
Section 4.3 What Derivatives Tell Us about the Shape of a Graph

55. Let C(x) = x1/3(x+ 4).

(a) Find the intervals of increase or decrease.

(b) Find the local maximum and minimum values.

(c) Find the intervals of concavity and the inflection points.

(d) Use the information from parts (a)–(c) to sketch the graph. You may want to check your work with a graphing

calculator or computer.

Solution:
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(b)  changes from decreasing to increasing at  = 0, so (0) = 0 is a local minimum value.  changes from increasing to

decreasing at  = 1, so (1) = 3 is a local maximum value. Note that the First Derivative Test applies at  = 0 even

though 0 is not defined at  = 0, since  is continuous at 0.

(c) 00() = − 10
9
−43 − 20

9
−13 = − 10

9
−43(1 + 2). 00()  0 ⇔

  −1
2

and 00()  0 ⇔ −1
2
   0 or   0. So  is CU on−∞− 1

2


and  is CD on

− 1
2
 0


and (0∞). The only change in concavity

occurs at  = − 1
2

, so there is an inflection point at
− 1

2
 6

3
√

4

.

(d)

45. (a) () = 13(+ 4) = 43 + 413 ⇒  0() = 4
3
13 + 4

3
−23 = 4

3
−23(+ 1) =

4(+ 1)

3
3
√
2

.  0()  0 if

−1    0 or   0 and  0()  0 for   −1, so  is increasing on (−1∞) and  is decreasing on (−∞−1).

(b) (−1) = −3 is a local minimum value. (d)

(c) 00() = 4
9
−23 − 8

9
−53 = 4

9
−53(− 2) =

4(− 2)

9
3
√
5

.

00()  0 for 0    2 and 00()  0 for   0 and   2, so  is

concave downward on (0 2) and concave upward on (−∞ 0) and (2∞).

There are inflection points at (0 0) and

2 6

3
√

2
 ≈ (2 756).

46. (a) () = ln(2 + 9) ⇒  0() =
1

2 + 9
· 2 =

2

2 + 9
.  0()  0 ⇔ 2  0 ⇔   0 and  0()  0 ⇔

  0. So  is increasing on (0∞) and  is decreasing on (−∞ 0).

(b)  changes from decreasing to increasing at  = 0, so (0) = ln 9 is a

local minimum value. There is no local maximum value.

(d)

(c)  00() =
(2 + 9) · 2− 2(2)

(2 + 9)2
=

18− 22

(2 + 9)2
=
−2(+ 3)(− 3)

(2 + 9)2
.

 00() = 0 ⇔  = ±3.  00()  0 on (−3 3) and  00()  0 on

(−∞−3) and (3∞). So  is CU on (−3 3), and  is CD on (−∞−3)

and (3∞). There are inflection points at (±3 ln 18).

47. (a) () = 2 cos  + cos2 , 0 ≤  ≤ 2 ⇒  0() = −2 sin  + 2cos  (− sin ) = −2 sin  (1 + cos ).

 0() = 0 ⇔  = 0  and 2.  0()  0 ⇔     2 and  0()  0 ⇔ 0    . So  is increasing

on ( 2) and  is decreasing on (0 ).

(b) () = −1 is a local minimum value.

c° 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.

62. Let f(x) = ex

1−ex .

(a) Find the vertical and horizontal asymptotes.

(b) Find the intervals of increase or decrease.

(c) Find the local maximum and minimum values.

(d) Find the intervals of concavity and the inflection points.

(e) Use the information from parts (a)–(d) to sketch the graph of f .

Solution:
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50. () =
2 − 4

2 + 4
has domain R.

(a) lim
→±∞

2 − 4

2 + 4
= lim

→±∞
1− 42

1 + 42
=

1

1
= 1, so  = 1 is a HA. There is no vertical asymptote.

(b)  0() =
(2 + 4)(2)− (2 − 4)(2)

(2 + 4)2
=

2[(2 + 4)− (2 − 4)]

(2 + 4)2
=

16

(2 + 4)2
.  0()  0 ⇔   0 and

 0()  0 ⇔   0. So  is increasing on (0∞) and  is decreasing on (−∞ 0).

(c)  changes from decreasing to increasing at  = 0, so (0) = −1 is a local minimum value.

(d)  00() =
(2 + 4)2(16)− 16 · 2(2 + 4)(2)

[(2 + 4)2]2
=

16(2 + 4)[(2 + 4)− 42]

(2 + 4)4
=

16(4− 32)

(2 + 4)3
.

