
Section 6.1 Areas Between Curves

18. Sketch the region enclosed by the given curves. Decide whether to integrate with respect to x or y. Draw a typical

approximating rectangle and label its height and width. Then find the area of the region.

4x+ y2 = 12, x = y

Solution:

554 ¤ CHAPTER 6 APPLICATIONS OF INTEGRATION

8. The curves intesect when 2 − 4 = 2 ⇒ 2 − 6 = 0 ⇒ (− 6) = 0 ⇒  = 0 or 6.

 =
 6

0
[2− (2 − 4)] 

=
 6

0
(6− 2)  =


32 − 1

3
3
6
0

=

3(6)2 − 1

3
(6)3

− (0− 0)

= 108− 72 = 36

 

9. =

 2

1


1


− 1

2


 =


ln+

1



2
1

=

ln 2 + 1

2

− (ln 1 + 1)

= ln 2− 1
2
≈ 019

10. By observation,  = sin and  = 2 intersect at (0 0) and (2 1) for  ≥ 0.

 =

 2

0


sin− 2




 =


− cos− 1




2

2
0

=

0− 

4


− (−1) = 1− 

4

11. The curves intersect when 1− 2 = 2 − 1 ⇔ 2 = 22 ⇔ 2 = 1 ⇔  = ±1.

 =

 1

−1


(1− 

2
)− (

2 − 1)



=

 1

−1

2(1− 
2
) 

= 2 · 2
 1

0

(1− 
2
) 

= 4

 − 1

3
3
1
0

= 4

1− 1

3


= 8

3

12. 4+ 2 = 12 ⇔ ( + 6)(− 2) = 0 ⇔
 = −6 or  = 2, so  = −6 or  = 2 and

=

 2

−6

− 1
4

2
+ 3
− 




=
− 1

12
3 − 1

2
2 + 3

2
−6

=
− 2

3
− 2 + 6

− (18− 18− 18)

= 22− 2
3

= 64
3
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y = x4, y = 2− |x|

Solution:

SECTION 6.1 AREAS BETWEEN CURVES ¤ 557

23. The curves intersect when 3
√

2 = 1
8
2 ⇔ 2 =

1

(23)3
6 ⇔ 210 = 6 ⇔ 6 − 210 = 0 ⇔

(5 − 210) = 0 ⇔  = 0 or 5 = 210 ⇔  = 0 or  = 22 = 4, so for 0 ≤  ≤ 6,

=

 4

0


3
√

2− 1
8


2

+

 6

4


1
8


2 − 3
√

2

 =


3
4

3
√

2
43 − 1

24


3
4
0

+


1
24


3 − 3
4

3
√

2
43
6
4

=


3
4

3
√

2 · 4 3
√

4− 64
24

− (0− 0) +


216
24
− 3

4

3
√

2 · 6 3
√

6
−  64

24
− 3

4

3
√

2 · 4 3
√

4


= 6− 8
3

+ 9− 9
2

3
√

12− 8
3

+ 6 = 47
3
− 9

2

3
√

12

24. Notice that cos = sin 2 = 2 sin cos ⇔ 2 sin cos− cos = 0 ⇔ cos (2 sin− 1) = 0 ⇔

2 sin = 1 or cos = 0 ⇔  = 
6
or 

2
.

=

 6

0

(cos− sin 2) +

 2

6

(sin 2− cos) 

=

sin + 1

2
cos 2

6
0

+
− 1

2
cos 2− sin

2
6

= 1
2

+ 1
2
· 1

2
− 0 + 1

2
· 1+


1
2
− 1
− − 1

2
· 1

2
− 1

2


= 1

2

25. By inspection, we see that the curves intersect at  = ±1 and that the area

of the region enclosed by the curves is twice the area enclosed in the first

quadrant.

= 2

 1

0

[(2− )− 
4
]  = 2


2− 1

2


2 − 1
5


5
1
0

= 2


2− 1
2
− 1

5

− 0


= 2


13
10


= 13

5
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42. Use calculus to find the area of the triangle with the given vertices. (2, 0), (0, 2), (−1, 1).

Solution:

SECTION 6.1 AREAS BETWEEN CURVES ¤ 559

31.


