
Section 7.4 Integration of Rational Functions by Partial Fractions

27. Evaluate the integral.
∫

4x
x3+x2+x+1dx

Solution:

SECTION 7.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS ¤ 657

22.


4 + 92 + + 2

2 + 9
=

 


2
+

+ 2

2 + 9


 =

 


2
+



2 + 9
+

2

2 + 9




=
1

3
3 +

1

2
ln(2 + 9) +

2

3
tan−1 

3
+ 

23.
10

(− 1)(2 + 9)
=



− 1
+

+

2 + 9
. Multiply both sides by (− 1)


2 + 9


to get

10 = 

2 + 9


+ (+ )(− 1) (). Substituting 1 for  gives 10 = 10 ⇔  = 1. Substituting 0 for  gives

10 = 9−  ⇒  = 9(1)− 10 = −1. The coefficients of the 2-terms in () must be equal, so 0 = + ⇒
 = −1 Thus,

10

(− 1)(2 + 9)
 =

 
1

− 1
+
−− 1

2 + 9


 =

 
1

− 1
− 

2 + 9
− 1

2 + 9




= ln|− 1|− 1
2

ln(2 + 9)− 1
3

tan−1


3


+ 

In the second term we used the substitution  = 2 + 9 and in the last term we used Formula 10.

24.
2 − + 6

3 + 3
=

2 −  + 6

(2 + 3)
=




+

 +

2 + 3
. Multiply by 


2 + 3


to get 2 − + 6 = 


2 + 3


+ ( + ).

Substituting 0 for  gives 6 = 3 ⇔  = 2. The coefficients of the 2-terms must be equal, so 1 = +  ⇒
 = 1− 2 = −1. The coefficients of the -terms must be equal, so −1 = . Thus,

2 −  + 6

3 + 3
 =

 
2


+
−− 1

2 + 3


 =

 
2


− 

2 + 3
− 1

2 + 3




= 2 ln ||− 1

2
ln

2 + 3

− 1√
3

tan−1 √
3

+ 

25.
4

3 + 2 + + 1
=

4

2( + 1) + 1(+ 1)
=

4

(+ 1)(2 + 1)
=



+ 1
+

+

2 + 1
. Multiply both sides by

( + 1)(2 + 1) to get 4 = (2 + 1) + ( + )( + 1) ⇔ 4 = 2 ++2 + +  +  ⇔
4 = (+)2 + ( + )+ (+). Comparing coefficients gives us the following system of equations:

+ = 0 (1)  + = 4 (2) +  = 0 (3)

Subtracting equation (1) from equation (2) gives us −+  = 4, and adding that equation to equation (3) gives us

2 = 4 ⇔  = 2, and hence  = −2 and  = 2. Thus,
4

3 + 2 + + 1
=

  −2

+ 1
+

2+ 2

2 + 1


 =

  −2

+ 1
+

2

2 + 1
+

2

2 + 1




= −2 ln |+ 1|+ ln(2 + 1) + 2 tan−1 + 

26.
2 − 2− 1

(− 1)
2
(2 + 1)

=


− 1
+



(− 1)2
+

 +

2 + 1
⇒

2 − 2− 1 = (− 1)

2 + 1


+


2 + 1


+ (+ )(− 1)

2. Setting  = 1 gives  = −1. Equating the

coefficients of 3 gives  = −. Equating the constant terms gives −1 = −− 1 +, so = ,

and setting  = 2 gives −1 = 5− 5− 2+ or  = 1. We have
2 − 2− 1

(− 1)
2
(2 + 1)

 =

 
1

− 1
− 1

(− 1)2
− − 1

2 + 1


 = ln |− 1|+ 1

− 1
− 1

2
ln



2
+ 1


+ tan
−1

+ .
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50. Make a substitution to express the integrand as a rational function and then evaluate the integral.
∫ √

1+
√
x

x dx

Solution:

SECTION 7.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS ¤ 663

Let  =
6
√
. Then  = 6, so  = 65  and

√
 = 3, 3

√
 = 2. Thus,

√
− 3

√


=


65 

3 − 2
= 6


5

2(− 1)
 = 6


3

− 1


= 6

 


2
+ + 1 +

1

− 1


 [by long division]

