Section 2.3 Calculating Limits Using the Limit Laws

2. The graphs of f and g are given. Use them to evaluate each limit, if it exists. If the limit does not exist, explain

why.
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Solution:

(@) lim [f(2) + g(2)] = lim f(x) + lim g(z) ~ [Limit Law 1]
=142
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(b) lir% f(z) exists, but lin}) g(x) does not exist, so we cannot apply Limit Law 2 to lim [f(z) — g(z)].

x—0

The limit does not exist.

(© lim [f(z)g(x)] = lim f(z)- lim g(z) [Limit Law 4]

=1.2
=2
(d) lirré f(z)=1,but liné g(z) = 0, so we cannot apply Limit Law 5 to lim3 % The limit does not exist.
Note: lim f@) oo since g(x) — 0" asx — 3~ and lim f@) —oo since g(x) — 0" asx — 3+,
z—3~ g(z) z—37+ Q(I)
Therefore, the limit does not exist, even as an infinite limit.
(e) lim2 [332]”(.10)] = liH12 z% - lirré f(z) [Limit Law 4] @ f(-1)+ liIle g(x) is undefined since f(—1) is
=2%.(-1) not defined.
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34. Evaluate the limit, if it exists. lim &+*-—2~
h—0
Solution:
1 1 2% — (x4 h)?
. (x4 h)?2 22 . (z + h)2z? . x? — (2® 4 2zh + h?) . —h(2z+h)
lim ——~ = lim —————>"— = lim =
H—0 h K—0 h R0 ha?(x + h)? h—0 hx?(z + h)?
—(2z 4+ h) —2z 2
= lim = ==
h—0 x2(x + h)?2 2. x? x3

42. Prove that lim /zes™(™/?) = 0.
z—0+t
Solution:

—1<sin(n/z) <1 = e l<e/D <l o r/e < Jze™/®) <\ /[re. Since lim+ (v/z/e) = 0and
r—0

lim (y/ze) =0, wehave lim [\/E eSin(’T/m)} = 0 by the Squeeze Theorem.

z—0+ z—0



54. Let
T fxz<l1

3 ifz=1

2—z2 ifl<z<?2

r—3 if x> 2

(a) Evaluate each of the following, if it exists. (i) lim g(x) (ii) lim1 g(z) (iii) g(1) (iv) lm g(x) (v) lm g(x) (vi)
r—r

lim g(x)

(b) Sketch the graph of g.

Solution:

(@) () lir{17 g(z) = lim z=1

r—1—

(ii) lim+ g(z) = lim (2 —2?) =2 —1% = 1. Since lim g(z) = 1 and lim+ g(z) =1, we have lim1 g(z) = 1.
z—1 z—1— rx—1 T—

r—1

Note that the fact g(1) = 3 does not affect the value of the limit.
(iii) When z = 1, g(z) = 3,50 g(1) = 3.

(iv) lim g(z)= lim 2—-2?)=2-22=2—-4= -2
rx—2"

r—2

) lim+g(x) = lim (z—3)=2-3=-1

T—2 z—2+

(vi) lim g(z) does not exist since lim g(z) # lim g(z).
r—2 r—2" z—2t

(b) x ifr<l1 y
3 ifx=1
2—2% ifl<a<?2
x—3 ifz>2

g(z) =

57. If f(z) = [=] + [—=], show that lim2 f(z) exists but is not equal to f(2).
z—

Solution:

The graph of f(z) = [z] 4+ [—x] is the same as the graph of g(z) = —1 with holes at each integer, since f(a) = 0 for any

integer a. Thus, lim f(z) = —1 and lirn+ f(z) =-1,s0 111112 f(z) = —1. However,
r—2" z—2 r—

@) =[R2l +[-2] =2+ (-2) = 0,50 lim f(z) # f(2).

T2~ z—2t



