
Section 17.1 Second-Order Linear Equations

4. Solve the differential equation. y′′ + y′ − 12y = 0.

Solution:

17 SECOND-ORDER DIFFERENTIAL EQUATIONS

17.1 Second-Order Linear Equations

1. The auxiliary equation is 2 −  − 6 = 0 ⇒ ( − 3)( + 2) = 0 ⇒  = 3,  = −2. Then by (8) the general solution

is  = 1
3 + 2

−2.

2. The auxiliary equation is 2 − 6 + 9 = 0 ⇒ ( − 3)2 = 0 ⇒  = 3. Then by (10), the general solution is

 = 1
3 + 2

3.

3. The auxiliary equation is 2 + 2 = 0 ⇒  = ±√2 . Then by (11) the general solution is

 = 0

1 cos

√
2


+ 2 sin
√

2


= 1 cos
√

2


+ 2 sin
√

2

.

4. The auxiliary equation is 2 +  − 12 = 0 ⇒ ( − 3)( + 4) = 0 ⇒  = 3,  = −4. Then by (8) the general

solution is  = 1
3 + 2

−4.

5. The auxiliary equation is 42 + 4 + 1 = 0 ⇒ (2 + 1)2 = 0 ⇒  = − 1
2
. Then by (10), the general solution is

 = 1
−2 + 2

−2.

6. The auxiliary equation is 92 + 4 = 0 ⇒ 2 = − 4
9

⇒  = ± 2
3
, so the general solution is

 = 0

1 cos


2
3



+ 2 sin


2
3



= 1 cos


2
3



+ 2 sin


2
3


.

7. The auxiliary equation is 32 − 4 = (3 − 4) = 0 ⇒  = 0,  = 4
3
, so  = 1

0 + 2
43 = 1 + 2

43.

8. The auxiliary equation is 2 − 1 = ( − 1)( + 1) = 0 ⇒  = 1,  = −1. Then the general solution is

 = 1
 + 2

−.

9. The auxiliary equation is 2 − 4 + 13 = 0 ⇒  =
4±√−36

2
= 2± 3, so  = 2(1 cos 3+ 2 sin 3).

10. The auxiliary equation is 32 + 4 − 3 = 0 ⇒  =
−4±√52

6
=
−2±√13

3
, so

 = 1
(−2+

√
13 )3 + 2

(−2−√13 )3.

11. The auxiliary equation is 22 + 2 − 1 = 0 ⇒  =
−2±√12

4
=
−1±√3

2
, so  = 1

(−1+
√

3)2 + 2
(−1−√3)2.

12. The auxiliary equation is 2 + 6 + 34 = 0 ⇒  =
−6±√−100

2
= −3± 5, so  = −3(1 cos 5+ 2 sin 5).
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5. Solve the differential equation. 4y′′ + 4y′ + y = 0.

Solution:

17 SECOND-ORDER DIFFERENTIAL EQUATIONS

17.1 Second-Order Linear Equations

1. The auxiliary equation is 2 −  − 6 = 0 ⇒ ( − 3)( + 2) = 0 ⇒  = 3,  = −2. Then by (8) the general solution

is  = 1
3 + 2

−2.

2. The auxiliary equation is 2 − 6 + 9 = 0 ⇒ ( − 3)2 = 0 ⇒  = 3. Then by (10), the general solution is

 = 1
3 + 2

3.

3. The auxiliary equation is 2 + 2 = 0 ⇒  = ±√2 . Then by (11) the general solution is

 = 0

1 cos

√
2


+ 2 sin
√

2


= 1 cos
√

2


+ 2 sin
√

2

.

4. The auxiliary equation is 2 +  − 12 = 0 ⇒ ( − 3)( + 4) = 0 ⇒  = 3,  = −4. Then by (8) the general

solution is  = 1
3 + 2

−4.

5. The auxiliary equation is 42 + 4 + 1 = 0 ⇒ (2 + 1)2 = 0 ⇒  = − 1
2
. Then by (10), the general solution is

 = 1
−2 + 2

−2.

6. The auxiliary equation is 92 + 4 = 0 ⇒ 2 = − 4
9

⇒  = ± 2
3
, so the general solution is

 = 0

1 cos


2
3



+ 2 sin


2
3



= 1 cos


2
3



+ 2 sin


2
3


.

7. The auxiliary equation is 32 − 4 = (3 − 4) = 0 ⇒  = 0,  = 4
3
, so  = 1

0 + 2
43 = 1 + 2

43.

8. The auxiliary equation is 2 − 1 = ( − 1)( + 1) = 0 ⇒  = 1,  = −1. Then the general solution is

 = 1
 + 2

−.

9. The auxiliary equation is 2 − 4 + 13 = 0 ⇒  =
4±√−36

2
= 2± 3, so  = 2(1 cos 3+ 2 sin 3).

10. The auxiliary equation is 32 + 4 − 3 = 0 ⇒  =
−4±√52

6
=
−2±√13

3
, so

 = 1
(−2+

√
13 )3 + 2

(−2−√13 )3.

