
Section 4.4 Indeterminate Forms and l’Hospital’s Rule

60. Find the limit. Use l’Hospital’s Rule where appropriate. If there is a more elementary method, consider using it. If

l’Hospital’s Rule doesn’t apply, explain why.

lim
x→∞

(
1 +

a

x

)bx

Solution:

SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE ¤ 351

58.  = (tan 2) ⇒ ln  =  · ln tan 2, so

lim
→0+

ln  = lim
→0+

 · ln tan 2 = lim
→0+

ln tan 2

1

H
= lim

→0+

(1 tan 2)(2 sec2 2)

−12
= lim

→0+

−22 cos 2

sin 2 cos2 2

= lim
→0+

2

sin 2
· lim
→0+

−
cos 2

= 1 · 0 = 0 ⇒

lim
→0+

(tan 2) = lim
→0+

ln  = 0 = 1.

59.  = (1− 2)1 ⇒ ln  =
1


ln(1− 2), so lim

→0
ln  = lim

→0

ln(1− 2)



H
= lim

→0

−2(1− 2)

1
= −2 ⇒

lim
→0

(1− 2)1 = lim
→0

ln  = −2.

60.  =

1 +






⇒ ln  =  ln


1 +






, so

lim
→∞

ln  = lim
→∞

 ln(1 + )

1

H
= lim

→∞




1

1 + 


− 

2


−12

= lim
→∞



1 + 
=  ⇒

lim
→∞


1 +






= lim

→∞
ln  = .

61.  = 1(1−) ⇒ ln  =
1

1− 
ln, so lim

→1+
ln  = lim

→1+

1

1− 
ln = lim

→1+

ln

1− 

H
= lim

→1+

1

−1
= −1 ⇒

lim
→1+

1(1−) = lim
→1+

ln  = −1 =
1


.

62.  = (ln 2)(1 + ln ) ⇒ ln  =
ln 2

1 + ln
ln ⇒

lim
→∞

ln  = lim
→∞

(ln 2)(ln)

1 + ln

H
= lim

→∞
(ln 2)(1)

1
= lim

→∞
ln 2 = ln 2, so lim

→∞
(ln 2)(1 + ln ) = lim

→∞
ln  = ln 2 = 2.

63.  = 1 ⇒ ln  = (1) ln ⇒ lim
→∞

ln  = lim
→∞

ln



H
= lim

→∞
1

1
= 0 ⇒

lim
→∞

1 = lim
→∞

ln  = 0 = 1

64.  = 
− ⇒ ln  = − ln ⇒ lim

→∞
ln  = lim

→∞
ln


H
= lim

→∞
1


= lim

→∞
1


= 0 ⇒

lim
→∞


−

= lim
→∞

ln  = 0 = 1

65.  = (4 + 1)cot  ⇒ ln  = cot ln(4 + 1), so lim
→0+

ln  = lim
→0+

ln(4+ 1)

tan

H
= lim

→0+

4

4 + 1

sec2 
= 4 ⇒

lim
→0+

(4 + 1)cot = lim
→0+

ln  = 4.

66.  = (2− )tan(2) ⇒ ln  = tan


2


ln(2− ) ⇒

lim
→1

ln  = lim
→1


tan


2


ln(2− )


= lim

→1

ln (2− )

cot


2

 H
= lim

→1

1

2− 
(−1)

−csc2


2


· 

2

=
2


lim
→1

sin2


2


2− 

=
2


· 12

1
=

2


⇒ lim

→1
(2− )tan(2) = lim

→1
ln  = (2)
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69. Find the limit. Use l’Hospital’s Rule where appropriate. If there is a more elementary method, consider using it. If

l’Hospital’s Rule doesn’t apply, explain why.

lim
x→0+

xx − 1

lnx+ x− 1

Solution:

SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE ¤ 379

66.  = (1− cos)sin ⇒ ln  = sin ln(1− cos), so

lim
→0+

ln  = lim
→0+

sin ln(1− cos) = lim
→0+

ln(1− cos)
csc

H
= lim

→0+

1

1− cos · sin
− csc cot

= − lim
→0+

sin

(1− cos) csc cot = − lim
→0+

sin

csc cot− cot2 ·

sin2

sin2



= − lim
→0+

sin3

cos− cos2 = − lim
→0+

sin3

(1− cos) cos
H
= − lim

→0+

3 sin2 cos

(1− cos)(− sin) + cos (sin) = − lim
→0+

3 sin cos

(cos− 1) + cos = −
0

0 + 1
= 0 ⇒

lim
→0+

(1− cos)sin = lim
→0+

ln  = 0 = 1

67.  = (1 + sin 3)1 ⇒ ln  =
1


ln(1 + sin 3) ⇒

lim
→0+

ln  = lim
→0+

ln(1 + sin 3)



H
= lim

→0+

[1(1 + sin 3)] · 3 cos 3
1

= lim
→0+

3 cos 3

1 + sin 3
=
3 · 1
1 + 0

= 3 ⇒

lim
→0+

(1 + sin 3)1 = lim
→0+

ln  = 3

68.  = (cos)1
2 ⇒ ln  =

1

2
ln cos, so

lim
→0

ln  = lim
→0

1

2
ln cos = lim

→0

ln cos

2
H
= lim

→0

1

cos
· (− sin)
2

= lim
→0

− tan
2

H
= lim

→0

− sec2
2

= −1
2

⇒

lim
→0

(cos)1
2

= lim
→0

ln  = −12 =
1√


69. The given limit is lim
→0+

 − 1
ln+ − 1 . Note that  =  ⇒ ln  =  ln, so

lim
→0+

ln  = lim
→0+

 ln = lim
→0+

ln
1



H
= lim

→0+

1



− 1

2

= lim
→0+

(−) = 0 ⇒ lim
→0+

 = lim
→0+

ln  = 0 = 1.

Therefore, the numerator of the given limit has limit 1− 1 = 0 as → 0+. The denominator of the given limit→ −∞ as

→ 0+ since ln→ −∞ as → 0+. Thus, lim
→0+

 − 1
ln+ − 1 = 0.

70.  =


2− 3
2+ 5

2+1
⇒ ln  = (2+ 1) ln


2− 3
2+ 5


⇒

lim
→∞

ln  = lim
→∞

ln(2− 3)− ln(2+ 5)
1(2+ 1)

H
= lim

→∞
2(2− 3)− 2(2+ 5)

−2(2+ 1)2 = lim
→∞

−8(2+ 1)2
(2− 3)(2+ 5)

= lim
→∞

−8(2 + 1)2
(2− 3)(2 + 5) = −8 ⇒ lim

→∞


2− 3
2+ 5

2+1
= lim

→∞
ln  = −8
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70. Find the limit. Use l’Hospital’s Rule where appropriate. If there is a more elementary method, consider using it. If

l’Hospital’s Rule doesn’t apply, explain why.

lim
x→∞

(
2x− 3

2x+ 5

)2x+1

Solution:

SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE ¤ 55

66.  = (1− cos)sin ⇒ ln  = sin ln(1− cos), so

lim
→0+

ln  = lim
→0+

sin ln(1− cos) = lim
→0+

ln(1− cos)
csc

H
= lim

→0+

1

1− cos · sin
− csc cot

= − lim
→0+

sin

(1− cos) csc cot = − lim
→0+

sin

csc cot− cot2 ·

sin2

sin2



= − lim
→0+

sin3

cos− cos2 = − lim
→0+

sin3

(1− cos) cos
H
= − lim

→0+

3 sin2 cos

(1− cos)(− sin) + cos (sin) = − lim
→0+

3 sin cos

(cos− 1) + cos = −
0

0 + 1
= 0 ⇒

lim
→0+

(1− cos)sin = lim
→0+

ln  = 0 = 1

67.  = (1 + sin 3)1 ⇒ ln  =
1


ln(1 + sin 3) ⇒

lim
→0+

ln  = lim
→0+

ln(1 + sin 3)



