
Section 10.4 Calculus in Polar Coordinates

10. Sketch the curve and find the area that it encloses. r = 2 + 2 cos θ.

Solution:

SECTION 10.4 CALCULUS IN POLAR COORDINATES ¤ 989

7.  = 4 + 3 sin , −
2 ≤  ≤ 

2 .

=

 2

−2
1
2
(4 + 3 sin )2  = 1

2

 2

−2
(16 + 24 sin  + 9 sin2) 

= 1
2

 2

−2
(16 + 9 sin2)  [by Theorem 5.5.7]

= 1
2 · 2

 2

0


16 + 9 · 1

2 (1− cos 2)

 [by Theorem 5.5.7]

=

 2

0


41
2 − 9

2 cos 2

 =


41
2  − 9

4 sin 2
2
0

=

41
4 − 0− (0− 0) = 41

4

8.  =
√
ln , 1 ≤  ≤ 2.

=

 2

1

1
2

√
ln 

2
 =

 2

1

1
2
ln   =


1
2
 ln 

2
1
−
 2

1

1
2



 = ln ,  = 1

2 

 = (1) ,  = 1
2 


= [ ln(2)− 0]−


1
2

2
1
=  ln(2)−  + 1

2

9. The area is bounded by  = 4 cos  for  = 0 to  = .

=

 

0

1
2

2
 =

 

0

1
2
(4 cos )2 =

 

0

8 cos2 

= 8

 

0

1
2
(1 + cos 2)  = 4


 + 1

2
sin 2


0
= 4

Also, note that this is a circle with radius 2, so its area is (2)2 = 4.

10. =

 2

0

1
2

2
 =

 2

0

1
2
(2 + 2 cos )2

=

 2

0

1
2
(4 + 8 cos  + 4cos2) 

=

 2

0

1
2


4 + 8 cos  + 4 · 1

2
(1 + cos 2)




=

 2

0

(3 + 4 cos  + cos 2)  =

3 + 4 sin  + 1

2
sin 2

2
0
= 6

11. =

 2

0

1
2

2
 =

 2

0

1
2
(3− 2 sin )2

= 1
2

 2

0

(9− 12 sin  + 4 sin2) 

= 1
2

 2

0


9− 12 sin  + 4 · 1

2
(1− cos 2) 

= 1
2

 2

0

(11− 12 sin  − 2 cos 2)  = 1
2


11 + 12 cos  − sin 2

2
0

= 1
2
[(22 + 12)− 12] = 11
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28. Find the area of the region that lies inside the first curve and outside the second curve. r = 3 sin θ, r = 2− sin θ.

Solution:

SECTION 10.4 CALCULUS IN POLAR COORDINATES ¤ 993

27. 3 cos  = 1 + cos  ⇔ cos  = 1
2 ⇒  = 

3 or −
3 .

= 2
 3
0

1
2
[(3 cos )2 − (1 + cos )2] 

=
 3
0

(8 cos2 − 2 cos  − 1)  =  3
0

[4(1 + cos 2)− 2 cos  − 1] 

=
 3
0

(3 + 4 cos 2 − 2 cos )  = 3 + 2 sin 2 − 2 sin 3
0

=  +
√
3−√3 = 

28. 3 sin  = 2− sin  ⇒ 4 sin  = 2 ⇒ sin  = 1
2
⇒  = 

6
or 5

6
.

= 2
 2
6

1
2
[(3 sin )2 − (2− sin )2] 

=
 2
6

(9 sin2 − 4 + 4 sin  − sin2] 

=
 2
6

(8 sin2 + 4 sin  − 4) 

= 4
 2
6


2 · 1

2
(1− cos 2) + sin  − 1 

= 4
 2
6

(sin  − cos 2)  = 4−cos  − 1
2 sin 2

2
6

= 4

(0− 0)−


−
√
3
2 −

√
3
4


= 4


3
√
3

4


= 3

√
3

29. 3 sin  = 3cos  ⇒ 3 sin 

3 cos 
= 1 ⇒ tan  = 1 ⇒  = 

4
⇒

= 2

 4

0

1
2
(3 sin )2  =

 4

0

9 sin2  =

 4

0

9 · 1
2
(1− cos 2) 

