Section 2.5 Continuity

30. Explain, using Theorems 4, 5, 7, and 9, why the function is continuous at every number in its domain. State the

domain.

B(u) = V3u —2+ v2u — 3

Solution:
B(u) = v/3u — 2+ /2u — 3is defined when3u —2>0 = 3u>2 = u> % (Note that /2u — 3 is defined

everywhere.) So B has domain [%, oo). By Theorems 7 and 9, v/3u — 2 and &/2u — 3 are each continuous on their domain
because each is the composite of a root function and a polynomial function. B is the sum of these two functions, so it is

continuous at every number in its domain by part 1 of Theorem 4.

44. Find the numbers at which f is discontinuous. At which of these numbers is f continuous from the right, from the

left, or neither? Sketch the graph of f.

2 ifr<1
flx)=493-—2 ifl<az<4
NG ifx >4
27 if <1 y
f@)=<3—z ifl<z<4 (1,2) 4,2)

f is continuous on (—oo, 1), (1,4), and (4, co), where it is an exponential, >
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a polynomial, and a root function, respectively. 4, -1

Now lim f(z) = lim 2°* =2 and lim f(z)= lim (3 —z) = 2. Since f(1) = 2 we have continuity at 1. Also,

rz—1— rz—1— z—1t z—1

lim f(z)= lim 3—2)=-1=f(4) and lim f(z) = lim /z =2, so f is discontinuous at 4, but it is continuous

z—4— z—4— z—4+ z—4

from the left at 4.

48. Find the values of a and b that make f continuous everywhere.

z2—4 :
p— if x <2

f(x) =< az? — bz + 3 f2<z<3

20 —a—+b ifx>3

Solution:
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fla) = ar? —br+3 if 2<z<3
2r—a+b if >3

if <2
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Atz =2: lim f(z)= lim

lim f(z) = lim (az® —bx 4 3) =4a —2b+ 3

z—2t z—2t

We must have 4a —2b+3 =4,0orda —2b=1 (1).



Atz =3: lim f(z)= lim (a2® —bz +3)=9a —3b+3

r—3" r—3"

lim f(z)= lim 2z —a+b)=6—a+b

z—3t r—3

We must have 9a —3b+3 =6 —a+b,or10a — 4b =3 (2).

Now solve the system of equations by adding —2 times equation (1) to equation (2).

—8a+4b= -2
10a —4b= 3
2a = 1
So a = . Substituting 3 for a in (1) gives us —2b = —1, s0 b = 1 as well. Thus, for f to be continuous on (—o0, 00),

—p=1
a=b=3.

58. Use the Intermediate Value Theorem to show that there is a solution of the given equation in the specified interval.
sinz =2 -z, (1,2)

Solution:

The equation sin x = x> — x is equivalent to the equation sinz — 2® + = = 0. f(x) = sinz — 2 4 x is continuous on the
interval [1,2], f(1) =sin1 ~ 0.84, and f(2) =sin2 — 2 &~ —1.09. Since sin1 > 0 > sin 2 — 2, there is a number ¢ in
(1,2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation sin z — 2% 4z = 0, or

sinz = 2® — x, in the interval (1, 2).

74. If a and b are positive numbers, prove that the equation

a n b _
+222 -1 B3+zx-2

has at least one solution in the interval (—1,1).

Solution:

a n b
23 4+2202 -1 a3+x—2

=0 = a(z®+x—2)+b(z®+22% — 1) = 0. Let p(x) denote the left side of the last
equation. Since p is continuous on [—1, 1], p(—1) = —4a < 0, and p(1) = 2b > 0, there exists a ¢ in (—1, 1) such that

p(c) = 0 by the Intermediate Value Theorem. Note that the only solution of either denominator that is in (—1, 1) is

(—=1++5)/2 =r,butp(r) = (35— 9)a/2 # 0. Thus, c is not a solution of either denominator, so p(c) =0 =

x = cis a solution of the given equation.



