
Section 10.3 Polar Coordinates

10. Sketch the region in the plane consisting of points whose polar coordinates satisfy the given conditions.

3 < r < 5, 2π/3 ≤ θ ≤ 4π/3

Solution:

974 ¤ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES

6. (a)  =
√
3 and  = −1 ⇒  =

√
3
2
+ (−1)2 = 2 and tan  = −1√

3
[ = −

6
+ ]. Since

√
3−1 is in the

fourth quadrant, the polar coordinates are (i)

2 11

6


and (ii)

−2 5
6


.

(b)  = −6 and  = 0 ⇒  =

(−6)2 + 02 = 6 and tan  = 0

−6 = 0 [ = ]. Since (−6 0) is on the negative
­axis, the polar coordinates are (i) (6 ) and (ii) (−6 0).

7. 1   ≤ 3. The curves  = 1 and  = 3 represent circles centered at  with
radius 1 and 3, respectively. So 1   ≤ 3 represents the region outside the
radius 1 circle and on or inside the radius 3 circle. Note that  can take on
any value.

8.  ≥ 2, 0 ≤  ≤ . This is the region on or outside the circle  = 2 in the

first and second quadrants.

9. 0 ≤  ≤ 1, −2 ≤  ≤ 2 This is the region on or inside the circle

 = 1 in the first and fourth quadrants.

10. 3    5, 23 ≤  ≤ 43

11. 2 ≤   4, 34 ≤  ≤ 74
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18. Identify the curve by finding a Cartesian equation for the curve.

θ = π/3

Solution:

SECTION 10.3 POLAR COORDINATES ¤ 975

12.  ≥ 0,  ≤  ≤ 52. This is the region in the third, fourth, and first
quadrants including the origin and points on the negative ­axis and positive

­axis.

13. Converting the polar coordinates

4 4

3


and


6 5

3


to Cartesian coordinates gives us


4 cos 4

3
 4 sin 4

3


=
−2−2√3 

and

6 cos 5

3
 6 sin 5

3


=

3−3√3 . Now use the distance formula

=

(2 − 1)2 + (2 − 1)2 =


[3− (−2)]2 + −3√3− −2√3 2

=


52 +

−√3 2 = √25 + 3 = √28 = 2√7
14. The points (1 1) and (2 2) in Cartesian coordinates are (1 cos 1 1 sin 1) and (2 cos 2 2 sin 2), respectively.

The square of the distance between them is

(2 cos 2 − 1 cos 1)
2 + (2 sin 2 − 1 sin 1)

2

=

22 cos

22 − 212 cos 1 cos 2 + 21 cos
21

+

22 sin

22 − 212 sin 1 sin 2 + 21 sin
21


= 21

sin21 + cos

21

+ 22


sin22 + cos

22
− 212(cos 1 cos 2 + sin 1 sin 2)

= 21 − 212 cos(1 − 2) + 22 ,

so the distance between them is

21 − 212 cos(1 − 2) + 22 .

15. 2 = 5 ⇔ 2 + 2 = 5, a circle of radius
√
5 centered at the origin.

16.  = 4 sec  ⇔ 

sec 
= 4 ⇔  cos  = 4 ⇔  = 4, a vertical line.

17.  = 5 cos  ⇒ 2 = 5 cos  ⇔ 2 + 2 = 5 ⇔ 2 − 5+ 25
4 + 2 = 25

4 ⇔ 
− 5

2

2
+ 2 = 25

4 ,

a circle of radius 5
2
centered at


5
2
 0

. The first two equations are actually equivalent since 2 = 5 cos  ⇒

( − 5 cos ) = 0 ⇒  = 0 or  = 5 cos . But  = 5 cos  gives the point  = 0 (the pole) when  = 0. Thus, the

equation  = 5 cos  is equivalent to the compound condition ( = 0 or  = 5 cos ).

18.  =


3
⇒ tan  = tan



3
⇒ 


=
√
3 ⇔  =

√
3, a line through the origin.

19. 2 cos 2 = 1 ⇔ 2(cos2 − sin2) = 1 ⇔ ( cos )2 − ( sin )2 = 1 ⇔ 2 − 2 = 1, a hyperbola centered at

the origin with foci on the ­axis.

