Section 4.3 What Derivatives Tell Us about the Shape of a Graph

55. Let C(z) = 2'/3(x + 4).

62.

(a) Find the intervals of increase or decrease.

(b) Find the local maximum and minimum values.

(c) Find the intervals of concavity and the inflection points.

(d) Use the information from parts (a)—(c) to sketch the graph. You may want to check your work with a graphing
calculator or computer.

Solution:

(@) C(z)=a'B(z+4) =2 +42'® = C'(z)=22" + 42723 =222z +1) = 4?37\/*_21). C'(x) > 0if
x

—l1<z<0orx>0andC'(z) <0forx < —1,so C is increasing on (—1, 00) and C is decreasing on (—oo, —1).

(b) C(—1) = —3 is a local minimum value. (d) Y
(2.632)
(©) C"(z) = %x_2/3 — %x_5/3 = %x_5/3(1’ —-2)= —45;13/;_52)
C"(z) <0for0 <z <2and C"(z) > 0forz < Oandz > 2,s0 C'is
concave downward on (0, 2) and concave upward on (—oo, 0) and (2, co). _‘\j !
There are inflection points at (0,0) and (2,6+/2) = (2,7.56). (-1.-3)

Let f(z) = 1%.
(a) Find the vertical and horizontal asymptotes.
(b) Find the intervals of increase or decrease.

(¢) Find the local maximum and minimum values.
(
(

)
d) Find the intervals of concavity and the inflection points.

e) Use the information from parts (a)—(d) to sketch the graph of f.

Solution:
f(a:):liez has domain {z | 1 — ® # 0} = {z | e # 1} = {z | z # 0}.
@ lim —— = fim —/C g — L Gy _lisaHA
zﬂwl—ez_zﬂw(l—ez)/ez_zﬂwl/ez—l_o—l_ S0Y = '
. e’ 0 . . i ; ’ i
zg@wl_em fmfo,sonyBaHA. zli.%l+ T ——OO&IIdJ_l)Iél_ T =o00,s0x = 0isa VA.
1_ xr l‘_ l‘_fl) xT 1_ xT xr xT . . .
b) f'(z) = ( e(ie_ em;( e’) = ¢ [((1 _662)_;6 ] = i _661)2' f/(x) > 0forz # 0, so f is increasing on

(—00,0) and (0, o).

(c) There is no local maximum or minimum.

gy = (L= € — e 2(1 = e)(=e”) )
@ f(z)= )T ©
(1 —e)e"[(1—e") +2e%]  e(e®+1)
= (] — eac)4 - (1 _ eac)S _ .
") >0 & (1-¢e")*>0 & e"<1 & x<0and o f
f'(z)<0 & 2 >0. SofisCUon (—00,0)and fis CD on (0, 00).

There is no inflection point.

64. Let f(z) =2 — 122 — 2Inz.
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a

b

Find the vertical and horizontal asymptotes.

Find the intervals of increase or decrease.

)
)

(

(

(c) Find the local maximum and minimum values.

(d) Find the intervals of concavity and the inflection points.
(

e) Use the information from parts (a)—(d) to sketch the graph of f.

Solution:
f(z) =z — 2 — 2 Inz has domain (0, co).
(@) lim (z—%2® — 2Inz) = cosince Inz — —coas x — 07, so z = 0 is a VA. There is no HA.
r—0
1 2 3z-2°-2 —(2*-32+2) —(z—1)(z—2)

. !
37 T3 T T 32 37 = 3z - @) >0 e

(z-1)(z—-2)<0 & 1<z<2and f'(2)<0 < 0<z<1oraz>2 Sofisincreasingon (1,2) and
f is decreasing on (0, 1) and (2, co).
(c) f changes from decreasing to increasing at x = 1, so f(1) = % is a local minimum value. f changes from increasing to

decreasing at z = 2, s0 f(2) = % — §1n2 ~ (.87 is a local maximum value.

w12 2-a2®
) f’(z) = 3t 32 = 32 () >0 & 0<z<+2 and (e) v
f'(zx)<0 < x>+/2 SofisCUon (0,v/2)and fisCDon L
(v/2,00). There is an inflection point at (v/2,v2 — + — £ In2). 14
0 115 4 6 X
J2

