Section 15.2 Double Integrals over General Regions

9. (a) Express the double integral [, f(z,y)dA as an iterated integral for the given function f and region D.

(b) Evaluate the iterated integral.
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Solution:

(a) We express the iterated integral as a Type II. A Type I would require the sum of two integrals. The curves intersect when
Ve=z-2 = z=2*-42+4 & 0=2>-52+4 & (z—-4)(z—1)=0 <& z=1orz =4 The
point for z = 1 is not in D. Thus, the point of intersection of the curves is (4, 2) and the integral is f02 fyy;'Q xy dx dy.
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21. Set up iterated integrals for both orders of integration. Then evaluate the double integral using the easier order

and explain why it's easier.

// sin® xdA, D is bounded by y =cosz, 0 <z < g
D
Solution:

y If we describe D as a type I region, D = {(z,y) | 0 <z <7/2,0 <y < cosz}

0.1

and [[, sin® zdA = 0”/2 52" sin® x dy dx. As a type Il region,

D={(z,y)|0<z<cos'y,0<y<1}and

-1,

1 cos™ 1 Yy cos Y
[[,sin* zdA = / / sin® & dz dy. Evaluating / sin? & dz will
o Jo 0

0 (/2,0) ¥
result in a very difficult integral. Therefore, we evaluate the iterated integral that

describes D as a type I region because integrating sin? x with respect to y is easy.

/2 pcosx ) /2 R y=cos /2 )
/ / sin” z dy dxr = / sin” x [y} dxr = / cos xsin” x dx
0 0 0 y=0 0

_ 1u2du u = sinz, _ U_S 1_1
B o du = cos x dx |13 0_3

22. Set up iterated integrals for both orders of integration. Then evaluate the double integral using the easier order

and explain why it’s easier.

// 622 dA, D is bounded by y = 2,y =22+ 4,2 =0
D

Solution:



By inspection, the curves y = 2z + 4 and y = 2® intersect when 2®> =224+ 4 <

(2.8)

x = 2, so the point of intersection is (2, 8). If we describe D as a type 1 region,

y=2x+4
% ) D y;x3 D= {(x,y) |0 <z <2 2% <y <2z +4} and the integral is
x=y/2—
x=y 2 244
// 62 dA = / / 62> dy dz.
0 X D 0 x3

If we describe D as a type II region, the right boundary curve is z = \3/_ , but the left boundary curve consists of two parts,
z=0for0<y<4dandz=y/2 —2ford <y <8
In either case, the resulting iterated integrals are not difficult to evaluate, but the region D is more simply described as a

type I region, giving one iterated integral rather than a sum of two, so we evaluate that integral:

2 2044 2 y=2014 2 2
/ / 62° dy dz = / [GmQy} dz = / (622 (22 + 4 — 2*)] dx = / (122° + 242° — 62°) dx
0 Ja3 0 y=z? 0 0

= [32% + 8% — 25]) = 48 + 64 — 64 = 48

25. Evaluate the double integral.
// y?>dA, D is the triangular region with vertices (0, 1), (1,2), (4,1)
D

Solution:
: [l o244 = [2 [T dedy = 2 (2]
(],2) D Y —J1 Jy—1 Y 1 Y rz=y—1 Y

x=y—1 x=T7-3y
’ D = [2[(7-3y) — (y— D]y dy = [2(8y* — 4°) dy

01) 41

—[8 -yt =% —16-5+1=1

28. Evaluate the double integral [[,,y dA, D is the triangular region with vertices (0,0), (1,1), and (4,0).

Solution:
[IpydA= [y [, ydudy

= [ [wyl2=t " dy = [ (4y — 3y* — ) dy

= Jy Uy — 4y dy = [2° — 4y’ =2 -4 —0=2

62. Evaluate the integral fol frlz V¥ siny dydx by reversing the order of integration.

Solution:

1,1 1 VT 1 .
y / / VY sinydyde = / / VY sinydzdy = / VY siny [w};;a/y dy
0 z2 0

- /
01 2

1) = fy (VU siny) (V5 —0)dy = [y y sinydy

1
D , = —ycosy}é +f0 cosy dy
=X
ﬁr [by integrating by parts with u = y, dv = siny dy]
=y
= [—ycosy + siny}é =—cosl+sinl —0=sinl —cosl
0 x



64. Evaluate the integral by reversing the order of integration. f02 fyl/Q ycos(z3 — 1)dxdy

Solution:
2 p1 1 2
y / / y cos(z® — 1)dacdy:/ / ycos(z® — 1) dy dx
(12) 0 Jy/2 0 Jo
x=y/2 )
or =2z
y=2x :/ cos(z® — 1) [%yz]zzo dx
0
x=1
! 2 3 2 3 1
D = | 2¢” cos(z” — 1) dz = Zsin(z” —1)],
= 2[0—sin(—1)] = —2 sin(—1) = Zsin1
0 1 X

68. Express D as a union of regions of type I or type II and evaluate the integral [’ pYy dA.

N x=y—y’

Solution:
D={(zy) | -1<y<0, -1<z<y—3*}U{(z,9) [0<y <L y—1<z<y—y’}, bothtypell

0 ry—y® 1 ry—y® 0 o=y 1 wey—y3
// ydA:/ / yda:dy—i—// yd:rdy:/ Ez7 dy+/ [my}zi\/_ildy
D —1J-1 o Jyg-1 —1 - 0 vy
=[P -yt dy+ [P -yt -y 4y dy
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