
Section 2.8 The Derivative as a Function

40. Suppose N is the number of people in the United States who travel by car to another state for a vacation this year

when the average price of gasoline is p dollars per gallon. Do you expect dN/dp to be positive or negative? Explain.

Solution:
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(c)

37. As in Exercise 35, we use one-sided difference quotients for the

first and last values, and average two difference quotients for all

other values.

 14 21 28 35 42 49

() 41 54 64 72 78 83

0() 13
7

23
14

18
14

14
14

11
14

5
7

38. As in Exercise 35, we use one-sided difference quotients for the

first and last values, and average two difference quotients for all

other values. The units for  0() are grams per degree (g◦C).

 155 177 200 224 244

 () 372 310 198 97 −98

 0() −282 −387 −453 −673 −975

39. (a)  is the rate at which the percentage of the city’s electrical power produced by solar panels changes with respect to

time , measured in percentage points per year.

(b) 2 years after January 1, 2000 (January 1, 2002), the percentage of electrical power produced by solar panels was increasing

at a rate of 3.5 percentage points per year.

40.  is the rate at which the number of people who travel by car to another province for a vacation changes with respect to

the price of gasoline. If the price of gasoline goes up, we would expect fewer people to travel, so we would expect  to

be negative.

41.  is not differentiable at  = −4, because the graph has a corner there, and at  = 0, because there is a discontinuity there.

42.  is not differentiable at  = −1, because there is a discontinuity there, and at  = 2, because the graph has a corner there.

43.  is not differentiable at  = 1, because  is not defined there, and at  = 5, because the graph has a vertical tangent there.
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44. The graph of f is given. State, with reasons, the numbers at which f is not differentiable.164	 CHAPTER 2    Limits and Derivatives

	37.	 �The table gives the height as time passes of a typical pine tree 
grown for lumber at a managed site.

Tree age (years) 14 21 28 35 42 49

Height (feet) 41 54 64 72 78 83

Source: Arkansas Forestry Commission

If Hstd is the height of the tree after t years, construct a table 
of estimated values for H9 and sketch its graph.

	38.	 �Water temperature affects the growth rate of brook trout.  
The table shows the amount of weight gained by brook trout 
after 24 days in various water temperatures.

Temperature (°C) 15.5 17.7 20.0 22.4 24.4

Weight gained (g) 37.2 31.0 19.8 9.7 29.8

If Wsxd is the weight gain at temperature x, construct a table 
of estimated values for W9 and sketch its graph. What are the 
units for W9sxd?
Source: Adapted from J. Chadwick Jr., “Temperature Effects on Growth  
and Stress Physiology of Brook Trout: Implications for Climate Change 
Impacts on an Iconic Cold-Water Fish.” Masters Theses. Paper 897. 2012. 
scholarworks.umass.edu/theses/897.

	39.	 �Let P represent the percentage of a city’s electrical  
power that is produced by solar panels t years after  
January 1, 2020.

	 (a)	 What does dPydt represent in this context?
	 (b)	 Interpret the statement 

dP

dt Z
t −2

− 3.5

	40.	 �Suppose N is the number of people in the United States 
who travel by car to another state for a vacation in a  
year when the average price of gasoline is p dollars per  
gallon. Do you expect dNydp to be positive or negative? 
Explain.

41–44  The graph of f  is given. State, with reasons, the numbers 
at which f  is not differentiable.

	41.	

_2 2 x

y

0

	 42.	

2 4 x

y

_2

	43.	

2 4 6 x

y

0

	 44.	

_2 2 4 x

y

0

	45.	 �Graph the function f sxd − x 1 s| x | . Zoom in repeatedly, 
first toward the point (21, 0) and then toward the origin. 
What is different about the behavior of f  in the vicinity of 
these two points? What do you conclude about the differen-
tiability of f  ?

	46.	 �Zoom in toward the points (1, 0), (0, 1), and (21, 0) on the 
graph of the function tsxd − sx 2 2 1d2y3. What do you 
notice? Account for what you see in terms of the differen
tiability of t.

47–48  The graphs of a function f  and its derivative f 9 are shown. 
Which is bigger, f 9s21d or f 99s1d ?

	47.	

1 x

y

0

	48.	

x

y

0 1

	49.	 �The figure shows the graphs of f , f 9, and f 0. Identify each 
curve, and explain your choices.

x

y
a

b

c

;

;
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39. (a)  is the rate at which the percentage of the city’s electrical power produced by solar panels changes with respect to

time , measured in percentage points per year.

