Section 15.9 Change of Variables in Multiple Integrals

20. Use the given transformation to evaluate the integral. [/ R(a:2 —xy +y?)dA, where R is the region bounded by the
ellipse 22 — 2y + 4% = 2; 2 = V2u — 1/2/3v, y = V2u + \/2/3v

Solution:

=1V2u—/2/3v,y =V2u+/2/3v - :%.Theintegrand
z? — zy + y* = 2u® + 202, The planar ellipse 2 — zy + y* < 2 is the image of the disk u? + v? < 1. Thus,
ffR(x2—ccy+y2)dA:2f{< (2u2+2v2)(%dudv): fo Tpridrd) = %
u<+v<<1

24. An important problem in thermodynamics is to find the work done by an ideal Carnot engine. A cycle consists of
alternating expansion and compression of gas in a piston. The work done by the engine is equal to the area of the
region R enclosed by two isothermal curves 2y = a, 2y = b and two adiabatic curves zy'* = ¢, zy''* = d, where

0<a<band 0 < ¢ < d. Compute the work done by determining the area of R.

Solution:
R is the region enclosed by the curves zy = a, zy = b, 2y"* = ¢, and zy** = d, so if we let u = zy and v = zy**

then R is the image of the rectangle enclosed by the linesu = a,u = b (a < b)and v = ¢, v = d (c < d). Now

c=uly = v=@Yyt=wt = YP‘=uv = y=@wlv)/"" =u"?%*"and
T = Uy_l — u(u—2.5v2.5)—1 — UB'S’U_Q'S, SO
o 3.5u%Pp™25 —2.5y35y735
(,y) = =8.750" —6.250" ! = 2.5071
o(u,v) —2.5u" 35?5 2.5 %%tP

Thus the area of R, and the work done by the engine, is

[ dA= Irre |2.507"| dvdu =25 [P du [(1/v)dv = 2.5[u]z [ln|v|]i =2.5(b—a)(Ind—Inc) = 2.5(b—a) ln%l.

26. Evaluate the integral by making an appropriate change of variables. [f R+ y)exz’yz dA, where R is the rectangle
enclosed by the linesz —y =0,z —y=2,z4+y=0,and x +y = 3.

Solution:
1/2 1/2

12 —1/2|

oz,y)

Lettingu =z + yandv =z — y, wehave x = 2 (u 4+ v) and y = (u — v). Then Ao v) ~
U, v

R is the image of the rectangle enclosed by the lines w = 0, u = 3, v = 0, and v = 2. Thus,

JIr(@+y) e dA = f03 foz ue™” |*%| dvdu = % 03 [ew]zzé du = %fos(em —1)du



28. Evaluate the integral by making an appropriate change of variables. f f R sin(922 +4y2)dA, where R is the region in
the first quadrant bounded by the ellipse 922 + 432 = 1.
Solution:
1/3 0
0 1/2

. o(z,y)
_ _ 2 2 _ 2 2 . _ 1 1 Y)
Letting v = 3z and v = 2y, we have 92° + 4y~ = u” + v°, x = 5u, and y = 5v. Then =

O(u,v)

1
-

R is the image of the quarter-disk D given by u? +v? < 1, u > 0, v > 0. Thus,

[ [ sin(92* + 4y*) dA = [ & sin(u® + v*) dudv = OW/Q 01 isin(r®)rdrdf = 5 [—3 coer]; = (1 —cosl)
31. Let f be continuous on [0,1] and let R be the triangular region with vertices (0,0), (1,0), and (0,1). Show that
1
[ flx+y)dA = [ uf(u)du.

Solution:

O(z,y)
O(u,v)

Letu=z+4+yandv =y,thenx =u —v,y =, =1 and R is the image under T of the triangular region with
vertices (0, 0), (1,0) and (1, 1). Thus

[[af@+y)dA= [} [*(1) f(u)dvdu= [y fu)[v]'—ydu= [ uf(u)du asdesired.