1 + 2
=

2

1 + 3
⇔ + 4 = 2 + 4 ⇔  = 2 ⇔

0 = 2 −  ⇔ 0 = (− 1) ⇔  = 0 or  = 1.

=

 1

0




1 + 2
− 2

1 + 3


 =


1
2

ln(1 + 
2
)− 1

3
ln(1 + 

3
)
1
0

=


1
2

ln 2− 1
3

ln 2
− (0− 0) = 1

6
ln 2

32.
ln


=

(ln)2


⇔ ln = (ln)2 ⇔ 0 = (ln)2 − ln ⇔

0 = ln(ln− 1) ⇔ ln = 0 or 1 ⇔  = 0 or 1 [1 or ]

=

 

1


ln


− (ln)2




 =


1
2
(ln)

2 − 1
3
(ln)

3

1

=


1
2
− 1

3

− (0− 0) = 1
6

33.  =

 2

0

− 4
5
+ 5

− − 7
2
 + 5


+

 5

2

− 4
5
+ 5

− (− 4)



=

 2

0

27
10
 +

 5

2

− 9
5
+ 9




=


27
20
2
2
0
+
− 9

10
2 + 9

5
2

=


27
5
− 0


+
− 45

2
+ 45

− − 18
5

+ 18


= 27
2

34. An equation of the line through (2 0) and (0 2) is  = − + 2; through (2 0) and (−1 1) is  = − 1
3
+ 2

3
;

through (0 2) and (−1 1) is  = + 2.

=

 0

−1


(+ 2)− − 1

3
+ 2

3


+

 2

0


(−+ 2)− − 1

3
+ 2

3




=

 0

−1


4
3
 + 4

3


 +

 2

0

− 2
3
+ 4

3




=


2
3
2 + 4

3

0
−1

+
− 1

3
2 + 4

3

2
0

= 0−  2
3
− 4

3


+
− 4

3
+ 8

3

− 0 = 2

35. The curves intersect when
√
+ 2 =  ⇒ + 2 = 2 ⇒ 2 − − 2 = 0 ⇒ (− 2)(+ 1) = 0 ⇒

 = −1 or 2. [−1 is extraneous]

 =

 4

0

√+ 2− 
  =

 2

0

√
+ 2− 


+

 4

2


−√+ 2




=


2
3
(+ 2)32 − 1

2
2
2
0

+


1
2
2 − 2

3
(+ 2)32

4
2

=


16
3
− 2
−  2

3


2
√

2
− 0


+

8− 2

3


6
√

6
− 2− 16

3


= 4 + 32

3
− 4

3

√
2− 4

√
6 = 44

3
− 4

√
6− 4

3

√
2
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43. Evaluate the integral and interpret it as the area of a region. Sketch the region.∫ π
2

0

| sinx− cos 2x|dx

Solution:

SECTION 6.1 AREAS BETWEEN CURVES ¤ 601

40.
ln


=
(ln)2


⇔ ln = (ln)2 ⇔ 0 = (ln)2 − ln ⇔

0 = ln(ln− 1) ⇔ ln = 0 or 1 ⇔  = 0 or 1 [1 or ]

=

 

1


ln


− (ln)2




 =


1
2
(ln)2 − 1

3
(ln)3


1

=

1
2
− 1

3

− (0− 0) = 1
6

41. An equation of the line through (0 0) and (3 1) is  = 1
3
; through (0 0) and (1 2) is  = 2;

through (3 1) and (1 2) is  = −1
2
+ 5

2
.

=

 1

0


2− 1

3


+

 3

1

− 1
2
+ 5

2

− 1
3




=

 1

0

5
3
+

 3

1

− 5
6
+ 5

2


 =


5
6

21
0
+
− 5

12

2 + 5

2

3
1

= 5
6
+
− 15

4
+ 15

2

− − 5
12
+ 5

2


= 5

2

42. An equation of the line through (2 0) and (0 2) is  = −+ 2; through (2 0) and (−1 1) is  = − 1
3
+ 2

3
;

through (0 2) and (−1 1) is  = + 2.