(b) 2 years after January 1, 2020 (January 1, 2022), the percentage of electrical power produced by solar panels was increasing

at a rate of 3.5 percentage points per year.

40.  is the rate at which the number of people who travel by car to another state for a vacation changes with respect to the

price of gasoline. If the price of gasoline goes up, we would expect fewer people to travel, so we would expect  to be

negative.

41.  is not differentiable at  = −4, because the graph has a corner there, and at  = 0, because there is a discontinuity there.

42.  is not differentiable at  = −1, because there is a discontinuity there, and at  = 2, because the graph has a corner there.

43.  is not differentiable at  = 1, because  is not defined there, and at  = 5, because the graph has a vertical tangent there.

44.  is not differentiable at  = −2 and  = 3, because the graph has corners there, and at  = 1, because there is a discontinuity

there.

45. As we zoom in toward (−1 0), the curve appears more and more like a straight

line, so () = +
|| is differentiable at  = −1. But no matter how much

we zoom in toward the origin, the curve doesn’t straighten out—we can’t

eliminate the sharp point (a cusp). So  is not differentiable at  = 0.

46. As we zoom in toward (0 1), the curve appears more and more like a straight

line, so () = (2 − 1)23 is differentiable at  = 0. But no matter how much

we zoom in toward (1 0) or (−1 0), the curve doesn’t straighten out—we can’t

eliminate the sharp point (a cusp). So  is not differentiable at  = ±1.

47. Call the curve with the positive ­intercept  and the other curve . Notice that  has a maximum (horizontal tangent) at

 = 0, but  6= 0, so  cannot be the derivative of . Also notice that where  is positive,  is increasing. Thus,  =  and

 =  0. Now  0(−1) is negative since  0 is below the ­axis there and  00(1) is positive since  is concave upward at  = 1.

Therefore,  00(1) is greater than  0(−1).

48. Call the curve with the smallest positive ­intercept  and the other curve . Notice that where  is positive in the first

quadrant,  is increasing. Thus,  =  and  =  0. Now  0(−1) is positive since  0 is above the ­axis there and  00(1)

appears to be zero since  has an inflection point at  = 1. Therefore,  0(1) is greater than  00(−1).

49.  =  ,  =  0,  =  00. We can see this because where  has a horizontal tangent,  = 0, and where  has a horizontal tangent,

 = 0. We can immediately see that  can be neither  nor  0, since at the points where  has a horizontal tangent, neither 

nor  is equal to 0.
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52. The figure shows the graphs of four functions. One is the position function of a car, one is the velocity of the car,

one is its acceleration, and one is its jerk. Identify each curve, and explain your choices.
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53–54 � Use the definition of a derivative to find f 9sxd and f 0sxd. 
Then graph f , f 9, and f 0 on a common screen and check to see if 
your answers are reasonable.

	53.	 f sxd − 3x 2 1 2x 1 1	5 4.	 f sxd − x 3 2 3x

	55.	� �If f sxd − 2x 2 2 x3, find f 9sxd, f 0sxd, f -sxd, and f s4dsxd. 
Graph f , f 9, f 0, and f -on a common screen. Are the  
graphs consistent with the geometric interpretations of these 
derivatives?

	56.	� (a)	� The graph of a position function of a car is shown, where 
s is measured in feet and t in seconds. Use it to graph 
the velocity and acceleration of the car. What is the 
acceleration at t − 10 seconds?

100 t

s

100

20

	 (b)	� Use the acceleration curve from part (a) to estimate the 
jerk at t − 10 seconds. What are the units for jerk?

	57.	� Let f sxd − s3 x .
	 (a)	 If a ± 0, use Equation 2.7.5 to find f 9sad.
	 (b)	 Show that f 9s0d does not exist.
	 (c)	� Show that y − s3 x   has a vertical tangent line at s0, 0d. 

(Recall the shape of the graph of f . See Figure 1.2.13.)

	58.	� (a)	 If tsxd − x 2y3, show that t9s0d does not exist.
	 (b)	 If a ± 0, find t9sad.
	 (c)	 Show that y − x 2y3 has a vertical tangent line at s0, 0d.
	 (d)	 Illustrate part (c) by graphing y − x 2y3.

	59.	�� �Show that the function f sxd − | x 2 6 | is not differentiable  
at 6. Find a formula for f 9 and sketch its graph.

	60.	�� Where is the greatest integer function f sxd − v x b  not 
differentiable? Find a formula for f 9 and sketch its graph.