= 6


1
3
3 + 1

2
2 + + ln |− 1|+ = 2

√
+ 3

3
√
+ 6

6
√
+ 6 ln

 6√− 1
+ 

46. Let  =


1 +
√
, so that 2 = 1 +

√
,  = (2 − 1)2, and  = 2(2 − 1) · 2 = 4(2 − 1) . Then 

1 +
√



 =




(2 − 1)2
· 4(

2 − 1)  =


42

2 − 1
 =

 
4 +

4

2 − 1


. Now

4

2 − 1
=



+ 1
+



− 1
⇒ 4 = (− 1) +(+ 1). Setting  = 1 gives 4 = 2, so  = 2. Setting  = −1 gives

4 = −2, so  = −2. Thus, 
4 +

4

2 − 1


=

 
4− 2

+ 1
+

2

− 1


 = 4− 2 ln |+ 1|+ 2 ln |− 1|+ 

= 4


1 +
√
− 2 ln


1 +

√
+ 1


+ 2 ln


1 +

√
− 1


+

47. Let  = . Then  = ln,  =



⇒


2 

2 + 3 + 2
=


2 ()

2 + 3+ 2
=




(+ 1)(+ 2)
=

  −1

+ 1
+

2

+ 2




= 2 ln |+ 2|− ln |+ 1|+  = ln
( + 2)2

 + 1
+

48. Let  = cos, so that  = − sin. Then


sin

cos2 − 3 cos
 =


1

2 − 3
(−) =

 −1

(− 3)
.

−1

(− 3)
=




+



− 3
⇒ −1 = (− 3) +. Setting  = 3 gives  = − 1

3
. Setting  = 0 gives  = 1

3
.

Thus,
 −1

(− 3)
 =

  1
3


−

1
3

− 3


 =

1

3
ln ||− 1

3
ln |− 3|+  = 1

3
ln |cos|− 1

3
ln |cos− 3|+ .

49. Let  = tan , so that  = sec2  . Then


sec2 

tan2  + 3 tan  + 2
 =


1

2 + 3+ 2
 =


1

(+ 1)(+ 2)
.

Now
1

(+ 1)(+ 2)
=



+ 1
+



+ 2
⇒ 1 = ( + 2) + ( + 1).

Setting  = −2 gives 1 = −, so  = −1. Setting  = −1 gives 1 = .

Thus,


1

(+ 1)(+ 2)
 =

 
1

+ 1
− 1

+ 2


 = ln |+ 1|− ln |+ 2|+ = ln |tan  + 1|− ln |tan  + 2|+.

50. Let  = , so that  =  . Then




( − 2)(2 + 1)
 =


1

(− 2)(2 + 1)
. Now

1

(− 2)(2 + 1)
=



− 2
+

+ 

2 + 1
⇒ 1 = (2 + 1) + (+ )(− 2). Setting  = 2 gives 1 = 5, so  = 1

5
.
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58. Use integration by parts, together with the techniques of this section, to evaluate the integral.
∫
x tan−1 xdx

Solution:

664 ¤ CHAPTER 7 TECHNIQUES OF INTEGRATION

Setting  = 0 gives 1 = 1
5
− 2, so  = − 2

5
. Comparing coefficients of 2 gives 0 = 1

5
+, so  = − 1

5
. Thus,

1

(− 2)(2 + 1)
=

  1
5

− 2
+
− 1

5
− 2

5

2 + 1


 = 1

5


1

− 2
− 1

5




2 + 1
− 2

5


1

2 + 1


= 1
5

ln |− 2|− 1
5
· 1

2
ln
2 + 1

− 2
5

tan−1 +

= 1
5

ln | − 2|− 1
10

ln(2 + 1)− 2
5

tan−1  +

51. Let  = , so that  =   and  =



. Then




1 + 
=




(1 + )
.

1

(+ 1)
=




+



+ 1
⇒

1 = ( + 1) + . Setting  = −1 gives  = −1. Setting  = 0 gives  = 1. Thus,


(+ 1)
=

 
1


− 1

+ 1


 = ln ||− ln |+ 1|+  = ln 

 − ln(


+ 1) +  = − ln(


+ 1) + .

52. Let  = sinh , so that  = cosh  . Then


cosh 

sinh2  + sinh4 
 =


1

2 + 4
 =


1

2(2 + 1)
.

1

2(2 + 1)
=




+



2
+

+

2 + 1
⇒ 1 = (2 + 1) +(2 + 1) + (+)2. Setting  = 0 gives  = 1.