H
= lim

→0+

[1(1 + sin 3)] · 3 cos 3
1

= lim
→0+

3 cos 3

1 + sin 3
=
3 · 1
1 + 0

= 3 ⇒

lim
→0+

(1 + sin 3)1 = lim
→0+

ln  = 3

68.  = (cos)1
2 ⇒ ln  =

1

2
ln cos, so

lim
→0

ln  = lim
→0

1

2
ln cos = lim

→0

ln cos

2
H
= lim

→0

1

cos
· (− sin)
2

= lim
→0

− tan
2

H
= lim

→0

− sec2
2

= −1
2

⇒

lim
→0

(cos)1
2

= lim
→0

ln  = −12 =
1√


69. The given limit is lim
→0+

 − 1
ln+ − 1 . Note that  =  ⇒ ln  =  ln, so

lim
→0+

ln  = lim
→0+

 ln = lim
→0+

ln
1



H
= lim

→0+

1



− 1

2

= lim
→0+

(−) = 0 ⇒ lim
→0+

 = lim
→0+

ln  = 0 = 1.

Therefore, the numerator of the given limit has limit 1− 1 = 0 as → 0+. The denominator of the given limit→ −∞ as

→ 0+ since ln→ −∞ as → 0+. Thus, lim
→0+

 − 1
ln+ − 1 = 0.

70.  =


2− 3
2+ 5

2+1
⇒ ln  = (2+ 1) ln


2− 3
2+ 5


⇒

lim
→∞

ln  = lim
→∞

ln(2− 3)− ln(2+ 5)
1(2+ 1)

H
= lim

→∞
2(2− 3)− 2(2+ 5)

−2(2+ 1)2 = lim
→∞

−8(2+ 1)2
(2− 3)(2+ 5)

= lim
→∞

−8(2 + 1)2
(2− 3)(2 + 5) = −8 ⇒ lim

→∞


2− 3
2+ 5

2+1
= lim

→∞
ln  = −8
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76. Prove that

lim
x→∞

lnx

xp
= 0

for any number p > 0. This shows that the logarithmic function approaches infinity more slowly than any power of

x.

Solution:

SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE ¤ 353

73. lim
→∞




H
= lim

→∞


−1

H
= lim

→∞


(− 1)−2

H
= · · · H

= lim
→∞



!
=∞

74. This limit has the form ∞
∞ . lim

→∞
ln


H
= lim

→∞
1

−1
= lim

→∞
1


= 0 since   0.

75. lim
→∞

√
2 + 1

H
= lim

→∞
1

1
2
(2 + 1)−12(2)

= lim
→∞

√
2 + 1


. Repeated applications of l’Hospital’s Rule result in the

original limit or the limit of the reciprocal of the function. Another method is to try dividing the numerator and denominator

by : lim
→∞

√
2 + 1

= lim
→∞


22 + 12

= lim
→∞

1
1 + 12

=
1

1
= 1

76. lim
→(2)−

sec

tan

H
= lim

→(2)−

sec tan

sec2 
= lim

→(2)−

tan

sec
. Repeated applications of l’Hospital’s Rule result in the

original limit or the limit of the reciprocal of the function. Another method is to simplify first:

lim
→(2)−

sec

tan
= lim

→(2)−

1cos

sincos
= lim

→(2)−

1

sin
=

1

1
= 1

77. () =  −  ⇒  0() =  −  = 0 ⇔  =  ⇔  = ln ,   0.  00() =   0, so  is CU on

(−∞∞). lim
→∞

( − ) = lim
→∞








− 


= 1. Now lim

→∞




H
= lim

→∞


1
=∞, so 1 =∞, regardless

of the value of . For  = lim
→−∞

( − ),  → 0, so  is determined

by −. If   0, −→∞, and  =∞. If   0, −→−∞, and

 = −∞. Thus,  has an absolute minimum for   0. As  increases, the

minimum points (ln  −  ln ), get farther away from the origin.

