
Section 8.1 Arc Length

39. Find the length of the astroid x2/3 + y2/3 = 1.
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囝 37. Use either a computer or a table of integrals to find theωct 
length of the arc of the curve y = e X that lies between the 
points (0, 1) and (2 , e2

). 

囝 38. Use 叫her a computer or a 帥le of in峙的 to fi叫做仰ct
length of the arc of the curve y = X

4
/

3 that lies between the 
points (0, 0) and (1 , 1). If your software has trouble evaluat-
ing the integral , make a substitution that changes the inte­
gral into one that the software can evaluate. 

39. Find the length of the astroid X
2
/
3 + y2/3 = 1. 

y 

x 

-A 

40. (a) Sketch the curve y 3 = x 2 

(b) Use Formulas 3 and 4 to set up two integrals for the arc 
length from (0, 0) to (1, 1). Observe that one of these is 
an improper integral and evaluate both of them. 

(c) Find the length of the arc of thi s curve from (一 1 ， 1) 
to (8 , 4). 

41. Find the arc length function for the curve y = 2X 3月 with 
starting point Po( 1, 2). 

42. (a) Find the arc length function for the curve y = ln(sin x) , 
。 <x< 付， with starting point (τ/2 ， 0). 

間 (b) Gr咐1 both the curve and its arc length function on the 
same screen. Why is the arc length function negative 
when x is less than n/ 2? 

43. Find the arc length function for the curve 

y = sin一 1 X + ~ with starting point (0, 1) 

44. The arc length function for a curve y = j(x) , where j is an 

increasing function，的(x) = J~ J3t士了 dt
(a) If j has y-intercept 2，自 nd an equation for f 
(b) What point on the graph of j is 3 units along the curve 

from the y-intercept? State your answer rounded to 
3 decimal places. 

45. A hawk ftying at 15 m /s at an altitude of 180 m acc他n­

tally drops its prey. The parabolic trajectory of the falling 
prey is described by the equation 

x 2 

y = 180 一一一
45 

until it hits the ground , where y is its height above the 
ground and x is the hori zontal distance traveled in meters. 
Calculate the di stance traveled by the prey from the time it 
is dropped until the time it hits the ground. Express your 
answer co訂ect to the nearest tenth of a meter. 

46. A steady wind blows a kite due wes t. The kite 's height 
above ground from horizontal position x = 0 to x = 25 m 
is given by y = 50 - 0.1(x - 15f Find the distance trav­
eled by the kite. 

囝 4衍7. Amam叫l
panels t出ha刮ta缸re 60 cm wide and 4 cm high by processing fta叫t 
sheets of metal as shown in the figure. The profile of the roof­
ing takes the shape of a sine wave. Verify that the sine curve 
has equation y = 2sin( n x/ 15) and find the width W of a ftat 
metal sheet that is needed to make a 60-cm panel. (Numeri-
cally evaluate the integral co叮ect to four significant digits.) 

土 4 cr 
|←一-60cm一一一刊↑

w 

48-50 Catenary Curves A chain (or cable) ofuniform density 
that is suspended between two points, as shown in the figure , 
hangs in the shape of a curve called a catenaηwith equation 
y= α cosh(x/α). (See the Discovery Pr叮ect followin g 
Section 12.2.) 

y 

α 

。 x 

48. (a) Find the arc length of the catenary y = a cosh(x/α) on 
the interval [c, d] 

(b) Show that on any interval [c, d] , the ratio of the area 
under the catenary to its arc length is a. 

49. The figure shows a telephone wire hanging between two 
poles at x = - 10 and x = 10. The wire hangs in the shape 
of a catenary described by the equation 

x-G 
LH 

P
δ
 

0 
戶」α

 

+ C 
一
-

V
J 

If the length of the wire between the two poles is 20.4 m and 
the lowest point of the wire must be 9 m above the ground , 
how high up on each pole should the wire be attached? 

