
Section 4.1 Maximum and Minimum Values

45. Find the critical numbers of the function. f(θ) = 2 cos θ + sin2 θ.

Solution:
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35. () =
 − 1

2 −  + 1
⇒

0() =
(2 −  + 1)(1)− ( − 1)(2 − 1)

(2 −  + 1)2
=

2 −  + 1− (22 − 3 + 1)

(2 −  + 1)2
=

−2 + 2

(2 −  + 1)2
=

(2− )

(2 −  + 1)2
.

0() = 0 ⇒  = 0, 2. The expression 2 −  + 1 is never equal to 0, so 0() exists for all real numbers.

The critical numbers are 0 and 2.

36. () =
− 1

2 + 4
⇒ 0() =

(2 + 4)(1)− (− 1)(2)

(2 + 4)2
=

2 + 4− 22 + 2

(2 + 4)2
=
−2 + 2+ 4

(2 + 4)2
.

0() = 0 ⇒  =
−2±√4 + 16

−2
= 1±√5. The critical numbers are 1±√5. [0() exists for all real numbers.]

37. () = 34 − 214 ⇒ 0() = 3
4
−14 − 2

4
−34 = 1

4
−34(312 − 2) =

3
√
− 2

4
4
√
3

.

0() = 0 ⇒ 3
√
 = 2 ⇒ √

 = 2
3
⇒  = 4

9
. 0() does not exist at  = 0, so the critical numbers are 0 and 4

9
.

38. () = 3
√

4− 2 = (4− 2)13 ⇒ 0() = 1
3
(4− 2)−23(−2) =

−2

3(4− 2)23
. 0() = 0 ⇒  = 0.

0(±2) do not exist. Thus, the three critical numbers are−2, 0, and 2.

39.  () = 45(− 4)2 ⇒
 0() = 45 · 2(− 4) + (− 4)2 · 4

5
−15 = 1

5
−15(− 4)[5 ·  · 2 + (− 4) · 4]

=
(− 4)(14− 16)

515
=

2(− 4)(7− 8)

515

 0() = 0 ⇒  = 4, 8
7

.  0(0) does not exist. Thus, the three critical numbers are 0, 8
7

, and 4.

40. () = 4 − tan  ⇒ 0() = 4− sec2 . 0() = 0 ⇒ sec2  = 4 ⇒ sec  = ±2 ⇒ cos  = ± 1
2
⇒

 = 
3

+ 2, 5
3

+ 2, 2
3

+ 2, and 4
3

+ 2 are critical numbers.

Note: The values of  that make 0() undefined are not in the domain of .

41. () = 2 cos  + sin2  ⇒  0() = −2 sin  + 2 sin  cos .  0() = 0 ⇒ 2 sin  (cos  − 1) = 0 ⇒ sin  = 0

or cos  = 1 ⇒  =  [ an integer] or  = 2. The solutions  =  include the solutions  = 2, so the critical

numbers are  = .

42. () = 3− arcsin  ⇒ 0() = 3− 1√
1− 2

. 0() = 0 ⇒ 3 =
1√

1− 2
⇒ √

1− 2 = 1
3
⇒

1− 2 = 1
9
⇒ 2 = 8

9
⇒  = ± 2

3

√
2 ≈ ±094, both in the domain of , which is [−1 1].

43. () = 2−3 ⇒  0() = 2(−3−3) + −3(2) = −3(−3+ 2).  0() = 0 ⇒  = 0, 2
3

[−3 is never equal to 0].  0() always exists, so the critical numbers are 0 and 2
3

.

44. () = −2 ln ⇒  0() = −2(1) + (ln)(−2−3) = −3 − 2−3 ln = −3(1− 2 ln) =
1− 2 ln

3
.

 0() = 0 ⇒ 1− 2 ln = 0 ⇒ ln = 1
2
⇒  = 12 ≈ 165.  0(0) does not exist, but 0 is not in the domain

of  , so the only critical number is
√
.
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60. Find the absolute maximum and absolute minimum values of f on the given interval.

f(x) =
ex

1 + x2
, [0, 3]

Solution:
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60. () =


1 + 2
, [0 3].  0() =

(1 + 2) − (2)

(1 + 2)2
=

(2 − 2+ 1)
(1 + 2)2

=
(− 1)2
(1 + 2)2

.  0() = 0 ⇒

(− 1)2 = 0 ⇔  = 1.  0() exists for all real numbers since 1 + 2 is never equal to 0. (0) = 1,

(1) = 2  1359, and (3) = 310  2009. So (3) = 310 is the absolute maximum value and (0) = 1 is the

absolute minimum value.