78. (a) lim
→∞

 = lim
→∞






1− −


=




lim
→∞


1− −


=




(1− 0) [because −→−∞ as →∞]

=



, which is the speed the object approaches as time goes on, the so-called limiting velocity.

(b) lim
→0+

 = lim
→0+




(1− −) =  lim

→0+

1− −


[form is 0

0
]

H
=  lim

→0+

(−−) · (−)

1
=




lim
→0+

− = (1) = 

The velocity of a falling object in a vacuum is directly proportional to the amount of time it falls.

79. First we will find lim
→∞


1 +






, which is of the form 1∞.  =


1 +






⇒ ln  =  ln


1 +






, so

lim
→∞

ln  = lim
→∞

 ln

1 +






=  lim

→∞
ln(1 + )

1

H
=  lim

→∞

−2


(1 + )(−12)
=  lim

→∞


1 + 
=  ⇒

lim
→∞

 = . Thus, as →∞,  = 0


1 +






→ 0

.

80. (a)  = 3,  = 005 ⇒  =
1− 10−

2

2 ln 10
=

1− 10−045

045 ln 10
≈ 062, or about 62%.
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78. What happens if you try to use l’Hospital’s Rule to find the limit? Evaluate the limit using another method.

lim
x→(π/2)−

secx

tanx

Solution:

SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE ¤ 353

73. lim
→∞




H
= lim

→∞


−1

H
= lim

→∞


(− 1)−2

H
= · · · H

= lim
→∞



!
=∞

74. This limit has the form ∞
∞ . lim

→∞
ln


H
= lim

→∞
1

−1
= lim

→∞
1


= 0 since   0.

75. lim
→∞

√
2 + 1

H
= lim

→∞
1

1
2
(2 + 1)−12(2)

= lim
→∞

√
2 + 1


. Repeated applications of l’Hospital’s Rule result in the

original limit or the limit of the reciprocal of the function. Another method is to try dividing the numerator and denominator

by : lim
→∞

√
2 + 1

= lim
→∞


22 + 12

= lim
→∞

1
1 + 12

=
1

1
= 1

76. lim
→(2)−

sec

tan

H
= lim

→(2)−

sec tan

sec2 
= lim

→(2)−

tan

sec
. Repeated applications of l’Hospital’s Rule result in the

original limit or the limit of the reciprocal of the function. Another method is to simplify first:

lim
→(2)−

sec

tan
= lim

→(2)−

1cos

sincos
= lim

→(2)−

1

sin
=

1

1
= 1

77. () =  −  ⇒  0() =  −  = 0 ⇔  =  ⇔  = ln ,   0.  00() =   0, so  is CU on

(−∞∞). lim
→∞

( − ) = lim
→∞








− 


= 1. Now lim

→∞




H
= lim

→∞


1
=∞, so 1 =∞, regardless

of the value of . For  = lim
→−∞

( − ),  → 0, so  is determined

by −. If   0, −→∞, and  =∞. If   0, −→−∞, and

 = −∞. Thus,  has an absolute minimum for   0. As  increases, the

minimum points (ln  −  ln ), get farther away from the origin.

78. (a) lim
→∞

 = lim
→∞






1− −


=




lim
→∞


1− −


=




(1− 0) [because −→−∞ as →∞]

=



, which is the speed the object approaches as time goes on, the so-called limiting velocity.

(b) lim
→0+

 = lim
→0+




(1− −) =  lim

→0+

1− −


[form is 0

0
]

H
=  lim

→0+

(−−) · (−)

1
=




lim
→0+

− = (1) = 

The velocity of a falling object in a vacuum is directly proportional to the amount of time it falls.