 00() = 0 ⇔  = ±2
√

3.  00()  0 ⇔ −2
√

3    2
√

3

and  00()  0 ⇔   −2
√

3 or   2
√

3. So  is CU on−2
√

3 2
√

3


and  is CD on
−∞−2

√
3


and

2
√

3∞.
There are inflection points at

±2
√

3− 1
2


.

(e)

51. (a) lim
→−∞

√
2 + 1− 


= ∞ and

lim
→∞

√
2 + 1− 


= lim

→∞

√
2 + 1− 

 √2 + 1 + √
2 + 1 + 

= lim
→∞

1√
2 + 1 + 

= 0, so  = 0 is a HA.

(b) () =
√
2 + 1−  ⇒  0() =

√
2 + 1

− 1. Since
√

2 + 1
 1 for all ,  0()  0, so  is decreasing on R.

(c) No minimum or maximum

(d)  00() =
(2 + 1)12(1)−  · 1

2
(2 + 1)−12(2)√

2 + 1
2

=

(2 + 1)12 − 2

(2 + 1)12

2 + 1
=

(2 + 1)− 2

(2 + 1)32
=

1

(2 + 1)32
 0,

so  is CU on R. No IP

(e)

52. () =


1− 
has domain { | 1−  6= 0} = { |  6= 1} = { |  6= 0}.

(a) lim
→∞



1− 
= lim

→∞


(1− )
= lim

→∞
1

1 − 1
=

1

0− 1
= −1, so  = −1 is a HA.

lim
→−∞



1− 
=

0

1− 0
= 0, so  = 0 is a HA. lim

→0+



1− 
= −∞ and lim

→0−



1− 
=∞, so  = 0 is a VA.

(b)  0() =
(1− ) − (−)

(1− )2
=

[(1− ) + ]

(1− )2
=



(1− )2
.  0()  0 for  6= 0, so  is increasing on

(−∞ 0) and (0∞).

(c) There is no local maximum or minimum.
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(d)  00() =
(1− )2 −  · 2(1− )(−)

[(1− )2]2

=
(1− )[(1− ) + 2]

(1− )4
=

( + 1)

(1− )3

 00()  0 ⇔ (1− )3  0 ⇔   1 ⇔   0 and

 00()  0 ⇔   0. So  is CU on (−∞ 0) and  is CD on (0∞).

There is no inflection point.

(e)

53. (a) lim
→±∞

−
2

= lim
→±∞

1


2 = 0, so  = 0 is a HA. There is no VA.

(b) () = −
2 ⇒  0() = −

2

(−2).  0() = 0 ⇔  = 0.  0()  0 ⇔   0 and  0()  0 ⇔
  0. So  is increasing on (−∞ 0) and  is decreasing on (0∞).

(c)  changes from increasing to decreasing at  = 0, so (0) = 1 is a local maximum value. There is no local minimum

value.

(d)  00() = −
2

(−2) + (−2)−
2

(−2) = −2−
2

(1− 22).

 00() = 0 ⇔ 2 = 1
2
⇔  = ±1

√
2.  00()  0 ⇔

  −1
√

2 or   1
√

2 and  00()  0 ⇔ −1
√

2    1
√

2. So

 is CU on
−∞−1

√
2


and

1
√

2∞, and  is CD on
−1

√
2 1

√
2

.

There are inflection points at

±1

√
2 −12


.

(e)

54. () = − 1
6
2 − 2

3
ln has domain (0∞).

(a) lim
→0+


− 1

6
2 − 2

3
ln


=∞ since ln→ −∞ as → 0+, so  = 0 is a VA. There is no HA.

(b)  0() = 1− 1

3
− 2

3
=

3− 2 − 2

3
=
−(2 − 3+ 2)

3
=
−(− 1)(− 2)

3
.  0()  0 ⇔

(− 1)(− 2)  0 ⇔ 1    2 and  0()  0 ⇔ 0    1 or   2. So  is increasing on (1 2) and

 is decreasing on (0 1) and (2∞).

(c)  changes from decreasing to increasing at  = 1, so (1) = 5
6

is a local minimum value.  changes from increasing to

decreasing at  = 2, so (2) = 4
3
− 2

3
ln 2 ≈ 087 is a local maximum value.

(d)  00() = −1

3
+

2

32
=

2− 2

32
.  00()  0 ⇔ 0   

√
2 and

 00()  0 ⇔  
√

2. So  is CU on

0
√

2


and  is CD on√
2∞. There is an inflection point at

√
2
√

2− 1
3
− 1

3
ln 2

.

(e)
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64. Let f(x) = x− 1
6x

2 − 2
3 lnx.