	61.	� (a)	 Sketch the graph of the function f sxd − x | x |.
	 (b)	 For what values of x is f  differentiable?
	 (c)	 Find a formula for f 9.

	62.	� (a)	 Sketch the graph of the function tsxd − x 1 | x |.
	 (b)	 For what values of x is t differentiable?
	 (c)	 Find a formula for t9.

	63.	�� Recall that a function f  is called even if f s2xd − f sxd  
for all x in its domain and odd if f s2xd − 2f sxd for all  
such x. Prove each of the following.

	 (a)	 The derivative of an even function is an odd function.
	 (b)	 The derivative of an odd function is an even function.

;

;

;

	49.	�� The figure shows the graphs of f , f 9, and f 0. Identify each 
curve, and explain your choices.

x

y a

b

c

	50.	�� The figure shows graphs of f,  f 9, f 0, and f -. Identify each 
curve, and explain your choices.

x

y a b c d

	51.	� �The figure shows the graphs of three functions. One is the 
position function of a car, one is the velocity of the car, and 
one is its acceleration. Identify each curve, and explain your 
choices.

t

y
a

b c

0

	52.	�� The figure shows the graphs of four functions. One is the 
position function of a car, one is the velocity of the car, one 
is its acceleration, and one is its jerk. Identify each curve, 
and explain your choices.

8et0208x52
08/29/13

0 t

y

a
b c

d
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44.  is not differentiable at  = −2 and  = 3, because the graph has corners there, and at  = 1, because there is a discontinuity

there.

45. As we zoom in toward (−1 0), the curve appears more and more like a straight

line, so () = +

|| is differentiable at  = −1. But no matter how much

we zoom in toward the origin, the curve doesn’t straighten out—we can’t

eliminate the sharp point (a cusp). So  is not differentiable at  = 0.

46. As we zoom in toward (0 1), the curve appears more and more like a straight

line, so () = (2 − 1)23 is differentiable at  = 0. But no matter how much

we zoom in toward (1 0) or (−1 0), the curve doesn’t straighten out—we can’t

eliminate the sharp point (a cusp). So  is not differentiable at  = ±1.

47. Call the curve with the positive -intercept  and the other curve . Notice that  has a maximum (horizontal tangent) at

 = 0, but  6= 0, so  cannot be the derivative of . Also notice that where  is positive,  is increasing. Thus,  =  and

 =  0. Now  0(−1) is negative since  0 is below the -axis there and  00(1) is positive since  is concave upward at  = 1.

Therefore,  00(1) is greater than  0(−1).

48. Call the curve with the smallest positive -intercept  and the other curve . Notice that where  is positive in the first

quadrant,  is increasing. Thus,  =  and  =  0. Now  0(−1) is positive since  0 is above the -axis there and  00(1)

appears to be zero since  has an inflection point at  = 1. Therefore,  0(1) is greater than  00(−1).

49.  =  ,  =  0,  =  00. We can see this because where  has a horizontal tangent,  = 0, and where  has a horizontal tangent,

 = 0. We can immediately see that  can be neither  nor  0, since at the points where  has a horizontal tangent, neither 

nor  is equal to 0.

50. Where  has horizontal tangents, only  is 0, so 0 = .  has negative tangents for   0 and  is the only graph that is

negative for   0, so 0 = .  has positive tangents on R (except at  = 0), and the only graph that is positive on the same

domain is , so 0 = . We conclude that  =  ,  =  0,  =  00, and  =  000.

51. We can immediately see that  is the graph of the acceleration function, since at the points where  has a horizontal tangent,

neither  nor  is equal to 0. Next, we note that  = 0 at the point where  has a horizontal tangent, so  must be the graph of

the velocity function, and hence, 0 = . We conclude that  is the graph of the position function.

52.  must be the jerk since none of the graphs are 0 at its high and low points.  is 0 where  has a maximum, so 0 = .  is 0

where  has a maximum, so 0 = . We conclude that  is the position function,  is the velocity,  is the acceleration, and  is

the jerk.
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58. (a) If g(x) = x2/3, show that g′(0) does not exist.

(b) If a ̸= 0, find g′(a).

(c) Show that y = x2/3 has a vertical tangent line at (0, 0).

(d) Illustrate part (c) by graphing y = x2/3.

1



Solution:
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58. (a) 0(0) = lim
→0

()− (0)

− 0 = lim
→0

23 − 0


= lim
→0

1

13
, which does not exist.

