Section 8.1 Arc Length

39. Find the length of the astroid z2/3 4 3?/3 = 1.

Solution:

The astroid #/° + y2/ 3 = 1 has an equal length of arc in each quadrant. Thus, we can find the length of the curve in the first

quadrant and then multiply by 4. The top half of the astroid has equation y = (1 — z?/ 3)3/ 2. Then
2
dy/de = —z7 Y31 —2¥*)?2 = 14 (dy/dz)® =1+ [fx_1/3(1 - 12/3)1/2} =1+22B31 -2
1
So the portion of the astroid in quadrant 1 has length L = fol Va—2/3dx = fol V3 de = [%xw?’} =32 _0=3. Thus,
0

the astroid has length 4(2) = 6.

40. (a) Sketch the curve y3 = x2.
(b) Use Formulas 3 and 4 to set up two integrals for the arc length from (0,0) to (1,1). Observe that one of these

is an improper integral and evaluate both of them.

(c) Find the length of the arc of this curve from (—1,1) to (8,4).

Solution:
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The second integral equals 3 - %[(1 + %y)s/z]o =L (BT@ - 1) = %73—8.

The first integral can be evaluated as follows:
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(c) L = length of the arc of this curve from (—1,1) to (8,4)
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43. Find the arc length function for the curve y = sin™! z 4+ /1 — 22 with starting point (0,1).

Solution:
1 T 1—x
=sin'z+V1-22 = ¢ = - =
Y Y VIi—22 J1—22 1—22
1+(,)2_1+(1—$)2_1—:c2—|—1—2w—|—:c2_2—21?_ 20—x) 2
vy = 1—z2 1— 22 Tl-22 (1+2)(1-2) 1+

2 . . . . .
VI+ ()2 =,/ o2 Thus, the arc length function with starting point (0, 1) is given by

s(m):/Ow\/1+[f/(t)]Zdt:/Om,/lint:\/5[2\/1+t]§:2\/5(\/1+x71).

46. A steady wind blows a kite due west. The kite’s height above ground from horizontal position z =0 to z = 25 m
is given by y = 50 — 0.1(x — 15)2. Find the distance traveled by the kite.
Solution:
Yy=50— f(x—15)° =y = —1(z—15) = 1+ (')> = 1 + 25 (z — 15), so the distance traveled by the kite is

1

25 1 2 u= —(z—15),
L:/ \/1+§(x715)2dx:/ V14 u?(5du) 1
0 -3

du = gdx

ot

25{%1; 1+u2+%ln(u+ 1+u2)]2_3:g[2\/5+1n(2+\/5)+3\/ﬁ—1n(—3+\/ﬁ)]

~ 43.05 m