-~-~ 

一10 。| 10 X 

Solution:

SECTION 8.1 ARC LENGTH ¤ 815

The four­sided polygon joins the points (0 0),


2 


2 + 1


, ( ),


3
2 

3
2 − 1


, and (2 2), so its length is


2

2
+


2
+ 1
2
+



2

2
+


2
− 12 +

2

2
+


2
− 12 +

2

2
+


2
+ 1
2 ≈ 94

(c) Using the arc length formula with  = 1 + cos, the length of the curve is

 =
 2
0


1 + (1 + cos)2  =

 2
0

√
2 + 2 cos+ cos2 

(d) The calculator approximates the integral as 95076. The actual length is larger than the approximations in part (b).

37.  =  ⇒  =  ⇒ 1 + ()2 ⇒ 1 + 2 ⇒

=

 2

0


1 + 2  =

 2

1


1 + 2


1




 
 = 

 =  


23
=

√
1 + 2 − ln

1 +√1 + 2



 
2

1

=

√
1 + 4 − ln 1 +

√
1 + 4

2


−
√

2− ln 1 +
√
2

1


=
√
1 + 4 − ln(1 +√1 + 4 ) + 2−√2 + ln(1 +√2 )

An equivalent answer from a CAS is

−√2 + arctanh(√22) +√4 + 1− arctanh(1√4 + 1 ).

38.  = 43 ⇒  = 4
3
13 ⇒ 1 + ()2 = 1 + 16

9
23 ⇒

 =
 1
0


1 + 16

9 
23  =

 43
0

√
1 + 2 81

64
2 


 = 4

3
13,  = 4

9
−23 ,

 = 9
4

23  = 9
4 · 9

16
2  = 81

64
2 


22
= 81

64


1
8
(1 + 22)

√
1 + 2 − 1

8
ln

+

√
1 + 2

43
0

= 81
64


1
6


1 + 32

9


25
9
− 1

8
ln

4
3
+


25
9


= 81

64


1
6
· 41
9
· 5
3
− 1

8
ln 3

= 205

128
− 81

512
ln 3 ≈ 14277586

39. The astroid 23 + 23 = 1 has an equal length of arc in each quadrant. Thus, we can find the length of the curve in the first

quadrant and then multiply by 4. The top half of the astroid has equation  = (1− 23)32. Then

 = −−13(1− 23)12 ⇒ 1 + ()2 = 1 +

−−13(1− 23)12

2
= 1 + −23(1− 23) = −23.

So the portion of the astroid in quadrant 1 has length  =
 1
0

√
−23  =

 1
0
−13  =


3
2
23

1
0
= 3

2
− 0 = 3

2
. Thus,

the astroid has length 4

3
2


= 6.

40. (a) Graph of 3 = 2:

(b)  = 23 ⇒ 1 +






2
= 1 +


2
3
−13

2
= 1 + 4

9
−23. So  =

 1
0


1 + 4

9
−23  [an improper integral].

 = 32 ⇒ 1 +






2
= 1 +


3
2

12
2
= 1 + 9

4. So  =
 1
0


1 + 9

4 .

The second integral equals 4
9
· 2
3


1 + 9

4

321

0
= 8

27


13
√
13

8
− 1

= 13

√
13− 8
27

. [continued]
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40. (a) Sketch the curve y3 = x2.

(b) Use Formulas 3 and 4 to set up two integrals for the arc length from (0, 0) to (1, 1). Observe that one of these

is an improper integral and evaluate both of them.

(c) Find the length of the arc of this curve from (−1, 1) to (8, 4).

Solution:
SECTION 8.1 ARC LENGTH ¤ 751

34. (a)

(b)  = 23 ⇒ 1 +






2

= 1 +


2
3
−13

2

= 1 + 4
9
−23. So  =

 1

0


1 + 4

9
−23  [an improper integral].

 = 32 ⇒ 1 +






2

= 1 +


3
2
12

2

= 1 + 9
4
. So  =

 1

0


1 + 9

4
 .

The second integral equals 4
9
· 2

3


1 + 9

4

321

0
= 8

27


13
√

13
8

− 1


= 13
√

13− 8
27

.

