
Section 3.6 Derivatives of Logarithmic and Inverse Trigonometric

Functions

36. Differentiate f and find the domain of f .

f(x) = ln ln lnx

Solution:

242 ¤ CHAPTER 3 DIFFERENTIATION RULES

33. () =


1− ln(− 1) ⇒

 0() =
[1− ln(− 1)] · 1−  · −1

− 1
[1− ln(− 1)]2 =

(− 1)[1− ln(− 1)] + 

− 1
[1− ln(− 1)]2 =

− 1− (− 1) ln(− 1) + 

(− 1)[1− ln(− 1)]2

=
2− 1− (− 1) ln(− 1)
(− 1)[1− ln(− 1)]2

Dom() = { | − 1  0 and 1− ln(− 1) 6= 0} = { |   1 and ln(− 1) 6= 1}
=

 |   1 and − 1 6= 1


= { |   1 and  6= 1 + } = (1 1 + ) ∪ (1 + ∞)

34. () =
√
2 + ln = (2 + ln)12 ⇒  0() =

1

2
(2 + ln)−12 · 1


=

1

2
√
2 + ln

Dom() = { | 2 + ln ≥ 0} = { | ln ≥ −2} = { |  ≥ −2} = [−2∞).

35. () = ln(2 − 2) ⇒  0() =
1

2 − 2 (2− 2) =
2(− 1)
(− 2) .

Dom() = { | (− 2)  0} = (−∞ 0) ∪ (2∞).

36. () = ln ln ln ⇒  0() =
1

ln ln
· 1

ln
· 1

.

Dom() = { | ln ln  0} = { | ln  1} = { |   } = (∞).

37. () = ln(+ ln) ⇒  0() =
1

+ ln




(+ ln) =

1

+ ln


1 +

1




.

Substitute 1 for  to get  0(1) = 1

1 + ln 1


1 +

1

1


=

1

1 + 0
(1 + 1) = 1 · 2 = 2.

38. () = cos(ln2) ⇒  0() = − sin(ln2) 


ln2 = − sin(ln2) 1

2
(2) = −2 sin(ln

2)


.

Substitute 1 for  to get  0(1) = −2 sin(ln 1
2)

1
= −2 sin 0 = 0.

39.  = ln(2 − 3+ 1) ⇒ 0 =
1

2 − 3+ 1 · (2− 3) ⇒ 0(3) = 1
1
· 3 = 3, so an equation of a tangent line at

(3 0) is  − 0 = 3(− 3), or  = 3− 9.

40.  = 2 ln ⇒ 0 = 2 · 1

+ (ln)(2) ⇒ 0(1) = 1 + 0 = 1 , so an equation of a tangent line at (1 0) is

 − 0 = 1(− 1), or  = − 1.

41. () = sin+ ln ⇒  0() = cos+ 1.

This is reasonable, because the graph shows that  increases when  0 is

positive, and  0() = 0 when  has a horizontal tangent.
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58. Find y′ if xy = yx.

Solution:

244 ¤ CHAPTER 3 DIFFERENTIATION RULES

51.  =  sin ⇒ ln  = ln sin ⇒ ln  = sin ln ⇒ 0


= (sin) · 1


+ (ln)(cos) ⇒

0 = 


sin


+ ln cos


⇒ 0 =  sin


sin


+ ln cos



52.  =
√




⇒ ln  = ln
√




⇒ ln  =  ln12 ⇒ ln  = 1
2
 ln ⇒ 1


0 =

1

2
 · 1


+ ln · 1

2
⇒

0 = 

1
2
+ 1

2
ln

 ⇒ 0 = 1
2

√


(1 + ln)

53.  = (cos) ⇒ ln  = ln(cos) ⇒ ln  =  ln cos ⇒ 1


0 =  · 1

cos
· (− sin) + ln cos · 1 ⇒

0 = 


ln cos−  sin

cos


⇒ 0 = (cos)(ln cos−  tan)

