Section 14.6 Directional Derivatives and the Gradient Vector
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12' Let f(x’ y’ Z) = y2ezy2’ P(O7 17 —1)7 u= <%7
(a) Find the gradient of f.
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(b) Evaluate the gradient at the point P.
(¢) Find the rate of change of f at P in the direction of the vector u.

Solution:

f(@,y,2) = y?e™v?

@) Vf(@,y,2) = (fo(@,y,2), fy (2,9, 2), (2,9, 2)) = (¥ (y2),y? - "% (x2) + ™% - 2y, y?e™¥* (zy))
= <y3zezyz, (zy?z + 2y)e™?, wy3ezyz>

(b) Vf(0,1,-1) = (-1,2,0)

(© Duf(0,1,-1) = Vf(0,1,-1)-u=(-1,2,0)- (&, £, ) =-Z+ L +0=2
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17. Find the directional derivative of the function at the given point in the direction of the vector v.

flx,y,2) =2’y +9°2, (1,2,3), v=<2,-1,2>
Solution:
flz,y,2) =2®y+y?2 = Vf(z,y,2) = 2wy, +2yz,9%), V[(1,2,3) = (4,13,4), and a unit

vector in the direction of v is u = \/ﬁ(l -1,2) = 3(2,-1,2), s0

Dy f(1,2,3) =Vf(1,2,3) - u=(4,13,4) - 2(2,-1,2) =1 (8 - 13+8) =3 = 1.

32. Find the maximum rate of change of f at the given point and the direction in which it occurs.

f(p,q,r) = arctan(pgr), (1,2,1)

Solution:

_ _ qr pr Pq _ /21 2
f(l% q,r) = arctan(pgr) = Vf(p,q,r) = <1 T (pqr)z’ 1+ (pqr)Q’ 1+ (pqr)2 >a Vf(1,2,1) = <5a 59 5>’ Thus

the maximum rate of change is [V f(1,2,1)| = /3t + 5= + 3£ = 1/ 3= = £ in the direction (2, £, 2 or equivalently
(2,1,2).

51. Find equations of (a) the tangent plane and (b) the normal line to the given surface at the specified point.

r4+y+z=¢€", (0,0,1)
Solution:
Let F(z,y,2) = +y+ z — "%, Thenz + y + z = €Y% is the level surface F(z,y, z) = 0,
and VF(z,y,z) = (1 — yze™*,1 — x2e"7%,1 — xye®™*).
(a) VF(0,0,1) = (1,1, 1) is a normal vector for the tangent plane at (0, 0, 1), so an equation of the tangent plane
islx—0)+1(y—0)+1(z—1)=0 or z+y+2z=1

(b) The normal line has direction (1,1, 1), so parametric equations are z = ¢, y = ¢, z = 1 + ¢, and symmetric equations are

r=y=z—1.



57. Show that the equation of the tangent plane to the ellipsoid z2/a® + y?/b? + 22 /c®> = 1 at the point (z0, yo, 20) can
be written as
TTO | YYo | 27
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Solution:
F(x,y,2) = 2 /a®> + y?/b* + 22 /2. Then 2 /a® + y?/b* + 2% /c* = 1 s the level surface F(z,y,z) = 1 and

2 2 2 . .
VF(zo,y0,20) = <%, %, §> Thus, an equation of the tangent plane at (xo, yo, z0) is

2 2 2 5 v % A . . N
% x4+ % y+ % z= 2<‘2—0 +8 'Z—0> = 2(1) = 2 since (xo, Yo, 20) is a point on the ellipsoid. Hence

Yo

% T+ bz Y + % z = 1 is an equation of the tangent plane.

60. At what point on the ellipsoid z2 +y2 +222 = 1 is the tangent plane parallel to the plane 4+ 2y+z = 1? Solution:
Let F'(x,y, z) = x* +y* + 22%; then the ellipsoid 2% + 4* 4 22% = 1isalevel surface of F. VF(x,y, z) = (2x, 2y, 4z) is

a normal vector to the surface at (z,y, z) and so it is a normal vector for the tangent plane there. The tangent plane is parallel
to the plane  + 2y + z = 1 when the normal vectors of the planes are parallel, so we need a point (zo, Yo, z0) on the ellipsoid
where (2z0, 2yo, 420) = k (1,2, 1) for some k # 0. Comparing components we have 220 = k = zo = k/2,

200=2k = yo=k, dz0=k = z0=k/4 (xo0,Y0,20) = (k/2,k,k/4) lies on the ellipsoid, so

(k2 + k> +2(k/4)*=1 = Lk*=1 = k*=2L = Fk=+2,/3Z. Thusthe tangent planes at the points

(,/%,2,/%, %w/%) and (f,/%,f%/%, f%,/%) are parallel to the given plane.