The first integral can be evaluated as follows: 1

0


1 + 4

9
−23 = lim

→0+

 1



√
923 + 4

313
 = lim

→0+

 9

923

√
+ 4

18



 = 923

 = 6−13 



=

 9

0

√
+ 4

18
 =

1

18
·

2

3
(+ 4)

32

9
0

=
1

27
(13

32 − 4
32

) =
13
√

13 − 8

27

(c)  = length of the arc of this curve from (−1 1) to (8 4)

=

 1

0


1 +

9

4
  +

 4

0


1 +

9

4
  =

13
√

13− 8

27
+

8

27


1 +

9

4


32
4

0

[from part (b)]

=
13
√

13− 8

27
+

8

27


10
√

10− 1


=
13
√

13 + 80
√

10− 16

27

35.  = 232 ⇒ 0 = 312 ⇒ 1 + (0)2 = 1 + 9. The arc length function with starting point 0(1 2) is

() =
 
1

√
1 + 9  =


2
27

(1 + 9)32

1

= 2
27


(1 + 9)32 − 10

√
10

.

36. (a)  = () = ln(sin) ⇒ 0 =
1

sin
· cos = cot ⇒ 1 + (0)2 = 1 + cot2  = csc2  ⇒

1 + (0)2 =
√

csc2  = |csc|. Therefore,

() =
 
2


1 + [ 0()]2  =

 
2

csc   =

ln |csc − cos |


2

= ln |csc− cot|− ln |1− 0| = ln(csc− cot)

(b) Note that  is increasing on (0 ) and that  = 0 and  =  are

vertical asymptotes for both  and .

37.  = sin−1  +
√

1− 2 ⇒ 0 =
1√

1− 2
− √

1− 2
=

1− √
1− 2

⇒

1 + (0)2 = 1 +
(1− )2

1− 2
=

1− 2 + 1− 2+ 2

1− 2
=

2− 2

1− 2
=

2(1− )

(1 + )(1− )
=

2

1 + 
⇒
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43. Find the arc length function for the curve y = sin−1 x+
√
1− x2 with starting point (0, 1).

Solution:

SECTION 8.1 ARC LENGTH ¤ 751

34. (a)

(b)  = 23 ⇒ 1 +






2

= 1 +


2
3
−13

2

= 1 + 4
9
−23. So  =

 1

0


1 + 4

9
−23  [an improper integral].

 = 32 ⇒ 1 +






2

= 1 +


3
2
12

2

= 1 + 9
4
. So  =

 1

0


1 + 9

4
 .

The second integral equals 4
9
· 2

3


1 + 9

4

321

0
= 8

27


13
√

13
8

− 1


= 13
√

13− 8
27

.

The first integral can be evaluated as follows: 1

0


1 + 4

9
−23 = lim

→0+

 1



√
923 + 4

313
 = lim

→0+

 9

923

√
+ 4

18



 = 923

 = 6−13 



=

 9

0

√
+ 4

18
 =

1

18
·

2

3
(+ 4)

32

9
0

=
1

27
(13

32 − 4
32

) =
13
√

13 − 8

27

(c)  = length of the arc of this curve from (−1 1) to (8 4)

=

 1

0


1 +

9

4
  +

 4

0


1 +

9

4
  =

13
√

13− 8

27
+

8

27


1 +

9

4


32
4

0

[from part (b)]

=
13
√

13− 8

27
+

8

27


10
√

10− 1


=
13
√

13 + 80
√

10− 16

27

35.  = 232 ⇒ 0 = 312 ⇒ 1 + (0)2 = 1 + 9. The arc length function with starting point 0(1 2) is

() =
 
1

√
1 + 9  =


2
27

(1 + 9)32

1

= 2
27


(1 + 9)32 − 10

√
10

.

