
Section 15.1 Double Integrals over Rectangles

22. Calculate the iterated integral.
∫ 1

0

∫ 2

0
yex−ydxdy

Solution:
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18.
 6
0

 2
0

(sin+ sin )   =
 6
0

[ sin− cos ]
=2

=0  =
 6
0



2

sin− 0
− (0− 1)




=
 6
0



2

sin+ 1

 =

−
2

cos+ 
6
0

=

−

2
·
√

3
2

+ 
6


− −

2
+ 0


=


2
3
−
√

3
4




19.
 2

0

 2
0

 sin    =
 2

0


 2
0

sin   [as in Example 5] =


2

2

2
0


− cos 

2
0

= (2− 0)(0 + 1) = 2

20.

 3

1

 5

1

ln 


  =

 3

1

1




 5

1

ln 


 [by Equation 11]

= [ln ||]31


1
2
(ln )2

5
1

[substitute  = ln  ⇒  = (1) ]

= (ln 3− 0) · 1
2
[(ln 5)2 − 0] = 1

2
(ln 3)(ln 5)2

21.

 4

1

 2

1





+






  =

 4

1


 ln ||+ 1


· 1

2

2

=2

=1

 =

 4

1


 ln 2 +

3

2


 =


1
2


2
ln 2 + 3

2
ln || 4

1

=

8 ln 2 + 3

2
ln 4
−  1

2
ln 2 + 0


= 15

2
ln 2 + 3

2
ln 4 or 15

2
ln 2 + 3 ln(412) = 21

2
ln 2

22.
 1

0

 2

0
−   =

 1

0

 2

0
−   =

 2

0
 

 1

0
−  [by Equation 11]

= []
2

0


(− − 1)−

1
0

[by integrating by parts]

=

2 − 0

−2−1 − −0 = (2 − 1)(1− 2−1) or 2 − 2+ 2−1 − 1

23.
 3

0

 2
0

2 sin3 =
 2
0

sin3
 3

0
2  [by Equation 11] =

 2
0

(1− cos2) sin
 3

0
2 

=


1
3

cos3− cos
2
0


1
3
3
3
0

=

(0− 0)−  1

3
− 1
· 1

3
(27− 0) = 2

3
(9) = 6

24.
 1

0

 2

1




  =

 1

0





 2

1

1


 [as in Example 5]

=

 − 

1
0


ln || 2

1
[by integrating by parts]

= [(− )− (0− 1)](ln 2− 0) = ln 2

25.
 2

0

 
0
 sin2    =

 2

0
 

 
0

sin2   [as in Example 5] =
 2

0
 

 
0

1
2
(1− cos 2) 

=


1
2
2
2
0
· 1

2


 − 1

2
sin 2


0

= (2− 0) · 1
2


 − 1

2
sin 2

− 0− 1
2

sin 0


= 2 · 1
2
[( − 0)− (0− 0)] = 

26.
 1

0

 3

0
+3   =

 1

0

 3

0
3  =

 3

0
 

 1

0
3  = []

3

0


1
3
3
1
0

=

3 − 0

· 1
3


3 − 0


= 1

3
(3 − 1)2 or 1

3
(6 − 23 + 1)

27.



 sec2   =

 2

0

 4
0

 sec2    =
 2

0


 4
0

sec2   =


1
2
2
2
0


tan 

4
0

= (2− 0) (tan 
4
− tan 0) = 2(1− 0) = 2
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34. Calculate the double integral.
∫∫

R
1

1+x+ydA, R = [1, 3]× [1, 2].

Solution:
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28.



( + −2)  =

 2

1

 2

0
( + −2)   =

 2

1


 + 1

2
2−2

=2

=0
 =

 2

1


2 + 2−2




=

2 − 2−1

2
1

= (4− 1)− (1− 2) = 4

29.




2

2 + 1
 =

 1

0

 3

−3

2

2 + 1
  =

 1

0



2 + 1


 3

−3


2
 =


1
2

ln(
2

+ 1)
1
0


1
3

3
3
−3

= 1
2
(ln 2− ln 1) · 1

3
(27 + 27) = 9 ln 2

30.




tan √
1− 2

 =

 12

0

 3

0

tan √
1− 2

  =

 12

0

1√
1− 2



 3

0

tan   =

sin
−1


12
0


ln |sec |

3
0

=

sin−1 1

2
− sin−1 0

 
ln
sec 

3

− ln |sec 0| =


6
− 0

(ln 2− ln 1) = 

6
ln 2

31.
 6
0

 3
0

 sin(+ )  

=
 6
0

− cos( + )
=3

=0
 =

 6
0


 cos−  cos


+ 

3




= 

sin− sin


+ 

3

6
0

−  6
0


sin− sin


+ 

3


 [by integrating by parts separately for each term]

= 
6


1
2
− 1
− − cos+ cos


+ 

3

6
0

= − 
12
−

−
√

3
2

+ 0− −1 + 1
2


=
√

3−1
2

− 
12

32.