(b) 0() = lim
→

()− ()

− 
= lim

→

23 − 23

− 
= lim

→

(13 − 13)(13 + 13)

(13 − 13)(23 + 1313 + 23)

= lim
→

13 + 13

23 + 1313 + 23
=
213

323
=

2

313
or 2

3
−13

(c) () = 23 is continuous at  = 0 and

lim
→0

|0()| = lim
→0

2

3 ||13
=∞. This shows that

 has a vertical tangent line at  = 0.

(d)

59. () = |− 6| =

− 6 if − 6 ≥ 6
−(− 6) if − 6  0 =


− 6 if  ≥ 6
6−  if   6

So the right­hand limit is lim
→6+

()− (6)

− 6 = lim
→6+

|− 6|− 0
− 6 = lim

→6+

− 6
− 6 = lim

→6+
1 = 1, and the left­hand limit

is lim
→6−

()− (6)

− 6 = lim
→6−

|− 6|− 0
− 6 = lim

→6−
6− 

− 6 = lim
→6−

(−1) = −1. Since these limits are not equal,

 0(6) = lim
→6

()− (6)

− 6 does not exist and  is not differentiable at 6.

However, a formula for  0 is  0() =

−1 if   6

1 if   6

Another way of writing the formula is  0() = − 6
|− 6| .

60. () = [[]] is not continuous at any integer , so  is not differentiable

at  by the contrapositive of Theorem 4. If  is not an integer, then 

is constant on an open interval containing , so  0() = 0. Thus,

 0() = 0,  not an integer.

61. (a) () =  || =

2 if  ≥ 0
−2 if   0

(b) Since () = 2 for  ≥ 0, we have  0() = 2 for   0.

[See Exercise 19(d).] Similarly, since () = −2 for   0,

we have  0() = −2 for   0. At  = 0, we have

 0(0) = lim
→0

()− (0)

− 0 = lim
→0

 ||


= lim
→0

|| = 0

So  is differentiable at 0. Thus,  is differentiable for all .

(c) From part (b), we have  0() =


2 if  ≥ 0
−2 if   0


= 2 ||.
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63. Derivatives of Even and Odd Function Recall that a function f is called even if f(−x) = f(x) for all x in its

domain and odd if f(−x) = −f(x) for all such x. Prove each of the following.

(a) The derivative of an even function is an odd function.

(b) The derivative of an odd function is an even function.

Solution:
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(c) () =


2 if  ≥ 0

0 if   0
⇒ 0() =


2 if   0

0 if   0

Another way of writing the formula is 0() = 1 + sgn for  6= 0.

63. (a) If  is even, then

 0(−) = lim
→0

(− + )− (−)


= lim

→0

 [−(− )]− (−)



= lim
→0

(− )− ()


= − lim

→0

(− )− ()

− [let ∆ = −]

= − lim
∆→0

(+∆)− ()

∆
= − 0()

Therefore,  0 is odd.

(b) If  is odd, then

 0(−) = lim
→0

(−+ )− (−)


= lim

→0

 [−(− )]− (−)



= lim
→0

−(− ) + ()


= lim

→0

(− )− ()

− [let ∆ = −]

= lim
∆→0

(+∆)− ()

∆
=  0()

Therefore,  0 is even.

64. (a)  0−(4) = lim
→0−

(4 + )− (4)


= lim

→0−

5− (4 + )− 1



= lim
→0−

−


= −1

and

 0+(4) = lim
→0+

(4 + )− (4)


= lim

→0+

1

5− (4 + )
− 1



= lim
→0+

1− (1− )

(1− )
= lim

→0+

1

1− 
= 1

(b)

(c) () =


0 if  ≤ 0

5−  if 0    4

1(5− ) if  ≥ 4

At 4 we have lim
→4−

() = lim
→4−

(5− ) = 1 and lim
→4+

() = lim
→4+

1

5− 
= 1, so lim

→4
() = 1 = (4) and  is

continuous at 4. Since (5) is not defined,  is discontinuous at 5. These expressions show that  is continuous on the

intervals (−∞ 0), (0 4), (4 5) and (5∞). Since lim
→0+

() = lim
→0+

(5− ) = 5 6= 0 = lim
→0−

(), lim
→0

() does

not exist, so  is discontinuous (and therefore not differentiable) at 0.

(d) From (a),  is not differentiable at 4 since  0−(4) 6=  0+(4), and from (c),  is not differentiable at 0 or 5.
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