36. (a)  = () = ln(sin) ⇒ 0 =
1

sin
· cos = cot ⇒ 1 + (0)2 = 1 + cot2  = csc2  ⇒

1 + (0)2 =
√

csc2  = |csc|. Therefore,

() =
 
2


1 + [ 0()]2  =

 
2

csc   =

ln |csc − cos |


2

= ln |csc− cot|− ln |1− 0| = ln(csc− cot)

(b) Note that  is increasing on (0 ) and that  = 0 and  =  are

vertical asymptotes for both  and .

37.  = sin−1  +
√

1− 2 ⇒ 0 =
1√

1− 2
− √

1− 2
=

1− √
1− 2

⇒

1 + (0)2 = 1 +
(1− )2

1− 2
=

1− 2 + 1− 2+ 2

1− 2
=

2− 2

1− 2
=

2(1− )

(1 + )(1− )
=

2

1 + 
⇒
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
1 + (0)2 =


2

1 + 
. Thus, the arc length function with starting point (0 1) is given by

() =

 

0


1 + [ 0()]2  =

 

0


2

1 + 
 =

√
2

2
√

1 + 

0

= 2
√

2
√

1 + − 1

.

38. (a) () =
 



1 + [ 0()]2  and () =

 
0

√
3 + 5  ⇒ 1 + [ 0()]2 = 3 + 5 ⇒ [ 0()]2 = 3 + 4 ⇒

 0() =
√

3 + 4 [since  is increasing]. So () =

(3 + 4)12  = 2

3
· 1

3
(3 + 4)32 + and since  has

-intercept 2, (0) = 2
9
· 8 +  and (0) = 2 ⇒  = 2− 16

9
= 2

9
. Thus, () = 2

9
(3 + 4)32 + 2

9
.

(b) () =

 

0

√
3+ 5  =


2
9
(3 + 5)

32

0

= 2
9
(3+ 5)

32 − 2
9
(5)

32.

() = 3 ⇔ 2
9
(3 + 5)32 = 3 + 2

9
(5
√

5 ) ⇔ (3 + 5)32 = 27
2

+ 5
√

5 ⇔ 3+ 5 =


27
2

+ 5
√

5
23 ⇒

1 = 1
3


27
2

+ 5
√

5
23 − 5


. Thus, the point on the graph of  that is 3 units along the curve from the -intercept

is (1 (1)) ≈ (1159 4765).

39. () = 1
4
 + − ⇒  0() = 1

4
 − − ⇒

1 + [ 0()]2 = 1 +


1
4
 − −

2
= 1 + 1

16
2 − 1

2
+ −2 = 1

16
2 + 1

2
+ −2 =


1
4
 + −

2
= [()]2. The arc

length of the curve  = () on the interval [ ] is  =
 



1 + [ 0()]2  =

 



[()]2  =

 

() , which is

the area under the curve  = () on the interval [ ].

40.  = 50− 1
10

(− 15)2 ⇒ 0 = − 1
5
(− 15) ⇒ 1 + (0)2 = 1 + 1

52
(− 15)2, so the distance traveled by the kite is

 =
 25

0


1 + 1

52
(− 15)2  =

 2

−3

√
1 + 2 (5 )


 = 1

5
(− 15),  = 1

5



21
= 5


1
2

√

1 + 2 + 1
2

ln

+

√
1 + 2

2
−3

= 5
√

5 + 1
2

ln

2 +

√
5


+ 3
2

√
10− 1

2
ln
−3 +

√
10


= 5
√

5 + 15
2

√
10 + 5

2
ln


2 +
√

5

−3 +
√

10


≈ 431 m

41. The prey hits the ground when  = 0 ⇔ 180− 1
45
2 = 0 ⇔ 2 = 45 · 180 ⇒  =

√
8100 = 90,

since  must be positive. 0 = − 2
45
 ⇒ 1 + (0)2 = 1 + 4

452
2, so the distance traveled by the prey is

 =

 90

0


1 +

4

452
2  =

 4

0


1 + 2


45
2

 

 = 2
45
,

 = 2
45




21
= 45

2


1
2

√

1 + 2 + 1
2

ln

+

√
1 + 2

4
0
= 45

2


2
√

17 + 1
2

ln

4 +

√
17


= 45
√

17 + 45
4

ln

4 +

√
17
 ≈ 2091 m

42. Let  = −  cosh , where  = 21149,  = 2096, and  = 003291765. Then 0 = − sinh  ⇒

1 + (0)2 = 1 + 22 sinh2(). So  =
 912

−912


1 + 22 sinh2()  ≈ 451137 ≈ 451, to the nearest meter.
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46. A steady wind blows a kite due west. The kite’s height above ground from horizontal position x = 0 to x = 25 m

is given by y = 50− 0.1(x− 15)2. Find the distance traveled by the kite.