1 + 2

1 + 2
 =

 1

0

 1

0

1 + 2

1 + 2
  =

 1

0

(1 + 
2
) 

 1

0

1

1 + 2
 =


+ 1

3


3
1
0


tan

−1

1
0

=

1 + 1

3
− 0



4
− 0


= 
3

33.



sin(− )  =

 2
0

 2
0

sin(− )   =
 2
0

[cos(− )]
=2

=0
 =

 2
0


cos(− 

2
)− cos




=

sin(− 

2
)− sin

2
0

= sin 0− sin 
2
− sin(−

2
)− sin 0


= 0− 1− (−1− 0) = 0

34.




1

1 +  + 
 =

 3

1

 2

1

1

1 + + 
  =

 3

1
[ln(1 + + )]

=2

=1  =
 3

1
[ln(+ 3)− ln(+ 2)] 

=


( + 3) ln(+ 3)− (+ 3)
− ( + 2) ln(+ 2)− (+ 2)

 3
1

[by integrating by parts separately for each term]

= (6 ln 6− 6− 5 ln 5 + 5)− (4 ln 4− 4− 3 ln 3 + 3) = 6 ln 6− 5 ln 5− 4 ln 4 + 3 ln 3

35.  = ( ) = 4− − 2 ≥ 0 for 0 ≤  ≤ 1 and 0 ≤  ≤ 1. So the solid

is the region in the first octant which lies below the plane  = 4− − 2

and above [0 1]× [0 1].
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54. Find the average value of f over the given rectangle.

f(x, y) = ey
√
x+ ey, R = [0, 4]× [0, 1]

Solution:
SECTION 15.1 DOUBLE INTEGRALS OVER RECTANGLES ¤ 531

48. () = 4 · 1 = 4, so

ave =
1

()




( )  = 1
4

 4

0

 1

0



√
+    = 1

4

 4

0


2
3
(+ 


)
32
=1

=0


= 1
4
· 2

3

 4

0
[(+ )32 − (+ 1)32]  = 1

6


2
5
(+ )52 − 2

5
(+ 1)52

4
0

= 1
6
· 2

5
[(4 + )52 − 552 − 52 + 1] = 1

15
[(4 + )52 − 52 − 552 + 1] ≈ 3327

49.






1 + 4
 =

 1

−1

 1

0



1 + 4
  =

 1

−1



1 + 4


 1

0

  [by Equation 11] but () =


1 + 4
is an odd

function so
 1

−1

()  = 0 (by Theorem 4.5.6 [ET 5.5.7]). Thus






1 + 4
 = 0 ·

 1

0

  = 0.

50.



(1 + 2 sin  + 2 sin)  =




1 +



2 sin  +



2 sin

= () +
 
−
 
− 

2 sin   +
 
−
 
− 

2 sin 

= (2)(2) +
 
− 

2
 
− sin   +

 
− sin

 
− 

2 

But sin is an odd function, so
 
− sin =

 
− sin   = 0 (by Theorem 4.5.6 [ET 5.5.7]) and


(1 + 2 sin  + 2 sin)  = 42 + 0 + 0 = 42.

51. Let ( ) =
− 

(+ )3
. Then a CAS gives

 1

0

 1

0
( )   = 1

2
and

 1

0

 1

0
( )   = − 1

2
.

To explain the seeming violation of Fubini’s Theorem, note that  has an infinite discontinuity at (0 0) and thus does not

satisfy the conditions of Fubini’s Theorem. In fact, both iterated integrals involve improper integrals which diverge at their

lower limits of integration.

52. (a) Loosely speaking, Fubini’s Theorem says that the order of integration of a function of two variables does not affect the

value of the double integral, while Clairaut’s Theorem says that the order of differentiation of such a function does not

affect the value of the second-order derivative. Also, both theorems require continuity (though Fubini’s allows a finite

number of smooth curves to contain discontinuities).

(b) To find , we first hold  constant and use the single-variable Fundamental Theorem of Calculus, Part 1:

 =



( ) =





 



 



( ) 


 =

 



( ) . Now we use the Fundamental Theorem again:

 =




 



( )  = ( ).

To find , we first use Fubini’s Theorem to find that
 


 

( )   =

 


 

( )  , and then use the

Fundamental Theorem twice, as above, to get  = ( ). So  =  = ( ).
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