54.  = (sin)ln  ⇒ ln  = ln(sin)ln ⇒ ln  = ln · ln sin ⇒ 1


0 = ln · 1

sin
· cos+ ln sin · 1


⇒

0 = 


ln · cos

sin
+
ln sin




⇒ 0 = (sin)ln


ln cot+

ln sin





55.  = ln  ⇒ ln  = ln ln = (ln)2 ⇒ 0


= 2 ln


1




⇒ 0 = ln


2 ln





56.  = (ln)cos ⇒ ln  = cos ln(ln) ⇒ 0


= cos · 1

ln
· 1

+ (ln ln)(− sin) ⇒

0 = (ln)cos
 cos
 ln

− sin ln ln


57.  = ln(2 + 2) ⇒ 0 =
1

2 + 2



(2 + 2) ⇒ 0 =

2+ 20

2 + 2
⇒ 20 + 20 = 2+ 20 ⇒

20 + 20 − 20 = 2 ⇒ (2 + 2 − 2)0 = 2 ⇒ 0 =
2

2 + 2 − 2

58.  =  ⇒  ln =  ln  ⇒  · 1

+ (ln) · 0 =  · 1


· 0 + ln  ⇒ 0 ln− 


0 = ln  − 


⇒

0 =
ln  − 

ln− 

59. () = ln(− 1) ⇒  0() =
1

(− 1) = (− 1)
−1 ⇒  00() = −(− 1)−2 ⇒  000 () = 2(− 1)−3 ⇒

 (4)() = −2 · 3(− 1)−4 ⇒ · · · ⇒  ()() = (−1)−1 · 2 · 3 · 4 · · · · · (− 1)(− 1)− = (−1)−1 (− 1)!
(− 1)

60.  = 8 ln, so9 = 80 = 8(87 ln+ 7). But the eighth derivative of 7 is 0, so we now have

8(87 ln) = 7(8 · 76 ln+ 86) = 7(8 · 76 ln) = 6(8 · 7 · 65 ln) = · · · = (8!0 ln) = 8!
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78. Find the derivative of the function. Simplify where possible. y = arctan
√

1−x
1+x .

Solution:

246 ¤ CHAPTER 3 DIFFERENTIATION RULES

73. () = cot−1() + cot−1(1) ⇒

0() = − 1

1 + 2
− 1

1 + (1)2
· 


1


= − 1

1 + 2
− 2

2 + 1
·

− 1
2


= − 1

1 + 2
+

1

2 + 1
= 0.

Note that this makes sense because () = 

2
for   0 and () = 3

2
for   0.

74. () = arcsin(1) ⇒

0() =
1

1− (1)2




1


=

1
1− 12


− 1
2


= − 1

1− 12
1√
4
= − 1√

4 − 2

= − 1
2(2 − 1) = −

1

|  |√2 − 1

75.  =  sin−1 +
√
1− 2 ⇒

0 =  · 1√
1− 2

+ (sin−1 )(1) +
1

2
(1− 2)−12(−2) = √

1− 2
+ sin−1 − √

1− 2
= sin−1 

76.  = cos−1(sin−1 ) ⇒ 0 = − 1
1− (sin−1 )2

· 

sin−1  = − 1

1− (sin−1 )2
· 1√
1− 2

77.  = tan−1




+ ln


− 

+ 
= tan−1





+
1

2
ln


− 

+ 


⇒

0 =
1

1 +



2 · 1 + 1

2
· 1
− 

+ 

· (+ ) · 1− (− ) · 1
(+ )2

=
1

+
2



+
1

2
· + 

− 
· 2

(+ )2

=
1

+
2



· 

+



(− )(+ )
=



2 + 2
+



2 − 2

78.  = arctan


1− 

1 + 
= arctan


1− 

1 + 

12
⇒

0 =
1

1 +


1− 

1 + 

2 · 




1− 

1 + 

12
=

1

1 +
1− 

1 + 

· 1
2


1− 

1 + 

−12
· (1 + )(−1)− (1− )(1)

(1 + )2

=
1

1 + 

1 + 
+
1− 

1 + 

· 1
2


1 + 

1− 

12
· −2
(1 + )2

=
1 + 

2
· 1
2
· (1 + )12

(1− )12
· −2
(1 + )2

=
−1

2(1− )12(1 + )12
=

−1
2
√
1− 2

79. () =
√
1− 2 arcsin ⇒  0() =

√
1− 2 · 1√

1− 2
+ arcsin · 1

2


1− 2

−12
(−2) = 1−  arcsin√

1− 2

Note that  0 = 0 where the graph of  has a horizontal tangent. Also note

that  0 is negative when  is decreasing and  0 is positive when  is

increasing.
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83. Derivatives of Inverse Functions Suppose that f is a one-to-one differentiable function and its inverse function

f−1 is also differentiable. Use implicit differentiation to show that

(f−1)′(x) =
1

f ′(f−1(x))

provided that the denominator is not 0.

Solution:

SECTION 3.6 DERIVATIVES OF LOGARITHMIC AND INVERSE TRIGONOMETRIC FUNCTIONS ¤ 247

80. () = arctan(2 − ) ⇒  0() =
1

1 + (2 − )2
· 


(2 − ) =

2− 1
1 + (2 − )2

Note that  0 = 0 where the graph of  has a horizontal tangent. Also note

that  0 is negative when  is decreasing and  0 is positive when  is

increasing.

81. Let  = cos−1 . Then cos  =  and 0 ≤  ≤  ⇒ − sin  


= 1 ⇒




= − 1

sin 
= − 1

1− cos2  = −
1√
1− 2

. [Note that sin  ≥ 0 for 0 ≤  ≤ .]

