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Section 9.3 Separable Equations
Find the solution of the differential equation that satisfies the given initial condition.

x%y' = ksecy, y(1)=m/6

Solution:

dy k
2, 2

=k = — =

ey secy x dr cosy

= cosydy:kd—f = [cosydy= [ka ?*dz = siny=—ka '+C.
x
y(I)=2 = sinZ=-k(1)'+C = L1=-k+C = C=31+kso

6 2

siny:—ﬁﬁ-lq—k = y=sin"! —E+1+k.
r 2 r 2

Find the solution of the differential equation that satisfies the given initial condition.

d
x + 3y? x2+1£:0, y(0) =1

Solution:
dy dy —x
3’V +1 = =0 3V +1 = = — 3y dy = d
x + 3y I+d:r $y$+dx r = 3y ay m2+1x=>

f3y2 dy = ffx(wz + 1)—1/2 de = y3 — 7(‘%2 + 1)1/2 +C. y(o) =1 = 13 = 7(02 + 1)1/2 +C =

C=2s0y’=—-(2>+1)"2+2 = y=(2-VaZ+1)'5

In an elementary chemical reaction, single molecules of two reactants A and B form a molecule of the product C: A
+ B — C. The law of mass action states that the rate of reaction is proportional to the product of the concentrations

of A and B:
dC]
e k[A][B]

(See Example 3.7.4.) Thus, if the initial concentrations are [A]= a moles/L and [B]= b moles/L and we write

x =[C], then we have

d

d—f =k(a—2x)(b—2x)

(a) Assuming that a # b, find x as a function of ¢. Use the fact that the initial concentration of C is 0.

(b) Find z(t) assuming that a = b. How does this expression for z(t) simplify if it is known that [C]= 1a after 20

seconds?

Solution:



_1b—a) 1/(b—a) “
(a—2z)(b—12x) a—zx b—xz ’

(a) Ccll_f =k(a —x)(b—x), a #b. Using partial fractions,

b—zx

a—T

/( 5 ):/kdt = —ia(—1n|a—x\+1n\b—x\>:kt+c = In = (b—a)(kt +C).

a—z)(b—= b

>0and b—

. b—
The concentrations [A] = a — z and [B] = b — x cannot be negative, 50 —
a—zx

— X

b—=x b b—z b ble®=®kt 1] ab[e®=D* — 1] moles
_ _ 1 v _ 2 (b—a)kt — — .
ln( ) (b—a)kt + n(a) “ a—z a° - belb—a)kt /g — 1 betb—a)kt —q L

We now have ln(b ) = (b — a)(kt + C). Since z(0) = 0, we get ln<§) = (b — a)C. Hence,

(b)Ifb:a,thend—w:k(afx)aso/dimQ:/kdtand L =kt+C. Sincex(O)zO,wegetCzl.
dt ( ) a—x a

a—2x
1 ’kt_mol
Thus, ¢ — x = ®t1ija andx =a — akta—i— 1= aZt ) m(I)Jes. Suppose z = [C] = a/2 when ¢t = 20. Then
a 20a%k 1
20) = a/2 = 40a2k = 2042 20a%k = -
z(20) =a/2 = 5 = %00k 1 = 40a°k 0a’k+a = 20a’k=a = k 502° 5°
a’t/(20a)  at/20 at  moles

T 1+at/(20a) 1+¢/20 420 L

44. A sphere with radius 1 m has temperature 15 °C. It lies inside a concentric sphere with radius 2 m and temperature

25 °C. The temperature T'(r) at a distance r from the common center of the spheres satisfies the differential equation

d2l 2 dT
dr2 ' rdr

If we let S = dT/dr, then S satisfies a first-order differential equation. Solve it to find an expression for the

temperature T'(r) between the spheres.

Solution:
dar as d*T d*T 24T ds
IfS = o then gz . The differential equation = + = = 0 can be written as T + - S = 0. Thus,
s _ 28 = Ezfzd’r = lclS: fgdr = In|S| = —2In|r| + C. Assuming S = dT'/dr >0
dr r S r S r
andr > 0, we have § = e 27+C — 7770 =2k [ =¢C] = S = L E = ar _ ik =
r2 dr r2

dTZ%kdr = /dT:/%kdr = T(’I")Z—E‘FA.
T r r

T(1)=15 = 15=—k+A@MandT(2)=25 = 25=—1k+A(Q).

Now solve for kand A: —22) + 1) = —-35=—A,s0 A=35and k =20, and T'(r) = —20/r + 35.

48. The air in a room with volume 180 m? contains 0.15% carbon dioxide initially. Fresher air with only 0.05% carbon
dioxide flows into the room at a rate of 2 m®/min and the mixed air flows out at the same rate. Find the percentage

of carbon dioxide in the room as a function of time. What happens in the long run?

Solution:



54.

Let y(t) be the amount of carbon dioxide in the room after ¢ minutes. Then y(0) = 0.0015(180) = 0.27 m®. The amount of

air in the room is 180 m? at all times, so the percentage at time ¢ (in mimutes) is y(¢)/180 x 100, and the change in the

amount of carbon dioxide with respect to time is

3 3 _ 3
@:(0,0005)(2%) _@( m_) —0.001 - Y — 2100y m”

dt 180 min 90 9000 min
dy dt 1 1
H — 1 -1 = — .B =02 h:
ence,/g_ 1007 /9000 and 100 n |9 — 100y| 900015—1—0 ecause y(0) = 0.27, we have
A Im18 = C, 50 — 7k In[9 — 100y| = gst — =18 = Inj9— 100y = — &t +In18 =

In|9 —100y| =Ine ¥/*° +1n18 = 1In|9 — 100y| = In(18e~*/?°), and |9 — 100y| = 18e~*/°°. Since y is continuous,
y(0) = 0.27, and the right-hand side is never zero, we deduce that 9 — 100y is always negative. Thus, |9 — 100y| = 100y — 9
and we have 100y — 9 = 18¢~*/%° = 100y =9+ 18¢ ¥/ =y =0.09 + 0.18¢~*/*°. The percentage of carbon

dioxide in the room is

. 1 —t/90
p(t) = %0 x 100 = % x 100 = (0.0005 + 0.001e~*/°%) x 100 = 0.05 + 0.1e~*/*°

In the long run, we have tlim p(t) = 0.05 + 0.1(0) = 0.05; that is, the amount of carbon dioxide approaches 0.05% as time

goes on.

A model for tumor growth is given by the Gompertz equation

dv

where a and b are positive constants and V is the volume of the tumor measured in mm?.
(a) Find a family of solutions for tumor volume as a function of time.

(b) Find the solution that has an initial tumor volume of V(0) = 1 mm3.

Solution:
dV dVv dV
(a) E = a(lnb — II'IV)V = E = —aV(an — lnb) = m = —adt =
L _ _ l o _ u = In(V/b), _
/Vln(V/b)_/ adt = /udu—/ adt [du:(l/V)dV = Inful=—-at+k =

lu| = e " = wu=Ce ™ [whereC ==+e*] = In(V/b)=Ce * = % Cem ot

V = beC " with C # 0.

HVO)=1 = 1=b""" = 1=bC = b=eC 50V =e Celc " =lc =0 = Lle7"-1),
(b) ,