1



(a) Find the vertical and horizontal asymptotes.

(b) Find the intervals of increase or decrease.

(c) Find the local maximum and minimum values.

(d) Find the intervals of concavity and the inflection points.

(e) Use the information from parts (a)–(d) to sketch the graph of f .

Solution:
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(d)  00() =
(1− )2 −  · 2(1− )(−)

[(1− )2]2

=
(1− )[(1− ) + 2]

(1− )4
=

( + 1)

(1− )3

 00()  0 ⇔ (1− )3  0 ⇔   1 ⇔   0 and

 00()  0 ⇔   0. So  is CU on (−∞ 0) and  is CD on (0∞).

There is no inflection point.

(e)

53. (a) lim
→±∞

−
2

= lim
→±∞

1


2 = 0, so  = 0 is a HA. There is no VA.

(b) () = −
2 ⇒  0() = −

2

(−2).  0() = 0 ⇔  = 0.  0()  0 ⇔   0 and  0()  0 ⇔
  0. So  is increasing on (−∞ 0) and  is decreasing on (0∞).

(c)  changes from increasing to decreasing at  = 0, so (0) = 1 is a local maximum value. There is no local minimum

value.

(d)  00() = −
2

(−2) + (−2)−
2

(−2) = −2−
2

(1− 22).

 00() = 0 ⇔ 2 = 1
2
⇔  = ±1

√
2.  00()  0 ⇔

  −1
√

2 or   1
√

2 and  00()  0 ⇔ −1
√

2    1
√

2. So

 is CU on
−∞−1

√
2


and

1
√

2∞, and  is CD on
−1

√
2 1

√
2

.

There are inflection points at

±1

√
2 −12


.

(e)

54. () = − 1
6
2 − 2

3
ln has domain (0∞).

(a) lim
→0+


− 1

6
2 − 2

3
ln


=∞ since ln→ −∞ as → 0+, so  = 0 is a VA. There is no HA.

(b)  0() = 1− 1

3
− 2

3
=

3− 2 − 2

3
=
−(2 − 3+ 2)

3
=
−(− 1)(− 2)

3
.  0()  0 ⇔

(− 1)(− 2)  0 ⇔ 1    2 and  0()  0 ⇔ 0    1 or   2. So  is increasing on (1 2) and

 is decreasing on (0 1) and (2∞).

(c)  changes from decreasing to increasing at  = 1, so (1) = 5
6

is a local minimum value.  changes from increasing to

decreasing at  = 2, so (2) = 4
3
− 2

3
ln 2 ≈ 087 is a local maximum value.

(d)  00() = −1

3
+

2

32
=

2− 2

32
.  00()  0 ⇔ 0   

√
2 and

 00()  0 ⇔  
√

2. So  is CU on

0
√

2


and  is CD on√
2∞. There is an inflection point at

√
2
√

2− 1
3
− 1

3
ln 2

.

(e)
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f(x) = axebx
2

have the maximum value f(2) = 1?

Solution:
340 ¤ CHAPTER 4 APPLICATIONS OF DIFFERENTIATION

74. () = 
2 ⇒  0() = 




2 · 2+ 
2 · 1


= 

2

(22 + 1). For (2) = 1 to be a maximum value, we

must have  0(2) = 0. (2) = 1 ⇒ 1 = 24 and  0(2) = 0 ⇒ 0 = (8+ 1)4. So 8+ 1 = 0 [ 6= 0] ⇒

 = − 1
8

and now 1 = 2−12 ⇒  =
√
/2.

75. (a) () = 3 + 2 +  ⇒  0() = 32 + 2 + .  has the local minimum value − 2
9

√
3 at  = 1

√
3, so

 0( 1√
3
) = 0 ⇒ 1 + 2√

3
+  = 0 (1) and ( 1√

3
) = − 2

9

√
3 ⇒ 1

9

√
3 + 1

3
+ 1

3

√
3 = − 2

9

√
3 (2).

Rewrite the system of equations as

2
3

√
3 +  = −1 (3)

1
3
 + 1

3

√
3 = − 1

3

√
3 (4)

and then multiplying (4) by −2
√

3 gives us the system

2
3

√
3 +  = −1

− 2
3

√
3 − 2 = 2

Adding the equations gives us − = 1 ⇒  = −1. Substituting −1 for  into (3) gives us

2
3

√
3− 1 = −1 ⇒ 2

3

√
3 = 0 ⇒  = 0. Thus, () = 3 − .

(b) To find the smallest slope, we want to find the minimum of the slope function,  0, so we’ll find the critical

numbers of  0. () = 3 −  ⇒  0() = 32 − 1 ⇒  00() = 6.  00() = 0 ⇔  = 0.