61. () = 2 cos + sin 2, [0, 2].

 0() = −2 sin + cos 2 · 2 = −2 sin + 2(1− 2 sin2) = −2(2 sin2+ sin − 1) = −2(2 sin − 1)(sin + 1).

 0() = 0 ⇒ sin  = 1
2

or sin  = −1 ⇒  = 
6

. (0) = 2, (
6
) =

√
3 + 1

2

√
3 = 3

2

√
3  260, and (

2
) = 0.

So (6 ) =
3
2

√
3 is the absolute maximum value and (2 ) = 0 is the absolute minimum value.

62. () = 1 + cos2, [4 ].  0() = 2 cos (− sin ) = −2 sin  cos  = − sin 2.  0() = 0 ⇒ − sin 2 = 0 ⇒

2 =  ⇒  = 
2

. Only  = 
2

[ = 1] is in the interval (4, ). (4) = 1 +
√

2

2

2
=
3

2
,

(2) = 1 + 02 = 1, and () = 1 + (−1)2 = 2. So () = 2 is the absolute maximum value and (2) = 1 is the

absolute minimum value.

63. () = −2 ln,

1
2
 4

.  0() = −2 · 1


+ (ln)(−2−3) = −3 − 2−3 ln = −3(1− 2 ln) = 1− 2 ln

3
.

 0() = 0 ⇔ 1− 2 ln = 0 ⇔ 2 ln = 1 ⇔ ln = 1
2 ⇔  = 12 ≈ 165.  0() does not exist

when  = 0, which is not in the given interval,

1
2
 4

. 


1
2


=
ln 12

(12)2
=
ln 1− ln 2
14

= −4 ln 2 ≈ −2773,

(12) =
ln 12

(12)2
=
12


=
1

2
≈ 0184, and (4) = ln 4

42
=
ln 4

16
≈ 0087. So (12) = 1

2
is the absolute maximum

value and 

1
2


= −4 ln 2 is the absolute minimum value.

64. () = 2, [−3 1].  0() = 2

1
2


+ 2(1) = 2


1
2
+ 1


.  0() = 0 ⇔ 1

2
+ 1 = 0 ⇔  = −2.

(−3) = −3−32 ≈ −0669, (−2) = −2−1 ≈ −0736, and (1) = 12 ≈ 1649. So (1) = 12 is the absolute

maximum value and (−2) = −2 is the absolute minimum value.

65. () = ln(2 + + 1), [−1 1].  0() = 1

2 + + 1
· (2+ 1) = 0 ⇔  = − 1

2 . Since 2 + + 1  0 for all , the

domain of  and  0 is . (−1) = ln 1 = 0, 
− 1

2


= ln 3

4  −029, and (1) = ln 3  110. So (1) = ln 3  110 is

the absolute maximum value and 
− 1

2


= ln 3

4  −029 is the absolute minimum value.

66. () = − 2 tan−1 , [0 4].  0() = 1− 2 · 1

1 + 2
= 0 ⇔ 1 =

2

1 + 2
⇔ 1 + 2 = 2 ⇔ 2 = 1 ⇔

 = ±1. (0) = 0, (1) = 1− 
2
≈ −057, and (4) = 4− 2 tan−1 4 ≈ 1 35. So (4) = 4− 2 tan−1 4 is the absolute

maximum value and (1) = 1− 
2

is the absolute minimum value.
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63. Find the absolute maximum and absolute minimum values of f on the given interval.

f(x) = x−2 lnx, [
1

2
, 4]

Solution:
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 = ±1, but  = −1 is not in the given interval, [0 3]. (0) = 0, (1) = 1, and (3) = 3
7

. So (1) = 1 is the absolute

maximum value and (0) = 0 is the absolute minimum value.

55. () = − 3
√
, [−1 4].  0() = 1− 1

3
−23 = 1− 1

323
.  0() = 0 ⇔ 1 =

1

323
⇔ 23 =

1

3
⇔

 = ±


1

3

32

= ±


1

27
= ± 1

3
√

3
= ±

√
3

9
.  0() does not exist when  = 0. (−1) = 0, (0) = 0,



 −1

3
√

3


=
−1

3
√

3
− −1√

3
=
−1 + 3

3
√

3
=

2
√

3

9
≈ 03849, 


1

3
√

3


=

1

3
√

3
− 1√

3
= −2

√
3

9
, and

(4) = 4− 3
√

4 ≈ 2413. So (4) = 4− 3
√

4 is the absolute maximum value and 

√
3

9


= −2

√
3

9
is the absolute

minimum value.