=

 4

0


9
2 − 9

2 cos 2

 =


9
2 − 9

4 sin 2
4
0

=

9
8 − 9

4

− (0− 0)
= 9

8
− 9

4

30. = 4
 2
0

1
2 (1− cos )2  = 2

 2
0

(1− 2 cos  + cos2) 

= 2
 2
0


1− 2 cos  + 1

2
(1 + cos 2)




= 2
 2
0


3
2
− 2 cos  + 1

2
cos 2


 =

 2
0

(3− 4 cos  + cos 2) 

=

3 − 4 sin  + 1

2 sin 2
2
0

= 3
2 − 4

31. sin 2 = cos 2 ⇒ sin 2

cos 2
= 1 ⇒ tan2 = 1 ⇒ 2 = 

4
⇒

 = 
8
⇒

= 8 · 2
 8

0

1
2 sin

2 2  = 8

 8

0

1
2 (1− cos 4) 

= 4

 − 1

4
sin 4

8
0

= 4


8
− 1

4
· 1 = 

2
− 1
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45. Find the area of the shaded region.

Solution:
SECTION 10.4 CALCULUS IN POLAR COORDINATES ¤ 997

45. 1 + cos  = 3cos  ⇒ 1 = 2 cos  ⇒ cos  = 1
2 ⇒  = 

3 . The area swept out by  = 1 + cos , 3 ≤  ≤ ,

contains the shaded region plus the portion of the circle  = 3cos , 3 ≤  ≤ 2. Thus, the area of the shaded region is

given by

=

 

3

1
2
(1 + cos )2  −

 2

3

1
2
(3 cos )2  = 1

2

 

3

(1 + 2 cos  + cos2)  − 9
2

 2

3

cos2 

= 1
2

 

3


1 + 2 cos  + 1

2 (1 + cos 2)

 − 9

2

 2

3

1
2 (1 + cos 2) 

= 1
2

 

3


3
2 + 2cos  +

1
2 cos 2


 − 9

4

 2

3

(1 + cos 2) 

= 1
2


3
2
 + 2 sin  + 1

4
sin 2


3

− 9
4


 + 1

2
sin 2

2
3

= 1
2


3
2
−


2
+
√
3 +

√
3
8


− 9

4



2
−


3
+
√
3
4


= 1

2


 − 9

√
3

8


− 9

4



6
−
√
3
4


= 

2
− 3

8
= 

8

46. The pole is reached when  = 1− 2 sin  = 0 ⇒ sin  = 1
2
⇒  = 

6
, 5
6
, or 13

6
. The curve’s inner loop is traced

from  = 6 to  = 56 (corresponding to negative values), while the outer loop is traced from  = 56 to  = 136.

From the figure, we see that the area of the outer loop minus the area of the inner loop gives the area of the shaded region.

Thus,

=

 136

56

1
2
(1− 2 sin )2  −

 56

6

1
2
(1− 2 sin )2 

=

 136

56

1
2 (1− 4 sin  + 4 sin2)  −

 56

6

1
2 (1− 4 sin  + 4 sin2) 

=

 136

56


1
2
− 2 sin  + 2 · 1

2
(1− cos 2)  −  56

6


1
2
− 2 sin  + 2 · 1

2
(1− cos 2) 

=

1
2 + 2 cos  +  − 1

2 sin 2
136
56

−

1
2 + 2 cos  +  − 1

2 sin 2
56
6

=

13
12 +

√
3 + 13

6 −
√
3
4


−

5
12 −

√
3 + 5

6 +
√
3
4


−

5
12 −

√
3 + 5

6 +
√
3
4


+


12 +

√
3 + 

6 −
√
3
4


=

13
4 + 3

√
3

4


− 2

5
4 − 3

√
3

4


+


4 +

3
√
3

4


=  + 3

√
3

47.