20. 2 sin 2 = 1 ⇔ 2(2 sin  cos ) = 1 ⇔ 2( cos )( sin ) = 1 ⇔ 2 = 1 ⇔  = 1
2
, a hyperbola

centered at the origin with foci on the line  = .
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25. Find a polar equation for the curve represented by the given Cartesian equation.

x2 + y2 = 4y

Solution:

976 ¤ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES

21. 2 + 2 = 7 ⇒ ( cos )2 + ( sin )2 = 7 ⇒ 2(cos2 + sin2) = 7 ⇒ 2 = 7 ⇒  =
√
7.

Note that  = −√7 produces the same curve as  = √7.

22.  = −1 ⇒  cos  = −1 ⇒  = − 1

cos 
= − sec 

23.  =
√
3 ⇒ 


=
√
3 [ 6= 0] ⇒ tan  =

√
3 ⇒  =



3
or 4

3
[either incudes the pole]

24.  = −22 ⇒  sin  = −2( cos )2 ⇒  sin  + 22 cos2 = 0 ⇒ (sin  + 2 cos2) = 0 ⇒

 = 0 or  = − sin 

2 cos2
= −1

2
tan  sec .  = 0 is included in  = −1

2
tan  sec  when  = 0, so the curve is

represented by the single equation  = − 1
2
tan  sec .

25. 2 + 2 = 4 ⇒ 2 = 4 sin  ⇒ 2 − 4 sin  = 0 ⇒ ( − 4 sin ) = 0 ⇒  = 0 or  = 4 sin .
 = 0 is included in  = 4 sin  when  = 0, so the curve is represented by the single equation  = 4 sin .

26. 2 − 2 = 4 ⇔ ( cos )2 − ( sin )2 = 4 ⇔ 2 cos2 − 2 sin2 = 4 ⇔ 2(cos2 − sin2) = 4 ⇔
2 cos 2 = 4

27. (a) The description leads immediately to the polar equation  = 
6 , and the Cartesian equation  = tan



6


 = 1√

3
 is

slightly more difficult to derive.

(b) The easier description here is the Cartesian equation  = 3.

28. (a) Because its center is not at the origin, it is more easily described by its Cartesian equation, (− 2)2 + ( − 3)2 = 52.
(b) This circle is more easily given in polar coordinates:  = 4. The Cartesian equation is also simple: 2 + 2 = 16.

29. For  = 0, , and 2,  has its minimum value of about 05. For  = 
2
and 3

2
,  attains its maximum value of 2. We see that

the graph has a similar shape for 0 ≤  ≤  and  ≤  ≤ 2.

30. For  = 0, , and 2,  has its maximum value of 2. For  = 
2
and 3

2
,  has its minimum value of about −07.

Also,  = 0 for what appears to be  = 
3
, 2
3
, 4
3
, and 5

3
, so the curve passes through the pole at these angles.  is negative

in the intervals


3
 2
3


and


4
3
 5
3


, so the curve will lie on the opposite side of the pole. The graph has a similar shape for

0 ≤  ≤  and  ≤  ≤ 2.
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36. Sketch the curve with the given polar equation by first sketching the graph of r as a function of θ in Cartesian

coordinates.

r = 1 + 2 cos θ

Solution:
978 ¤ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES

36.  = 1 + 2 cos 

37.  = ,  ≥ 0

38.  = 2, −2 ≤  ≤ 2

39.  = 3 cos 3

40.  = − sin 5

41.  = 2 cos 4
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54. Sketch the curve (x2 + y2)3 = 4x2y2.

Solution:

SECTION 10.3 POLAR COORDINATES ¤ 903

48. The given graph has a maximum of 2 for  = 0, a minimum of 1 for  = 
4
,

and then a maximum of 2 for  = 
2
. This pattern is repeated 4 times for

0 ≤  ≤ 2.

49.  =  cos  = (4 + 2 sec ) cos  = 4 cos  + 2. Now, →∞ ⇒

(4 + 2 sec )→∞ ⇒ → 

2

−
or → 

3
2

+
[since we need only

consider 0 ≤   2], so lim
→∞

 = lim
→2−

(4 cos  + 2) = 2. Also,

→ −∞ ⇒ (4 + 2 sec )→−∞ ⇒ → 

2

+
or → 

3
2

−
, so

lim
→−∞

 = lim
→2+

(4 cos  + 2) = 2. Therefore, lim
→±∞

 = 2 ⇒  = 2 is a vertical asymptote.