56. () =

√


1 + 2
, [0 2].  0() =

(1 + 2)(1(2
√
 ))−√ (2)

(1 + 2)2
=

(1 + 2)− 2
√

√
 (2)

2
√
 (1 + 2)2

=
1− 32

2
√
 (1 + 2)2

.

 0() = 0 ⇔ 1− 32 = 0 ⇔ 2 =
1

3
⇔  = ± 1√

3
, but  = − 1√

3
is not in the given interval, [0 2].  0() does

not exist when  = 0, which is an endpoint. (0) = 0, 


1√
3


=

1
4
√

3

1 + 13
=

3−14

43
=

334

4
≈ 0570, and

(2) =

√
2

5
≈ 0283. So 


1√
3


=

334

4
is the absolute maximum value and (0) = 0 is the absolute minimum value.

57. () = 2 cos  + sin 2, [0, 2].

 0() = −2 sin  + cos 2 · 2 = −2 sin + 2(1− 2 sin2 ) = −2(2 sin2  + sin − 1) = −2(2 sin − 1)(sin  + 1).

 0() = 0 ⇒ sin  = 1
2

or sin  = −1 ⇒  = 
6

. (0) = 2, (
6
) =

√
3 + 1

2

√
3 = 3

2

√
3 ≈ 260, and (

2
) = 0.

So (
6
) = 3

2

√
3 is the absolute maximum value and (

2
) = 0 is the absolute minimum value.

58. () = + cot(2), [4 74].  0() = 1− csc2(2) · 1
2

.

 0() = 0 ⇒ 1
2

csc2(2) = 1 ⇒ csc2(2) = 2 ⇒ csc(2) = ±√2 ⇒ 1
2
 = 

4
or 1

2
 = 3

4

4
≤  ≤ 7

4
⇒ 

8
≤ 1

2
 ≤ 7

8
and csc(2) 6= −√2 in the last interval

 ⇒  = 
2

or  = 3
2

.




4


= 

4
+ cot 

8
≈ 320, 



2


= 

2
+ cot 

4
= 

2
+ 1 ≈ 257, 


3
2


= 3

2
+ cot 3

2
= 3

2
− 1 ≈ 371, and




7
4


= 7

4
+ cot 7

8
≈ 308. So 


3
2


= 3

2
− 1 is the absolute maximum value and 



2


= 

2
+ 1 is the absolute

minimum value.

59. () = −2 ln,


1
2
 4

.  0() = −2 · 1


+ (ln)(−2−3) = −3 − 2−3 ln = −3(1− 2 ln) =

1− 2 ln

3
.

 0() = 0 ⇔ 1− 2 ln = 0 ⇔ 2 ln = 1 ⇔ ln = 1
2
⇔  = 12 ≈ 165.  0() does not exist

when  = 0, which is not in the given interval,


1
2
 4

. 


1
2


=

ln 12

(12)2
=

ln 1− ln 2

14
= −4 ln 2 ≈ −2773,
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

12


=

ln 12

(12)2
=

12


=

1

2
≈ 0184, and (4) =

ln 4

42
=

ln 4

16
≈ 0087. So (12) =

1

2
is the absolute maximum

value and 


1
2


= −4 ln 2 is the absolute minimum value.

60. () = 2, [−3 1].  0() = 2


1
2


+ 2(1) = 2


1
2
+ 1


.  0() = 0 ⇔ 1

2
 + 1 = 0 ⇔  = −2.

(−3) = −3−32 ≈ −0669, (−2) = −2−1 ≈ −0736, and (1) = 12 ≈ 1649. So (1) = 12 is the absolute

maximum value and (−2) = −2 is the absolute minimum value.

61. () = ln(2 + + 1), [−1 1].  0() =
1

2 + + 1
· (2 + 1) = 0 ⇔  = − 1

2
. Since 2 + + 1  0 for all , the

domain of  and  0 is R. (−1) = ln 1 = 0, 
− 1

2


= ln 3

4
≈ −029, and (1) = ln 3 ≈ 110. So (1) = ln 3 ≈ 110 is

the absolute maximum value and 
− 1

2


= ln 3

4
≈ −029 is the absolute minimum value.