82. (a) Let  = sec−1 . Then sec  =  and  ∈ 0 2  ∪  32 . Differentiate with respect to : sec  tan 




= 1 ⇒




=

1

sec  tan 
=

1

sec 

sec2  − 1 =

1


√
2 − 1 . Note that tan

2  = sec2  − 1 ⇒ tan  =

sec2  − 1

since tan   0 when 0    
2
or     3

2
.

(b)  = sec−1  ⇒ sec  =  ⇒ sec  tan 



= 1 ⇒ 


=

1

sec  tan 
. Now tan2  = sec2  − 1 = 2 − 1,

so tan  = ±√2 − 1. For  ∈ 0 
2


,  ≥ 1, so sec  =  = || and tan  ≥ 0 ⇒




=

1


√
2 − 1 =

1

||√2 − 1 . For  ∈


2
 

,  ≤ −1, so || = − and tan  = −√2 − 1 ⇒




=

1

sec  tan 
=

1


−√2 − 1  = 1

(−)√2 − 1 =
1

||√2 − 1 .

83. If  = −1(), then () = . Differentiating implicitly with respect to  and remembering that  is a function of ,

we get  0() 


= 1, so 


=

1

 0()
⇒ 

−1
0
() =

1

 0(−1())
.

84. (4) = 5 ⇒ −1(5) = 4. By Exercise 83,

−1

0
(5) =

1

 0(−1(5))
=

1

 0(4)
=

1

23
=
3

2
.

85. () = +  ⇒  0() = 1 + . Observe that (0) = 1, so that −1(1) = 0. By Exercise 83, we have

(−1)0(1) = 1

 0(−1(1))
=

1

 0(0)
=

1

1 + 0
=

1

1 + 1
=
1

2
.

86. () = 3 + 3 sin+ 2 cos ⇒  0() = 32 + 3 cos− 2 sin. Observe that (0) = 2, so that −1(2) = 0.

By Exercise 83, we have (−1)0(2) = 1

 0(−1(2))
=

1

 0(0)
=

1

3(0)2 + 3cos 0− 2 sin 0 =
1

3(1)
=
1

3
.
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85. Use the formula in Exercise 83.

If f(x) = x+ ex, find (f−1)′(1).

Solution:

SECTION 3.6 DERIVATIVES OF LOGARITHMIC AND INVERSE TRIGONOMETRIC FUNCTIONS ¤ 247

80. () = arctan(2 − ) ⇒  0() =
1

1 + (2 − )2
· 


(2 − ) =

2− 1
1 + (2 − )2

Note that  0 = 0 where the graph of  has a horizontal tangent. Also note

that  0 is negative when  is decreasing and  0 is positive when  is

increasing.

81. Let  = cos−1 . Then cos  =  and 0 ≤  ≤  ⇒ − sin  


= 1 ⇒




= − 1

sin 
= − 1

1− cos2  = −
1√
1− 2

. [Note that sin  ≥ 0 for 0 ≤  ≤ .]

82. (a) Let  = sec−1 . Then sec  =  and  ∈ 0 2  ∪  32 . Differentiate with respect to : sec  tan 




= 1 ⇒




=

1

sec  tan 
=

1

sec 

sec2  − 1 =

1


√
2 − 1 . Note that tan

2  = sec2  − 1 ⇒ tan  =

sec2  − 1

since tan   0 when 0    
2
or     3

2
.

(b)  = sec−1  ⇒ sec  =  ⇒ sec  tan 



= 1 ⇒ 


=

1

sec  tan 
. Now tan2  = sec2  − 1 = 2 − 1,

so tan  = ±√2 − 1. For  ∈ 0 
2


,  ≥ 1, so sec  =  = || and tan  ≥ 0 ⇒




=

1


√
2 − 1 =

1

||√2 − 1 . For  ∈


2
 

,  ≤ −1, so || = − and tan  = −√2 − 1 ⇒




=

1

sec  tan 
=

1


−√2 − 1  = 1

(−)√2 − 1 =
1

||√2 − 1 .

83. If  = −1(), then () = . Differentiating implicitly with respect to  and remembering that  is a function of ,

we get  0() 


= 1, so 


=

1

 0()
⇒ 

−1
0
() =

1

 0(−1())
.

84. (4) = 5 ⇒ −1(5) = 4. By Exercise 83,

−1

0
(5) =

1

 0(−1(5))
=

1

 0(4)
=

1

23
=
3

2
.

85. () = +  ⇒  0() = 1 + . Observe that (0) = 1, so that −1(1) = 0. By Exercise 83, we have

(−1)0(1) = 1

 0(−1(1))
=

1

 0(0)
=

1

1 + 0
=

1

1 + 1
=
1

2
.

86. () = 3 + 3 sin+ 2 cos ⇒  0() = 32 + 3 cos− 2 sin. Observe that (0) = 2, so that −1(2) = 0.

By Exercise 83, we have (−1)0(2) = 1

 0(−1(2))
=

1

 0(0)
=

1

3(0)2 + 3cos 0− 2 sin 0 =
1

3(1)
=
1

3
.
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