From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we find the values

of the intersection points to be  ≈ 088786 ≈ 089 and  −  ≈ 225. (The first of these values may be more easily
estimated by plotting  = 1 + sin and  = 2 in rectangular coordinates; see the second graph.) By symmetry, the total
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68. Find the s1ope of the tangent 1ine to the given polar curve at the point specified by the value of θ.

r = 1 + 2 cos θ, θ =
π

3

Solution:

1002 ¤ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES

67.  = cos 2 ⇒  =  cos  = cos 2 cos ,  =  sin  = cos 2 sin  ⇒



=




=

cos 2 cos  + sin  (−2 sin 2)
cos 2 (− sin ) + cos  (−2 sin 2)

When  = 

4
, 


=
0
√
22

+
√
22

(−2)

0
−√22+ √22(−2) = −√2

−√2 = 1.

68.  = 1 + 2 cos  ⇒  =  cos  = (1 + 2 cos ) cos ,  =  sin  = (1 + 2 cos ) sin  ⇒



=




=

(1 + 2 cos ) cos  + sin  (−2 sin )
(1 + 2 cos )(− sin ) + cos  (−2 sin )

When  = 

3
, 


=
2

1
2


+
√
32
−√3 

2
−√32+ 1

2

−√3  · 22 = 2− 3
−2√3−√3 =

−1
−3√3 =

√
3

9
.

69.  = sin  ⇒  =  cos  = sin  cos ,  =  sin  = sin2 ⇒ 


= 2 sin  cos  = sin 2 = 0 ⇒

2 = 0 or  ⇒  = 0 or 
2
⇒ horizontal tangent at (0 0), and


1 

2


.



= − sin2 + cos2 = cos 2 = 0 ⇒ 2 = 

2 or
3
2 ⇒  = 

4 or
3
4 ⇒ vertical tangent at


1√
2
 4


and


1√
2
 3
4


.

70.  = 1− sin  ⇒  =  cos  = cos  (1− sin ),  =  sin  = sin  (1− sin ) ⇒



= sin  (− cos ) + (1− sin ) cos  = cos  (1− 2 sin ) = 0 ⇒ cos  = 0 or sin  = 1

2
⇒

 = 
6
, 
2
, 5
6
, or 3

2
⇒ horizontal tangent at


1
2
 
6


,

1
2
 5
6


, and


2 3

2


.



= cos  (− cos ) + (1− sin )(− sin ) = − cos2  − sin  + sin2 = 2 sin2 − sin  − 1
= (2 sin  + 1)(sin  − 1) = 0 ⇒

sin  = − 1
2
or 1 ⇒  = 7

6
, 11

6
, or 

2
⇒ vertical tangent at


3
2
 7
6




3
2
 11

6


, and


0 

2


.

Note that the tangent is vertical, not horizontal, when  = 
2 , since

lim
→(2)−




= lim

→(2)−
cos  (1− 2 sin )

(2 sin  + 1)(sin  − 1) =∞ and lim
→(2)+




= −∞.

71.  = 1 + cos  ⇒  =  cos  = cos  (1 + cos ),  =  sin  = sin  (1 + cos ) ⇒



= (1 + cos ) cos  − sin2  = 2cos2  + cos  − 1 = (2 cos  − 1)(cos  + 1) = 0 ⇒ cos  = 1

2
or −1 ⇒

 = 
3
, , or 5

3
⇒ horizontal tangent at


3
2
 
3


, (0 ), and


3
2
 5
3


.



= −(1 + cos ) sin  − cos  sin  = − sin  (1 + 2 cos ) = 0 ⇒ sin  = 0 or cos  = − 1

2 ⇒
 = 0, , 2

3
, or 4

3
⇒ vertical tangent at (2 0),


1
2
 2
3


, and


1
2
 4
3


.

Note that the tangent is horizontal, not vertical when  = , since lim
→




= 0.

72.  =  ⇒  =  cos  =  cos ,  =  sin  =  sin  ⇒



=  sin  +  cos  = (sin  + cos ) = 0 ⇒ sin  = − cos  ⇒ tan  = −1 ⇒

 = −1
4 +  [ any integer] ⇒ horizontal tangents at


(−14) 


− 1

4


.

[continued]
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