Solution:

SECTION 8.1 ARC LENGTH ¤ 817

(b) () =
 

0

√
3+ 5  =


2
9 (3+ 5)

32

0
= 2

9 (3+ 5)
32 − 2

9 (5)
32.

() = 3 ⇔ 2
9
(3+ 5)32 = 3 + 2

9
(5
√
5 ) ⇔ (3+ 5)32 = 27

2
+ 5
√
5 ⇔ 3+ 5 =


27
2
+ 5
√
5
23 ⇒

1 =
1
3


27
2
+ 5
√
5
23 − 5. Thus, the point on the graph of  that is 3 units along the curve from the ­intercept

is (1 (1))  (1159 4765).

45. The prey hits the ground when  = 0 ⇔ 180− 1
45

2 = 0 ⇔ 2 = 45 · 180 ⇒  =
√
8100 = 90,

since  must be positive. 0 = − 2
45
 ⇒ 1 + (0)2 = 1 + 4

452
2, so the distance traveled by the prey is

 =

 90

0


1 +

4

452
2  =

 4

0


1 + 2


45
2

 

 = 2
45,

 = 2
45 


21
= 45

2


1
2

√
1 + 2 + 1

2
ln

+

√
1 + 2

4
0
= 45

2


2
√
17 + 1

2
ln

4 +

√
17

= 45

√
17 + 45

4
ln

4 +

√
17
 ≈ 2091 m

46.  , so the distance traveled by the kite is

47.

48. (a)  =  cosh




⇒ 


= sinh





⇒ 1 +






2
= 1 + sinh2





= cosh2





. So

 =

 




cosh2





 =

 



cosh




 =


 sinh






= 


sinh







− sinh

 



.

(b)  =
 



 cosh




 =



2 sinh






= 

2


sinh







− sinh

 



. The ratio of the area under the catenary to its

arc length is 

=

2

sinh







− sinh

 






sinh







− sinh

 


 = . Thus, the ratio of the area under the catenary to its arc length over

any interval is , a constant, that does not depend on the interval.
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= 50− 1
10

(x− 15)2 ⇒ y′ = − 1
5
(x− 15)⇒ 1 + (y′)2 = 1 + 1

52 (x− 15)2

L =

ˆ 25

0

√
1 +

1

52
(x− 15)2dx =

ˆ 2

−3

√
1 + u2(5 du)



u =

1

5
(x− 15),

du =
1

5
dx




21
= 5

[
1

2
u
√

1 + u2 +
1

2
ln
(
u+

√
1 + u2

)]2

−3

=
5

2

[
2
√

5 + ln
(

2 +
√

5
)

+ 3
√

10− ln
(
−3 +

√
10
)]

≈ 43.05 m

The sine wave has amplitude 2 and period 30 since it goes through two periods in a distance of 60 cm, so its equation is

y = 2 sin = 2 sin
(

15

)
. The width w of the flat metal sheet needed to make the panel is the arc length of the sine

curve from x = 0 to x = 60 cm. We set up the integral to evaluate w using the arc length formula with dy
dx

= 2π
15

cos :

L =
´ 60

0

√
1 +

[
2π
15

cos
( )]2

dx = 2
´ 30

0

√
1 +

[
2π
15

2
dx. This integral would be very difficult to evaluate

exactly, so we use a CAS, and find that L ≈ 62.55 cm.


2
14



 

15
  cos

( )]
15
 

(
15

)
 

2