84. For what values of the numbers a and b does the function
flx) = aze™

have the maximum value f(2) =17

Solution:

fz) = aze®’ = fl(x) = a[mebxz - 2bx 4 € 1} = e (2b2® +1). For f(2) = 1 to be a maximum value, we

must have f/(2) =0. f(2) =1 = 1=2ae®and f/(2)=0 = 0= (8b+1)ae*®. So8+1=0 [a#0] =

b=—2andnowl=2ae'? = a= /2

95. Show that the function g(z) = z|z| has an inflection point at (0,0) but ¢”’(0) does not exist.

Solution:

Using the fact that |z| = Va2, we have that g(z) = z|z| =z V2?2 = ¢(z)=Va?2+ Va2 =2Va2=2|z| =
g"(z) =2z (x2)_1/2 = % < 0forz < 0andg’(z) > 0forz > 0,so (0,0) is an inflection point. But g" (0) does not
exist.

99. The three cases in the First Derivative Test cover the situations commonly encountered but do not exhaust all

possibilities. Consider the functions f, g, and A whose values at 0 are all 0 and, for = # 0,

f(x) =2 sin % g(z) = z* (2 + sin i) h(z) = z* <_2 1 sin i)



(a) Show that 0 is a critical number of all three functions but their derivatives change sign infinitely often on both

sides of 0.

(b) Show that f has neither a local maximum nor a local minimum at 0, g has a local minimum, and h has a local

maximum.
Solution:
(a) f(z) = z*sin 1 = f(z) =z*cos 1 <—i2> + sin 1 (42%) = 4a®sin 1 x? cos l
z z T z x x
g(x) = z* (2 + sin i) =22+ f(x) = ¢'(x) =82+ f(z).

h(z) = z* (72 +sin%) =22+ f(z) = MW(z)=-82%+ f'(x).

1
ztsin= —0
o . — . . I
It is given that £(0) = 0, so f'(0) = lim fo) = 1O) _ lim L = lim 2® sin = Since

x—0 x—0 xz—0 x x—0
1
- ‘x3‘ <zlsin= < ‘x3| and lin}) |:£3| = 0, we see that f'(0) = 0 by the Squeeze Theorem. Also,
T z—

g'(0) = 8(0) + f'(0) = 0 and A'(0) = —8(0)* 4 f'(0) = 0, so 0 is a critical number of f, g, and h.

1 . .1 . 1
For &2, = —— [n anonzero integer], sin — = sin 2nm = 0 and cos —— = cos 2nw = 1, 50 f(x2,) = —x3, < 0.
2nm Ton T2n
1 . 1 .
For zon 1 = sin = sin(2n 4 1)7 = 0 and cos =cos(2n+ 1)m = —1, s0

2n+4+ 171’ zonta Ton+1
f'(%2n4+1) = 23n41 > 0. Thus, f’ changes sign infinitely often on both sides of 0.

Next, ¢’ (22,) = 823, + f'(xen) = 823, — 23, = ©3,(8x2, — 1) < 0 for 22, < %, but
g (Tan41) = 825,11 + T3, 11 = T3, 41 (8T2nt1 + 1) > 0 for 22,41 > —1, so g’ changes sign infinitely often on both
sides of 0.

Last, h/(w2n) = —8a3,, + f'(x2n) = —823,, — 23, = —3,(822n + 1) < 0 for 22, > —% and
B (2ont1) = =823 41 + 23n41 = T3nr1(—822nt1 +1) > 0 for xo, 41 < %, 50 ' changes sign infinitely often on both

sides of 0.

. 1 1. .. o .
(b) f(0) = 0 and since sin p and hence z* sin Pt both positive and negative inifinitely often on both sides of 0, and

arbitrarily close to 0, f has neither a local maximum nor a local minimum at 0.

. 1 1 . ..
Since 2 + sin . >1,9(x) =a* <2 + sin E) > 0 for z # 0, so g(0) = 0 is a local minimum.

. 1 1 . .
Since —2 + sin . < —1,h(z) = 2* (—2 + sin E) < 0 forz # 0, so h(0) = 0 is a local maximum.