At  = 0,  = 0,  0() = −1, and  00 changes from negative to positive. Thus, we have a minimum for  0 and

 − 0 = −1(− 0), or  = −, is the tangent line that has the smallest slope.

76. The original equation can be written as (2 + ) +  = 0. Call this (1). Since (2 25) is on this curve, we have

(4 + )


5
2


+ 2 = 0, or 20 + 5+ 4 = 0. Let’s rewrite that as 4+ 5 = −20 and call it (A). Differentiating (1) gives

(after regrouping) (2 + )0 = −(2 + ). Call this (2). Differentiating again gives (2 + )00 + (2)0 = −20 − 2,

or (2 + )00 + 40 + 2 = 0. Call this (3). At (2 25), equations (2) and (3) say that (4 + )0 = −(10 + ) and

(4 + )00 + 80 + 5 = 0. If (2 25) is an inflection point, then 00 = 0 there, so the second condition becomes 80 + 5 = 0,

or 0 = − 5
8

. Substituting in the first condition, we get −(4 + ) 5
8

= −(10 + ), or 20 + 5 = 80 + 8, which simplifies to

−8+ 5 = 60. Call this (B). Subtracting (B) from (A) yields 12 = −80, so  = − 20
3

. Substituting that value in (A) gives

− 80
3

+ 5 = −20 = − 60
3

, so 5 = 20
3

and  = 4
3

. Thus far we’ve shown that IF the curve has an inflection point at (2 25),

then  = − 20
3

and  = 4
3

.

To prove the converse, suppose that  = − 20
3

and  = 4
3

. Then by (1), (2), and (3), our curve satisfies

and


2 + 4

3


 = 20

3
 (4)

2 + 4
3


0 = −2 + 20

3
(5)

2 + 4
3


00 + 40 + 2 = 0. (6)

Multiply (6) by

2 + 4

3


and substitute from (4) and (5) to obtain


2 + 4

3

2
00 + 4

−2 + 20
3


+ 2


20
3



= 0, or
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95. Show that the function g(x) = x|x| has an inflection point at (0, 0) but g′′(0) does not exist.

Solution:

46 ¤ CHAPTER 4 APPLICATIONS OF DIFFERENTIATION

of  becomes flatter for   0, and eventually the dip rises above the ­axis, and then disappears entirely, along with the

inflection points. As  continues to decrease, the dip and the inflection points reappear, to the right of the origin.

93. By hypothesis  =  0 is differentiable on an open interval containing . Since ( ()) is a point of inflection, the concavity

changes at  = , so  00() changes signs at  = . Hence, by the First Derivative Test,  0 has a local extremum at  = .

Thus, by Fermat’s Theorem  00() = 0.

94. () = 4 ⇒  0() = 43 ⇒  00() = 122 ⇒  00(0) = 0. For   0,  00()  0, so  is CU on (−∞ 0);

for   0,  00()  0, so  is also CU on (0∞). Since  does not change concavity at 0, (0 0) is not an inflection point.

95. Using the fact that || = √2, we have that () =  || = 
√
2 ⇒ 0() =

√
2 +

√
2 = 2

√
2 = 2 || ⇒

00() = 2

2
−12

=
2

||  0 for   0 and 00()  0 for   0, so (0 0) is an inflection point. But 00(0) does not

exist.

96. There must exist some interval containing  on which  000 is positive, since  000() is positive and  000 is continuous. On this

interval,  00 is increasing (since  000 is positive), so  00 = ( 0)0 changes from negative to positive at . So by the First

Derivative Test,  0 has a local minimum at  =  and thus cannot change sign there, so  has no maximum or minimum at .

But since  00 changes from negative to positive at ,  has a point of inflection at  (it changes from concave down to

concave up).

97. Suppose that  is differentiable on an interval  and  0()  0 for all  in  except  = . To show that  is increasing on ,

let 1, 2 be two numbers in  with 1  2.

Case 1 1  2  . Let  be the interval { ∈  |   }. By applying the Increasing/Decreasing Test to 

on  , we see that  is increasing on  , so (1)  (2).

Case 2   1  2. Apply the Increasing/Decreasing Test to  on  = { ∈  |   }.

Case 3 1  2 = . Apply the proof of the Increasing/Decreasing Test, using the Mean Value Theorem (MVT)

on the interval [1 2] and noting that the MVT does not require  to be differentiable at the endpoints

of [1 2].

Case 4  = 1  2. Same proof as in Case 3.