50.  =  sin  = 2 sin  − csc  sin  = 2 sin  − 1.

→∞ ⇒ (2− csc )→∞ ⇒
csc →−∞ ⇒ → + [since we need

only consider 0 ≤   2] and so

lim
→∞

 = lim
→+

2 sin  − 1 = −1.

Also  → −∞ ⇒ (2− csc ) → −∞ ⇒ csc  →∞ ⇒ → − and so lim
→−∞

 = lim
→−

2 sin  − 1 = −1.

Therefore lim
→±∞

 = −1 ⇒  = −1 is a horizontal asymptote.

51. To show that  = 1 is an asymptote we must prove lim
→±∞

 = 1.

 = () cos  = (sin  tan ) cos  = sin2 . Now, →∞ ⇒ sin  tan →∞ ⇒

→ 

2

−
, so lim

→∞
 = lim

→2−
sin2  = 1. Also, →−∞ ⇒ sin  tan →−∞ ⇒

→ 

2

+
, so lim

→−∞
 = lim

→2+
sin2  = 1. Therefore, lim

→±∞
 = 1 ⇒  = 1 is

a vertical asymptote. Also notice that  = sin2  ≥ 0 for all , and  = sin2  ≤ 1 for all . And  6= 1, since the curve is not

defined at odd multiples of 
2
. Therefore, the curve lies entirely within the vertical strip 0 ≤   1.

52. The equation is (2 + 2)3 = 422, but using polar coordinates we know that

2 + 2 = 2 and  =  cos  and  =  sin . Substituting into the given

equation: 6 = 42 cos2  2 sin2  ⇒ 2 = 4 cos2  sin2  ⇒

 = ±2 cos  sin  = ± sin 2.  = ± sin 2 is sketched at right.

53. (a) We see that the curve  = 1 +  sin  crosses itself at the origin, where  = 0 (in fact the inner loop corresponds to

negative -values,) so we solve the equation of the limaçon for  = 0 ⇔  sin  = −1 ⇔ sin  = −1. Now if

||  1, then this equation has no solution and hence there is no inner loop. But if   −1, then on the interval (0 2)
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58. Show that the curves r = a sin θ and r = a cos θ intersect at right angles.

Solution:

906 ¤ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES

64.  =  ⇒  =  cos  =  cos ,  =  sin  =  sin  ⇒



=  sin  +  cos  = (sin  + cos ) = 0 ⇒ sin  = − cos  ⇒ tan  = −1 ⇒

 = −1
4
 +  [ any integer] ⇒ horizontal tangents at


(−14) 


− 1

4


.




=  cos  −  sin  =  (cos  − sin ) = 0 ⇒ sin  = cos  ⇒ tan  = 1 ⇒

 = 1
4
 +  [ any integer] ⇒ vertical tangents at


(+14), 


+ 1

4


.

65.  =  sin  +  cos  ⇒ 2 =  sin  +  cos  ⇒ 2 + 2 =  +  ⇒
2 −  +


1
2

2

+ 2 −  +


1
2

2

=


1
2

2

+


1
2

2 ⇒ 

− 1
2

2

+

 − 1

2

2

= 1
4
(2 + 2), and this is a circle

with center


1
2
 1

2


and radius 1

2

√
2 + 2.

66. These curves are circles which intersect at the origin and at


1√
2
 

4


. At the origin, the first circle has a horizontal

tangent and the second a vertical one, so the tangents are perpendicular here. For the first circle [ =  sin ],

 =  cos  sin  +  sin  cos  =  sin 2 =  at  = 
4
and  =  cos2  −  sin2  =  cos 2 = 0

at  = 
4
, so the tangent here is vertical. Similarly, for the second circle [ =  cos ],  =  cos 2 = 0 and

 = − sin 2 = − at  = 
4
, so the tangent is horizontal, and again the tangents are perpendicular.

67.  = 1 + 2 sin(2). The parameter interval is [0 4]. 68.  =


1− 08 sin2 . The parameter interval is [0 2].

69.  = sin  − 2 cos(4).

The parameter interval is [0 2].

70.  = |tan ||cot |.
The parameter interval [0 ] produces the heart-shaped valentine curve shown in the first window.

The complete curve, including the reflected heart, is produced by the parameter interval [0 2], but perhaps you’ll agree

that the first curve is more appropriate.
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