Section 3.5 Implicit Differentiation

44. If 2% + 2y + y> = 1, find the value of y"”” at the point where z = 1.

Solution:

Ifr=1inz® +ay+y® =1 thenwegetl +y+3°=1 = ¢¥+y=0 = y?+1) = y=0,sothepoint
where 2 = 11is (1, 0). Differentiating implicitly with respect to  gives us 2z + v’ 4y - 1 + 3y - ' = 0. Substituting 1 for
zandOforygivesus2+9y' +0+0=0 = 3 = —2. Differentiating 2z + xy’ + y + 33>y’ = 0 implicitly with respect
tox givesus 2+ xy” + o' - 1+ o' + 3(y*y” + v - 2yy’) = 0. Now substitute 1 for z, 0 for y, and —2 for ¢/'.

244"+ (—2)+(-2) +3(0+0)=0 = " =2 Differentiating 2 + zy" + 2y + 3y*y" + 6y(y’)* = 0 implicitly
with respect to « gives us zy”’ +y” - 1+ 2y” + 3(v*y" +y" - 2yy") +6[y - 2"y + (y )24] = 0. Now substitute 1 for z,
0fory, —2fory’,and2 fory”. ¢y +2+4+3(04+0)+6[0+(-8)]=0 = ¢y =-2-4+48=142.

48. Show by implicit differentiation that the tangent line to the ellipse
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at the point (xo,yo) has equation
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Solution:
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:v_ +L -1 = 2y vy’ =0 = ¢ = b = an equation of the tangent line at (zo, yo) is
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_ b Multiplying both sides b woy _ %6 _ _zor . Si lies on the elli
Y — Yo = pEm (z — o). Multiplying both sides by = 2 gives R TR + =. Since (20, yo) lies on the ellipse,
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65. Use implicit differentiation to find dy/dx for the equation
x

and for the equivalent equation

e=y"+y y#0

Show that although the expressions you get for dy/dx look different, they agree for all points that satisfy the given

equation.
Solution:
For & =y 4 Ly#£0wehave o (Z) = Lopyny o LTV o oy mapy o
y ’ ’ dx \y dx y?
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Forz =¢® +y.y # 0, wehave — (v) = — (4" +y) = 1=3y"y'+y = 1=y By+1) =
;1
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From part (a), y' = . Since y # 0, we substitute y* + y for z to get
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66. The Bessel function of order 0, y = J(x), satisfies the differential equation zy” + 3’ + xy = 0 for all values of x and
its value at 0 is J(0) = 1.

(a) Find J'(0).
(b) Use implicit differentiation to find J”(0).
Solution:

@y=Jx)andzy’' +y +2zy=0 = zJ"(z)+ J(z) +zJ(x) =0.1fx =0, wehave 0+ J'(0) +0
so J'(0) = 0.

=0,

(b) Differentiating zy" + 3 + zy = 0 implicitly, we get "’ +y" -1+ ¢y" + 2y’ +y-1=0 =
zy" + 2y +xy +y=0,s0xJ"(z) +2J"(z) + J'(z) + J(z) = 0. If x = 0, we have
0+2J7(0)+0+1 [J(0)=1lisgiven] =0 = 2J"(0)=-1 = J"'(0)=

1
5.

67. The figure shows a lamp located three units to the right of the y-axis and a shadow created by the elliptical region
22 + 4y? < 5. If the point (—5,0) is on the edge of the shadow, how far above the z-axis is the lamp located?

Solution:

P44t =5 = 2r+42p)=0 = ¢ = —%. Now let h be the height of the lamp, and let (a, b) be the point of

tangency of the line passing through the points (3, k) and (—5, 0). This line has slope (h — 0)/[3 — (—5)] = gh. But the
slope of the tangent line through the point (a, b) can be expressed as ' = —%, or as ab%(i)f)) == Jbr 5 [since the line
passes through (—5, 0) and (a, b)], so —% = <bk E © 4 = —a® —5a & a®+4b* = —5a. Buta® +4b*> =5
[since (a, b) is on the ellipse], s0 5 = —5a < a = —1. Then4b® = —a®> —5a = —1-5(—-1) =4 = b= 1,sincethe
point is on the top half of the ellipse. So % = a_—ll)—5 =— 11+ E= 711 = h = 2. So the lamp is located 2 units above the

T-axis.



