Section 7.4 Integration of Rational Functions by Partial Fractions

27. Evaluate the integral. [ ——3*—dx
Solution:
4x 4x 4x A Bz +C

= = = . Multiply both sides b
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(x+1)(2* + 1) togetdr = A(z®* +1) + (Bx+C)(z+1) & dor=A2>+ A+ B>+ Br+Cz+C <&

4z = (A + B)x* + (B + C)z + (A + C). Comparing coefficients gives us the following system of equations:
A+B=0 (1) B+C=4 (2) A+C=0 (3

Subtracting equation (1) from equation (2) gives us —A + C' = 4, and adding that equation to equation (3) gives us

2C0=4 < (C =2,andhence A = —2and B = 2. Thus,

/ 4x dm—/ -2 +2x+2 dx—/ -2 n 2z " 2 du
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= —2In|z+ 1| +In(z* +1) +2tan 'z + C

50. Make a substitution to express the integrand as a rational function and then evaluate the integral. [

Solution:

Letu = V14V, sothatu? = 14+ Va, z = (u® —1)%, and dz = 2(u* — 1) - 2udu = 4u(u® — 1) du. Then

B

) du. Now
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4 =—-2A,s0 A= —2. Thus,
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—4 1+\/§—21n(\/1+x/5+1)+21n(\/1+x/5—1)+0

= 4=A(u—1)+ B(u+1). Setting u = 1 gives 4 = 2B, so B = 2. Setting u = —1 gives

58. Use integration by parts, together with the techniques of this section, to evaluate the integral. [ ztan~! zdx

Solution:
Letu=tan 'z, dv=2dx = du=dz/(1+2°),v= 12>
2

- - 1 . o
Then / ztan” ' wdr = %:f tan™ 'z — 3 / 1_?_—2 dz. To evaluate the last integral, use long division or observe that
x
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[ztan " wdr = 12" tan 'z — L(z —tan ' 2+ C1) = L(z®tan 'z +tan "z —z) + C.



60. Evaluate f L__dx by considering several cases for the constant k.

z2+k
Solution:
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