=

 0

−1


(+ 2)− − 1

3
+ 2

3


+

 2

0


(−+ 2)− − 1

3
+ 2

3




=

 0

−1


4
3
+ 4

3


+

 2

0

− 2
3
+ 4

3




=

2
3
2 + 4

3

0
−1 +

− 1
3
2 + 4

3

2
0

= 0−  2
3
− 4

3


+
− 4

3
+ 8

3

− 0 = 2
43. The curves intersect when sin = cos 2 (on [0 2]) ⇔ sin = 1− 2 sin2  ⇔ 2 sin2 + sin− 1 = 0 ⇔

(2 sin− 1)(sin+ 1) = 0 ⇒ sin = 1
2
⇒  = 

6
.

=

 2

0

|sin− cos 2| 

=

 6

0

(cos 2− sin) +
 2

6

(sin− cos 2) 

=

1
2
sin 2+ cos

6
0

+
− cos− 1

2
sin 2

2
6

=

1
4

√
3 + 1

2

√
3
− (0 + 1) + (0− 0)− − 1

2

√
3− 1

4

√
3


= 3
2

√
3− 1

44. =

 1

−1
|3 − 2|  =

 0

−1
(2 − 3) +

 1

0

(3 − 2) 

=


2

ln2
− 3

ln3

0
−1
+


3

ln 3
− 2

ln 2

1
0

=


1

ln 2
− 1

ln 3


−


1

2 ln 2
− 1

3 ln 3


+


3

ln 3
− 2

ln 2


−

1

ln 3
− 1

ln 2


=
2− 1− 4 + 2

2 ln 2
+
−3 + 1 + 9− 3

3 ln 3
=

4

3 ln 3
− 1

2 ln 2
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62. The figure shows graphs of the marginal revenue function R′ and the marginal cost function C ′ for a manufacturer.

[Recall from Section 4.7 that R(x) and C(x) represent the revenue and cost when x units are manufactured. Assume

that R and C are measured in thousands of dollars.] What is the meaning of the area of the shaded region? Use

the Midpoint Rule to estimate the value of this quantity.

444 CHAPTER 6  Applications of Integration

 51. y − tan2 x,  y − sx  

 52. y − cos x,  y − x 1 2 sin4x

 53.  Use a computer algebra system to find the exact area 
enclosed by the curves y − x 5 2 6x 3 1 4x and y − x.

 54.  Sketch the region in the xy-plane defined by the inequalities 
x 2 2y 2 > 0, 1 2 x 2 | y | > 0 and find its area.

 55.  Racing cars driven by Chris and Kelly are side by side at  
the start of a race. The table shows the velocities of each  
car (in miles per hour) during the first ten seconds of the 
race. Use the Midpoint Rule to estimate how much farther 
Kelly travels than Chris does during the first ten seconds.

t vC vK t vC vK

0  0  0  6 69  80
1 20 22  7 75  86
2 32 37  8 81  93
3 46 52  9 86  98
4 54 61 10 90 102
5 62 71

 56.  The widths (in meters) of a kidney-shaped swimming pool 
were measured at 2-meter intervals as indicated in the fig-
ure. Use the Midpoint Rule to estimate the area of the pool.

6.2

5.0

7.2
6.8

5.6 4.8
4.8

 57.  A cross-section of an airplane wing is shown. Measure- 
ments of the thickness of the wing, in centimeters, at  
20-centimeter intervals are 5.8, 20.3, 26.7, 29.0, 27.6,  
27.3, 23.8, 20.5, 15.1, 8.7, and 2.8. Use the Midpoint Rule  
to estimate the area of the wing’s cross-section.

200 cm

 58.  If the birth rate of a population is bstd − 2200e0.024 t people 
per year and the death rate is dstd − 1460e0.018 t people per 
year, find the area between these curves for 0 < t < 10. 
What does this area represent?

 59.  In Example 8, we modeled a measles pathogenesis curve by 
a function f. A patient infected with the measles virus who 

;

has some immunity to the virus has a pathogenesis curve 
that can be modeled by, for instance, tstd − 0.9 f std.

 (a)  If the same threshold concentration of the virus is 
required for infectiousness to begin as in Example 8, on 
what day does this occur?