Case 5 1    2. By Cases 3 and 4,  is increasing on [1 ] and on [ 2], so (1)  ()  (2).

In all cases, we have shown that (1)  (2). Since 1, 2 were any numbers in  with 1  2, we have shown that  is

increasing on .

98. () = +
1

2 + 3
⇒  0() = − 2

(2 + 3)2
.  0()  0 ⇔  

2

(2 + 3)2
[call this ()]. Now  0 is positive

(and hence  increasing) if   , so we’ll find the maximum value of .

0() =
(2 + 3)2 · 2− 2 · 2(2 + 3) · 2

[(2 + 3)2]2
=
2(2 + 3)[(2 + 3)− 42]

(2 + 3)4
=
2(3− 32)
(2 + 3)3

=
6(1 + )(1− )

(2 + 3)3
.

0() = 0 ⇔  = ±1. 0()  0 on (0 1) and 0()  0 on (1∞), so  is increasing on (0 1) and decreasing on
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99. The three cases in the First Derivative Test cover the situations commonly encountered but do not exhaust all

possibilities. Consider the functions f , g, and h whose values at 0 are all 0 and, for x ̸= 0,

f(x) = x4 sin
1

x
g(x) = x4

(
2 + sin

1

x

)
h(x) = x4

(
−2 + sin

1

x

)

2



(a) Show that 0 is a critical number of all three functions but their derivatives change sign infinitely often on both

sides of 0.

(b) Show that f has neither a local maximum nor a local minimum at 0, g has a local minimum, and h has a local

maximum.

Solution:

SECTION 4.3 HOW DERIVATIVES AFFECT THE SHAPE OF A GRAPH ¤ 47

(1∞), and hence  has a maximum value on (0∞) of (1) = 2
16 =

1
8 . Also since () ≤ 0 if  ≤ 0, the maximum value

of  on (−∞∞) is 1
8

. Thus, when   1
8

,  is increasing. When  = 1
8

,  0()  0 on (−∞ 1) and (1∞), and hence  is

increasing on these intervals. Since  is continuous, we may conclude that  is also increasing on (−∞∞) if  = 1
8

.

Therefore,  is increasing on (−∞∞) if  ≥ 1
8 .

99. (a) () = 4 sin
1


⇒  0() = 4 cos

1




− 1

2


+ sin

1


(43) = 43 sin

1


− 2 cos

1


.

() = 4

2 + sin

1




= 24 + () ⇒ 0() = 83 +  0().

() = 4

−2 + sin 1




= −24 + () ⇒ 0() = −83 +  0().

It is given that (0) = 0, so  0(0) = lim
→0

()− (0)

− 0 = lim
→0

4 sin
1


− 0


= lim

→0
3 sin

1


. Since

− 3 ≤ 3 sin
1


≤ 3 and lim

→0

3 = 0, we see that  0(0) = 0 by the Squeeze Theorem. Also,

0(0) = 8(0)3 +  0(0) = 0 and 0(0) = −8(0)3 +  0(0) = 0, so 0 is a critical number of  , , and .

For 2 =
1

2
[ a nonzero integer], sin 1

2
= sin 2 = 0 and cos 1

2
= cos 2 = 1, so  0(2) = −22  0.

For 2+1 =
1

(2+ 1)
, sin 1

2+1
= sin(2+ 1) = 0 and cos 1

2+1
= cos(2+ 1) = −1, so

 0(2+1) = 22+1  0. Thus,  0 changes sign infinitely often on both sides of 0.

Next, 0(2) = 832 +  0(2) = 832 − 22 = 22(82 − 1)  0 for 2  1
8 , but

0(2+1) = 832+1 + 22+1 = 22+1(82+1 + 1)  0 for 2+1  − 1
8

, so 0 changes sign infinitely often on both

sides of 0.

Last, 0(2) = −832 +  0(2) = −832 − 22 = −22(82 + 1)  0 for 2  − 1
8

and

0(2+1) = −832+1 + 22+1 = 22+1(−82+1 +1)  0 for 2+1  1
8

, so 0 changes sign infinitely often on both

sides of 0.

(b) (0) = 0 and since sin 1


and hence 4 sin 1


is both positive and negative inifinitely often on both sides of 0, and

arbitrarily close to 0,  has neither a local maximum nor a local minimum at 0.

Since 2 + sin 1

≥ 1, () = 4


2 + sin

1




 0 for  6= 0, so (0) = 0 is a local minimum.

Since −2 + sin 1

≤ −1, () = 4


−2 + sin 1




 0 for  6= 0, so (0) = 0 is a local maximum.
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