Section 14.4 Tangent Planes and Linear Approximation

9. Find an equation of the tangent plane to the given surface at the specified point. z = xsin(x + y), (—1,1,0)
Solution:
= fwy) =zsin(+y) = fol,y) =2 cos(@+y) - 1+sin(@+y) - 1=zcos(+y) +sin(x +y) and
fy(z,y) =xcos(zx+y)-1,s0 fz(—1,1) = (=1)cos0+sin0 = —1, fy(—1,1) = (—1)cos0 = —1. Thus, an equation of

the tangent plane is z — 0 = fo(—1,1)(z — (-1)) + fy(-1,1)(y —1) = z=(-1)(x+1)+(-1)(y—1),0r
z+y+z=0.

20. Explain why the function is differentiable at the given point. Then find the linearization L(x,y), yd of the function
at that point.
1+y

flz,y) = T Fa

, (1,3)
Solution:

flz,y) = ty

s (1+y)(1+2z)"'. The partial derivatives are f.(z,y) = (1 +3)(-1)(1 +2)"2 = 7(11%21)2

and

folz,y) = (D)A+z2) "' = 1 -il- ey f»(1,3) = —1and fy(1,3) = 3. Both f, and f, are continuous functions for
x # —1, so f is differentiable at (1, 3) by Theorem 8. The linearization of f at (1, 3) is

L(w,y) = f(1,3) + f2(1,3)(z =) + f(1,3)(y —=3) =2+ (-D(z - ) + 5(y —3) = —v + 3y + 5.

24. Verify the linear approximation at (0, 0). % ~r+y—1

Solution:

Let f(z,y) = i—:ri Then f.(2,y) = (y — )(=1)(z +1)"2 = (;;—1%2 and f,(z,y) = %H Both f; and f, are

continuous functions for  # —1, so by Theorem 8, f is differentiable at (0, 0). We have f;(0,0) =1, f,(0,0) = 1 and the

linear approximation of f at (0,0) is f(x,y) =~ f(0,0) + fz(0,0)(z —0) + f,(0,0)(y —0) = -1+ 1lz+1ly=az+y — 1.

52. Suppose you need to know an equation of the tangent plane to a surface S at the point P(2,1,3). You don't have

an equation for S but you know that the curves

ri(t) =<2+3t1 33 -4t +t> >

ro(u) =< 1+u?2u® —1,2u+1 >

both lie on S. Find an equation of the tangent plane at P.

Solution:

ri(t) =(2+3t,1—-t>3—-4t+t*) = ri(t)=(3,-2t,—4+2t), ra(u)=(1+v>20*—-1,2u+1) =
r5(u) = (2u, 6u®,2). Both curves pass through P since r1(0) = r2(1) = (2,1, 3), so the tangent vectors r} (0) = (3,0, —4)
and r5(1) = (2,6, 2) are both parallel to the tangent plane to S at P. A normal vector for the tangent plane is

r1(0) x r5(1) = (3,0, —4) x (2,6,2) = (24, —14, 18), so an equation of the tangent plane is

24(x —2) —14(y — 1) + 18(2 — 3) =0 or 122 — 7Ty + 9z = 44.



54. (a) The function
i (2,y) # (0,0)

0 if (z,y) = (0,0)

flz,y) =

was graphed in Figure 4. Show that f;(0,0) and f,(0,0) both exist but f is not differentiable at (0,0). [Hint: Use
the result of Exercise 53.]

(b) Explain why f, and f, are not continuous at (0,0).

Solution:

. f(h,0) = f(0,0) .. 0-0 _ _ f(0,h) - f(0,0) .. 0—-0 _ _ _
(a) lim - = lim —— = 0and Jim - = lim —— = 0. Thus /,(0,0) = /,(0,0) = 0.

To show that f isn’t differentiable at (0, 0) we need only show that f is not continuous at (0, 0) and apply Exercise 45. As
(x,y) — (0,0) along the z-axis f(z,y) = 0/z* = 0 forz # 0so f(x,y) — Oas (x,y) — (0, 0) along the x-axis. But
as (z,y) — (0,0) along the line y = z, f(z,z) = 2 /(22%) = 1 forz # 0so f(z,y) — 3 as (z,y) — (0,0) along this

line. Thus ( %urt : f(x,y) doesn’t exist, so f is discontinuous at (0, 0) and thus not differentiable there.
z,y)— (0,0

(® + 9Py —ay(2x)  y(y® —2°)

= I h (0, 0) along the y-axis, th
W%+ 59 @2+ 57 we approach (0, 0) along the y-axis, then

(b) For (z,y) # (0,0), fz(z,y) =

3

fe(z,y) = f2(0,y) = % = é, so fz(z,y) — fooas (z,y) — (0,0). Thus ( %im(0 0 fa(x,y) does not exist and
z,y)—(0,

(z® +v°)z —zy(2y) _ z(a® —¢°)

fz(x,y) is not continuous at (0, 0). Similarly, f,(z,y) = for (z,y) # (0,0), and

(22 1 y2)2 T (@ + )2
3
if we approach (0, 0) along the z-axis, then fy(x,y) = fz(x,0) = % = i Thus ( %im(0 0 fy(z,y) does not exist and
,y)—(0,

fy(z,y) is not continuous at (0, 0).



