Section 3.1 Derivatives of Polynomials and Exponential Functions

38. Find an equation of the tangent line to the curve at the given point.

y=2e" +u, (072)
Solution:
y=2e"4+x = 1y =2¢"+1.At(0,2),y" =2’ + 1 = 3 and an equation of the tangent line is y — 2 = 3(z — 0) or
y =3z + 2.

86. Find numbers a and b such that the given function g is differentiable at 1.

ard -3z ifz<1
g(x) =
b2 +2 ifz>1

Solution:
ax® =3z if z<1

We have g (z) =
9() {bx2—|—2 it z>1

Forz < 1,¢'(z) = a(32?) — 3(1) = 3az® — 3,50 ¢"_(1) = 3a(1)> =3 =3a — 3. Forz > 1, ¢’(z) = b(2z) + 0 = 2bz, so

g’ (1) = 2b(1) = 2b. For g to be differentiable at x = 1, we need g’ (1) = ¢’, (1), s03a — 3 = 2b,0orb = a3

. For g to

be continuous at © = 1, we need g (1) = a — 3 equal to g1 (1) = b + 2. So we have the system of two equations:

a—3=b+4+2,b= 3a 2_ 3. Substituting the second equation into the first equation we have a — 3 = 3a 2_ 3 +2 =

3(—7)—3

2a—6=3a—3+4 = a=-Tandb= 5

=—12.
88. A tangent line is drawn to the hyperbola zy = ¢ at a point P as shown in the figure.
(a) Show that the midpoint of the line segment cut from this tangent line by the coordinate axes is P.

(b) Show that the triangle formed by the tangent line and the coordinate axes always has the same area, no matter

where P is located on the hyperbola.

Solution:
@zy=c = y= S LetP = (a, E). The slope of the tangent line at x = a is y'(a) = —%. Its equation is
x a a
~t= —i(a} —a)ory=——z+ e so its y-intercept is 2 Setting y = 0 gives = 2a, so the x-intercept is 2a
y- =0 y=-—5r+—, Y ptis —. gy=0g = 2a, p :

The midpoint of the line segment joining (O, %) and (2a,0) is (a, 2) = P.

(b) We know the x- and y-intercepts of the tangent line from part (a), so the area of the triangle bounded by the axes and the

tangent is 5 (base) (height) = $zy = $(2a)(2¢/a) = 2c, a constant.



90. Sketch the parabolas y = 22 and y = 2% — 2z + 2. Do you think there is a line that is tangent to both curves? If

so, find its equation. If not, why not?

Solution:
’ Yo 2x42 From the sketch, it appears that there may be a line that is tangent to both
R curves. The slope of the line through the points P(a,a?) and
y=x
2 2
Q(b,b* —2b+2) is 1)2;)#. The slope of the tangent line at P
0
5 # is2a [y =2x] andatQis2b—2 [y = 2z — 2]. All three slopes are
01 X
equal,so2a =2b—2 < a=0b-1.
2 2 2 Ch L 1)2
Also, 2b— 2 = 1)25’# ~ gp_o-" 2bb+(26(1b) D L oop o oht2- 121 —

26=3 = b=2=2anda=2—1=1. Thus, an equation of the tangent line at P is y — (%)2 =2(3)(z—3)or