Comparing coefficients of 2, we get 0 =  +, so = −1. Comparing coefficients of , we get 0 = . Comparing

coefficients of 3, we get 0 = + , so  = 0. Thus,
1

2(2 + 1)
=

 
1

2
− 1

2 + 1


 = − 1


− tan

−1
+ = − 1

sinh 
− tan

−1
(sinh ) +

= − csch − tan−1(sinh ) + 

53. Let  = ln(2 −  + 2),  = . Then  =
2− 1

2 − + 2
,  = , and (by integration by parts)


ln(

2 − + 2)  =  ln(2 − + 2)−


22 − 

2 − + 2
 =  ln(

2 − + 2)−
 

2 +
− 4

2 −  + 2




=  ln(2 − + 2)− 2−
 1

2
(2− 1)

2 −  + 2
+

7

2




(− 1
2
)2 + 7

4

=  ln(2 − + 2)− 2− 1

2
ln(2 − + 2) +

7

2

 √
7

2


7
4
(2 + 1)

 where − 1
2
=
√
7
2
,

 =
√
7
2
,

(− 1
2
)2 + 7

4
= 7

4
(2 + 1)


= (− 1

2
) ln(2 − + 2)− 2 +

√
7 tan−1 +

= (− 1
2
) ln(2 − + 2)− 2 +

√
7 tan−1 2− 1√

7
+

54. Let  = tan−1 ,  =  ⇒  = (1 + 2),  = 1
2
2.

Then


 tan
−1

 = 1
2


2
tan

−1
− 1

2


2

1 + 2
. To evaluate the last integral, use long division or observe that


2

1 + 2
 =


(1 + 2)− 1

1 + 2
 =


1 −


1

1 + 2
 = − tan

−1
 + 1. So

 tan−1  = 1
2
2 tan−1 − 1

2
(− tan−1 + 1) = 1

2
(2 tan−1 + tan−1 − ) + .
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60. Evaluate
∫

1
x2+kdx by considering several cases for the constant k.

Solution:

SECTION 7.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS ¤ 665

55. From the graph, we see that the integral will be negative, and we guess

that the area is about the same as that of a rectangle with width 2 and

height 03, so we estimate the integral to be −(2 · 03) = −06. Now

1

2 − 2− 3
=

1

(− 3)(+ 1)
=



− 3
+



+ 1
⇔

1 = (+)+− 3, so  = − and − 3 = 1 ⇔  = 1
4

and  = − 1
4
, so the integral becomes

 2

0



2 − 2− 3
=

1

4

 2

0



− 3
− 1

4

 2

0



+ 1
=

1

4


ln |− 3|− ln |+ 1|

2
0

=
1

4


ln

− 3

+ 1

 2
0

= 1
4


ln 1

3
− ln 3


= − 1

2
ln 3 ≈ −055

56.  = 0:




2 + 
=




2
= − 1


+ 

  0:




2 + 
=




2 + (
√
 )2

=
1√


tan
−1


√



+ 

  0:




2 + 
=




2 − (−) =




2 − √− 2 =
1

2
√− ln

−√−+
√−

+  [by Example 3]

57.




2 − 2
=




(− 1)2 − 1
=




2 − 1
[put  = − 1]

=
1

2
ln

− 1

+ 1

+  [by Equation 6] =
1

2
ln

− 2



+

58.


(2+ 1) 

42 + 12− 7
=

1

4


(8 + 12) 

42 + 12− 7
−


2 

(2+ 3)2 − 16

= 1
4

ln
42 + 12− 7

−  

2 − 16
[put  = 2+ 3]

= 1
4

ln
42 + 12− 7

− 1
8

ln |(− 4)(+ 4)|+ [by Equation 6]

= 1
4

ln
42 + 12− 7

− 1
8

ln |(2− 1)(2+ 7)|+

59. (a) If  = tan


2


, then



2
= tan−1 . The figure gives

cos


2


=

1√
1 + 2

and sin


2


=

√
1 + 2

.

(b) cos = cos

2 · 

2


= 2cos2


2


− 1

= 2


1√

1 + 2

2

− 1 =
2

1 + 2
− 1 =

1− 2

1 + 2

(c)


2
= arctan  ⇒  = 2arctan  ⇒  =

2

1 + 2
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