ≈ 1299, so the maximum occurs when  = 

3
.
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3csc

2sec 3
2

7

027 m.

m.

z/20 = x/2
√

10
√
x−10 ⇒ z =

√
10x/√x−10. Thus, we minimize

y2 = x2 + 10x2/(x−10) = x3/(x−10), 10 < x ≤ 20.

f ′(x) = (x−10)(3x2)−x3
(x−10)2

= x2[3(x−10)−x]

(x−10)2
= 2x2(x−15)

(x−10)2
= 0 when

x = 15. f ′(x) < 0 when x < 15, f ′(x) > 0 when x > 15, so

the minimum occurs when x = 15 cm.

2
√

10
√
x−10

83. Where should the point P be chosen on the line segment AB so as to maximize the angle θ?
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where �1 (the angle of incidence) and �2 (the angle of refrac-
tion) are as shown. This equation is known as Snell’s Law.

C

A

B

¨¡

¨™

 72.  Two vertical poles PQ and ST are secured by a rope PRS 
going from the top of the first pole to a point R on the ground 
between the poles and then to the top of the second pole as in 
the figure. Show that the shortest length of such a rope occurs 
when �1 − � 2.

Q R T

P
S

¨¡ ¨™

 73.  The upper right-hand corner of a piece of paper, 12 in. by  
8 in., as in the figure, is folded over to the bottom edge. How 
would you fold it so as to minimize the length of the fold?  
In other words, how would you choose x to minimize y?

xy

8

12

 74.  A steel pipe is being carried down a hallway 9 ft wide. At 
the end of the hall there is a right-angled turn into a narrower 
hallway 6 ft wide. What is the length of the longest pipe that 
can be carried horizontally around the corner?

6

¨

9

 75.  An observer stands at a point P, one unit away from a 
track. Two runners start at the point S in the figure and run 
along the track. One runner runs three times as fast as the 
other. Find the maximum value of the observer’s angle of 
sight � between the runners.

S

1

P

¨

 76.  A rain gutter is to be constructed from a metal sheet of 
width 30 cm by bending up one-third of the sheet on each 
side through an angle �. How should � be chosen so that 
the gutter will carry the maximum amount of water?

10 cm 10 cm 10 cm

¨ ¨

 77.  Where should the point P be chosen on the line segment 
AB so as to maximize the angle �?

5

2

A

B

P ¨
3

 78.  A painting in an art gallery has height h and is hung so that 
its lower edge is a distance d above the eye of an observer 
(as in the figure). How far from the wall should the 
observer stand to get the best view? (In other words, where 
should the observer stand so as to maximize the angle � 
subtended at his eye by the painting?)

¨

h

d

 79.  Find the maximum area of a rectangle that can be circum-
scribed about a given rectangle with length L and width W. 
[Hint: Express the area as a function of an angle �.]
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Solution:

3
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From the diagram,  = 1 + 2 = 3csc  + 2 sec  ⇒  = −3 csc  cot  + 2 sec  tan  = 0 when

2 sec  tan  = 3 csc  cot  ⇔ tan3  = 3
2

= 15 ⇔ tan  =
3
√

15. Then sec2  = 1 +


3
2

23
and

csc2  = 1 +


3
2

−23
, so the longest pipe has length  = 3


1 +


3
2

−23
12

+ 2

1 +


3
2

2312 ≈ 702 m.

Or, use  = tan−1

3
√

15
 ≈ 0853 ⇒  = 3csc  + 2 sec  ≈ 702 m.

75.  = ( + )−  = arctan
3

1
− arctan



1
⇒ 0 =

3

1 + 92
− 1

1 + 2
.

0 = 0 ⇒ 3

1 + 92
=

1

1 + 2
⇒ 3 + 32 = 1 + 92 ⇒ 2 = 62 ⇒

2 = 1
3
⇒  = 1

√
3. Thus,

 = arctan 3
√

3− arctan 1
√

3 = 
3
− 

6
= 

6
.

76. We maximize the cross-sectional area

() = 10+ 2


1
2



= 10+  = 10(10 sin ) + (10 cos )(10 sin )

= 100(sin  + sin  cos ), 0 ≤  ≤ 
2

0() = 100(cos  + cos2  − sin2 ) = 100(cos  + 2 cos2  − 1)

= 100(2 cos  − 1)(cos  + 1) = 0 when cos  = 1
2

⇔  = 
3

[ cos  6= −1 since 0 ≤  ≤ 
2

.]

Now (0) = 0, 


2


= 100 and 



3


= 75

√
3 ≈ 1299, so the maximum occurs when  = 

3
.

77. From the figure, tan =
5


and tan =

2

3− 
. Since

+  +  = 180◦ = ,  =  − tan−1


5




− tan−1


2

3− 


⇒




= − 1

1 +


5



2


− 5

2


− 1

1 +


2

3− 

2


2

(3− )2



=
2

2 + 25
· 5

2
− (3− )2

(3− )2 + 4
· 2

(3− )2
.

Now



= 0 ⇒ 5

2 + 25
=

2

2 − 6+ 13
⇒ 22 + 50 = 52 − 30+ 65 ⇒

32 − 30 + 15 = 0 ⇒ 2 − 10+ 5 = 0 ⇒  = 5± 2
√

5. We reject the root with the + sign, since it is

larger than 3.   0 for   5− 2
√

5 and   0 for   5− 2
√

5, so  is maximized when

| | =  = 5− 2
√

5 ≈ 053.
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