79. First we will find lim
→∞


1 +






, which is of the form 1∞.  =


1 +






⇒ ln  =  ln


1 +






, so

lim
→∞

ln  = lim
→∞

 ln

1 +






=  lim

→∞
ln(1 + )

1

H
=  lim

→∞

−2


(1 + )(−12)
=  lim

→∞


1 + 
=  ⇒

lim
→∞

 = . Thus, as →∞,  = 0


1 +






→ 0

.

80. (a)  = 3,  = 005 ⇒  =
1− 10−

2

2 ln 10
=

1− 10−045

045 ln 10
≈ 062, or about 62%.
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90. For what values of a and b is the following equation true?

lim
x→0

(
sin 2x

x3
+ a+

b

x2

)
= 0

Solution:

SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE ¤ 355

trigonometry, () = 1
2
|| || = 1

2
( − ||) || = 1

2
( −  cos )( sin ) = 1

2
2(1− cos ) sin .

So the limit we want is

lim
→0+

()

()
= lim

→0+

1
2
2( − sin )

1
2
2(1− cos ) sin 

H
= lim

→0+

1− cos 

(1− cos ) cos  + sin  (sin )

= lim
→0+

1− cos 

cos  − cos2  + sin2 

H
= lim

→0+

sin 

− sin  − 2 cos  (− sin ) + 2 sin  (cos )

= lim
→0+

sin 

− sin  + 4 sin  cos 
= lim

→0+

1

−1 + 4 cos 
=

1

−1 + 4 cos 0
=

1

3

85. The limit,  = lim
→∞


− 2 ln


1 + 




= lim

→∞


− 2 ln


1


+ 1


. Let  = 1, so as →∞, → 0+.

 = lim
→0+


1


− 1

2
ln( + 1)


= lim

→0+

− ln(+ 1)

2
H
= lim

→0+

1− 1

 + 1

2
= lim

→0+

(+ 1)

2
= lim

→0+

1

2 (+ 1)
=

1

2

Note: Starting the solution by factoring out  or 2 leads to a more complicated solution.

86.  = [()]() ⇒ ln  = () ln (). Since  is a positive function, ln () is defined. Now

lim
→

ln  = lim
→

() ln () = −∞ since lim
→

() =∞ and lim
→

() = 0 ⇒ lim
→

ln () = −∞. Thus, if  = ln ,

lim
→

 = lim
→−∞

 = 0. Note that the limit, lim
→

() ln (), is not of the form∞ · 0.

87. Since (2) = 0, the given limit has the form 0
0

.

lim
→0

(2 + 3) + (2 + 5)



H
= lim

→0

 0(2 + 3) · 3 +  0(2 + 5) · 5
1

=  0(2) · 3 +  0(2) · 5 = 8 0(2) = 8 · 7 = 56

88.  = lim
→0


sin 2

3
+ +



2


= lim

→0

sin 2+ 3 + 

3

H
= lim

→0

2 cos 2 + 32 + 

32
. As → 0, 32 → 0, and

(2 cos 2+ 32 + )→ + 2, so the last limit exists only if + 2 = 0, that is,  = −2. Thus,

lim
→0

2 cos 2+ 32 − 2

32

H
= lim

→0

−4 sin 2+ 6

6

H
= lim

→0

−8 cos 2 + 6

6
=

6− 8

6
, which is equal to 0 if and only

if  = 4
3

. Hence,  = 0 if and only if  = −2 and  = 4
3

.

89. Since lim
→0

[(+ )− (− )] = ()− () = 0 ( is differentiable and hence continuous) and lim
→0

2 = 0, we use

l’Hospital’s Rule:

lim
→0

(+ )− (− )

2

H
= lim

→0

 0(+ )(1)−  0(− )(−1)

2
=

 0() +  0()

2
=

2 0()

2
=  0()

(+ )− (− )

2
is the slope of the secant line between

(−  (− )) and (+  (+ )). As → 0, this line gets closer

to the tangent line and its slope approaches  0().
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