 (b)  Let P3 be the point on the graph of t where infectious- 
ness begins. It has been shown that infectiousness ends  
at a point P4 on the graph of t where the line through  
P3, P4 has the same slope as the line through P1, P2 in 
Example 8(b). On what day does infectiousness end?

 (c)  Compute the level of infectiousness for this patient.

 60.  The rates at which rain fell, in inches per hour, in two  
different locations t hours after the start of a storm  
were modeled by f std − 0.73t 3 2 2t 2 1 t 1 0.6 and 
tstd − 0.17t 2 2 0.5t 1 1.1. Compute the area between the 
graphs for 0 < t < 2 and interpret your result in this 
context.

 61.  Two cars, A and B, start side by side and accelerate from 
rest. The figure shows the graphs of their velocity functions.

 (a) Which car is ahead after one minute? Explain.
 (b) What is the meaning of the area of the shaded region?
 (c) Which car is ahead after two minutes? Explain.
 (d)  Estimate the time at which the cars are again side by 

side.

0

A

B
 21

√

t (min)

 62.  The figure shows graphs of the marginal revenue function 
R9 and the marginal cost function C9 for a manufacturer. 
[Recall from Section 4.7 that Rsxd and Csxd represent the 
revenue and cost when x units are manufactured. Assume 
that R and C are measured in thousands of dollars.] What  
is the meaning of the area of the shaded region? Use the 
Midpoint Rule to estimate the value of this quantity.

Cª(x)

y

x0 10050

1

2

3
Rª(x)

 63.  The curve with equation y 2 − x 2sx 1 3d is called Tschirn
hausen’s cubic. If you graph this curve you will see that 
part of the curve forms a loop. Find the area enclosed by the 
loop.

;

;
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Solution:

SECTION 6.1 AREAS BETWEEN CURVES ¤ 605

60. From the figure, ()  () for 0 ≤  ≤ 2. The area between the curves is given by 2
0
[()− ()] =

 2
0
[(0172 − 05+ 11)− (0733 − 22 + + 06)] 

=

 2

0

(−0733 + 2172 − 15+ 05) 

=


−073

4
4 +

217

3
3 − 0752 + 05

2
0

= −292 + 1736

3
− 3 + 1− 0 = 086 ≈ 087

Thus, about 0.87 more inches of rain fell at the second location than at the

first during the first two hours of the storm.

61. We know that the area under curve  between  = 0 and  =  is
 
0
()  = (), where () is the velocity of car A

and A is its displacement. Similarly, the area under curve between  = 0 and  =  is
 
0
B()  = B().

(a) After one minute, the area under curve  is greater than the area under curve . So car A is ahead after one minute.

(b) The area of the shaded region has numerical value A(1)− B(1), which is the distance by which A is ahead of B after

1 minute.

(c) After two minutes, car B is traveling faster than car A and has gained some ground, but the area under curve  from  = 0

to  = 2 is still greater than the corresponding area for curve , so car A is still ahead.

(d) From the graph, it appears that the area between curves  and  for 0 ≤  ≤ 1 (when car A is going faster), which
corresponds to the distance by which car A is ahead, seems to be about 3 squares. Therefore, the cars will be side by side

at the time  where the area between the curves for 1 ≤  ≤  (when car B is going faster) is the same as the area for

0 ≤  ≤ 1. From the graph, it appears that this time is  ≈ 22. So the cars are side by side when  ≈ 22 minutes.

62. The area under 0() from  = 50 to  = 100 represents the change in revenue, and the area under 0() from  = 50

to  = 100 represents the change in cost. The shaded region represents the difference between these two values; that is, the

increase in profit as the production level increases from 50 units to 100 units. We use the Midpoint Rule with  = 5

and∆ = 10:

5 = ∆{[0(55)− 0(55)] + [0(65)− 0(65)] + [0(75)− 0(75)] + [0(85)−0(85)] + [0(95)−0(95)]}
≈ 10(240− 085 + 220− 090 + 200− 100 + 180− 110 + 170− 120)
= 10(505) = 505 thousand dollars

Using1 would give us 50(2− 1) = 50 thousand dollars.
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