62. () = − 2 tan−1 , [0 4].  0() = 1− 2 · 1

1 + 2
= 0 ⇔ 1 =

2

1 + 2
⇔ 1 + 2 = 2 ⇔ 2 = 1 ⇔

 = ±1. (0) = 0, (1) = 1− 
2
≈ −057, and (4) = 4− 2 tan−1 4 ≈ 1 35. So (4) = 4− 2 tan−1 4 is the absolute

maximum value and (1) = 1− 
2

is the absolute minimum value.

63. () = (1− ), 0 ≤  ≤ 1,   0,   0.

 0() =  · (1− )−1(−1) + (1− ) · −1 = −1(1− )−1[ · (−1) + (1− ) · ]

= −1(1− )−1(− − )

At the endpoints, we have (0) = (1) = 0 [the minimum value of  ]. In the interval (0 1),  0() = 0 ⇔  =


+ 







+ 


=




+ 


1− 

+ 


=



(+ )


+ − 

+ 


=



(+ )
· 

(+ )
=



(+ )
+

.

So 




+ 


=



(+ )
+

is the absolute maximum value.

64. The graph of () =
1 + 5− 3

 indicates that  0() = 0 at  ≈ ±13 and

that  0() does not exist at  ≈ −21, −02, and 23. Those five values of 

are the critical numbers of  .

65. (a) From the graph, it appears that the absolute maximum value is about

(−077) = 219, and the absolute minimum value is about (077) = 181.
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66. Find the absolute maximum and absolute minimum values of f on the given interval.

f(x) = x− 2 tan−1 x, [0, 4]

Solution:

308 ¤ CHAPTER 4 APPLICATIONS OF DIFFERENTIATION



12


=

ln 12

(12)2
=

12


=

1

2
≈ 0184, and (4) =

ln 4

42
=

ln 4

16
≈ 0087. So (12) =

1

2
is the absolute maximum

value and 


1
2


= −4 ln 2 is the absolute minimum value.

60. () = 2, [−3 1].  0() = 2


1
2


+ 2(1) = 2


1
2
+ 1


.  0() = 0 ⇔ 1

2
 + 1 = 0 ⇔  = −2.

(−3) = −3−32 ≈ −0669, (−2) = −2−1 ≈ −0736, and (1) = 12 ≈ 1649. So (1) = 12 is the absolute

maximum value and (−2) = −2 is the absolute minimum value.

61. () = ln(2 + + 1), [−1 1].  0() =
1

2 + + 1
· (2 + 1) = 0 ⇔  = − 1

2
. Since 2 + + 1  0 for all , the

domain of  and  0 is R. (−1) = ln 1 = 0, 
− 1

2


= ln 3

4
≈ −029, and (1) = ln 3 ≈ 110. So (1) = ln 3 ≈ 110 is

the absolute maximum value and 
− 1

2


= ln 3

4
≈ −029 is the absolute minimum value.

62. () = − 2 tan−1 , [0 4].  0() = 1− 2 · 1

1 + 2
= 0 ⇔ 1 =

2

1 + 2
⇔ 1 + 2 = 2 ⇔ 2 = 1 ⇔

 = ±1. (0) = 0, (1) = 1− 
2
≈ −057, and (4) = 4− 2 tan−1 4 ≈ 1 35. So (4) = 4− 2 tan−1 4 is the absolute

maximum value and (1) = 1− 
2

is the absolute minimum value.

63. () = (1− ), 0 ≤  ≤ 1,   0,   0.

 0() =  · (1− )−1(−1) + (1− ) · −1 = −1(1− )−1[ · (−1) + (1− ) · ]

= −1(1− )−1(− − )

At the endpoints, we have (0) = (1) = 0 [the minimum value of  ]. In the interval (0 1),  0() = 0 ⇔  =


+ 







+ 


=




+ 


1− 

+ 


=



(+ )


+ − 

+ 


=



(+ )
· 

(+ )
=



(+ )
+

.

So 




+ 


=



(+ )
+

is the absolute maximum value.

64. The graph of () =
1 + 5− 3

 indicates that  0() = 0 at  ≈ ±13 and

that  0() does not exist at  ≈ −21, −02, and 23. Those five values of 

are the critical numbers of  .

65. (a) From the graph, it appears that the absolute maximum value is about

(−077) = 219, and the absolute minimum value is about (077) = 181.
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