11. The auxiliary equation is 22 + 2 − 1 = 0 ⇒  =
−2±√12

4
=
−1±√3

2
, so  = 1

(−1+
√

3)2 + 2
(−1−√3)2.

12. The auxiliary equation is 2 + 6 + 34 = 0 ⇒  =
−6±√−100

2
= −3± 5, so  = −3(1 cos 5+ 2 sin 5).
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10. Solve the differential equation. 3y′′ + 4y′ − 3y = 0.

Solution:

17 SECOND-ORDER DIFFERENTIAL EQUATIONS

17.1 Second-Order Linear Equations

1. The auxiliary equation is 2 −  − 6 = 0 ⇒ ( − 3)( + 2) = 0 ⇒  = 3,  = −2. Then by (8) the general solution

is  = 1
3 + 2

−2.

2. The auxiliary equation is 2 − 6 + 9 = 0 ⇒ ( − 3)2 = 0 ⇒  = 3. Then by (10), the general solution is

 = 1
3 + 2

3.

3. The auxiliary equation is 2 + 2 = 0 ⇒  = ±√2 . Then by (11) the general solution is

 = 0

1 cos

√
2


+ 2 sin
√

2


= 1 cos
√

2


+ 2 sin
√

2

.

4. The auxiliary equation is 2 +  − 12 = 0 ⇒ ( − 3)( + 4) = 0 ⇒  = 3,  = −4. Then by (8) the general

solution is  = 1
3 + 2

−4.

5. The auxiliary equation is 42 + 4 + 1 = 0 ⇒ (2 + 1)2 = 0 ⇒  = − 1
2
. Then by (10), the general solution is

 = 1
−2 + 2

−2.

6. The auxiliary equation is 92 + 4 = 0 ⇒ 2 = − 4
9

⇒  = ± 2
3
, so the general solution is

 = 0

1 cos


2
3



+ 2 sin


2
3



= 1 cos


2
3



+ 2 sin


2
3


.

7. The auxiliary equation is 32 − 4 = (3 − 4) = 0 ⇒  = 0,  = 4
3
, so  = 1

0 + 2
43 = 1 + 2

43.

8. The auxiliary equation is 2 − 1 = ( − 1)( + 1) = 0 ⇒  = 1,  = −1. Then the general solution is

 = 1
 + 2

−.

9. The auxiliary equation is 2 − 4 + 13 = 0 ⇒  =
4±√−36

2
= 2± 3, so  = 2(1 cos 3+ 2 sin 3).

10. The auxiliary equation is 32 + 4 − 3 = 0 ⇒  =
−4±√52

6
=
−2±√13

3
, so

 = 1
(−2+

√
13 )3 + 2

(−2−√13 )3.

11. The auxiliary equation is 22 + 2 − 1 = 0 ⇒  =
−2±√12

4
=
−1±√3

2
, so  = 1

(−1+
√

3)2 + 2
(−1−√3)2.

12. The auxiliary equation is 2 + 6 + 34 = 0 ⇒  =
−6±√−100

2
= −3± 5, so  = −3(1 cos 5+ 2 sin 5).
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34. If a, b, and c are all positive constants and y(x) is a solution of the differential equation ay′′ + by′ + cy = 0, show

that lim
x→∞

y(x) = 0.

Solution:

722 ¤ CHAPTER 17 SECOND-ORDER DIFFERENTIAL EQUATIONS

30. 42 − 4 + 1 = (2 − 1)2 = 0 ⇒  = 1
2
and the general solution is  = 1

2 + 2
2. Then 4 = (0) = 1 and

0 = (2) = 1+ 22 ⇒ 2 = −2. The solution of the boundary-value problem is  = 42 − 22.

31. 2 + 4 + 20 = 0 ⇒  = −2± 4 and the general solution is  = −2(1 cos 4+ 2 sin 4). But 1 = (0) = 1 and

2 = () = 1
−2 ⇒ 1 = 22 , so there is no solution.

32. 2 + 4 + 20 = 0 ⇒  = −2± 4 and the general solution is  = −2(1 cos 4+ 2 sin 4). But 1 = (0) = 1 and

−2 = () = 1
−2 ⇒ 1 = 1, so 2 can vary and the solution of the boundary-value problem is

 = −2(cos 4+  sin 4), where  is any constant.

33. (a) Case 1 ( = 0): 00 +  = 0 ⇒ 00 = 0 which has an auxiliary equation 2 = 0 ⇒  = 0 ⇒  = 1 + 2

where (0) = 0 and () = 0. Thus, 0 = (0) = 1 and 0 = () = 2 ⇒ 1 = 2 = 0. Thus  = 0.

Case 2 (  0): 00 +  = 0 has auxiliary equation 2 = − ⇒  = ±√− [distinct and real since   0] ⇒

 = 1
√− + 2

−√− where (0) = 0 and () = 0. Thus 0 = (0) = 1 + 2 (∗) and

0 = () = 1
√− + 2

−√− (†).

Multiplying (∗) by 
√− and subtracting (†) gives 2



√− − −

√−


= 0 ⇒ 2 = 0 and thus 1 = 0 from (∗).

Thus  = 0 for the cases  = 0 and   0.

(b) 00 +  = 0 has an auxiliary equation 2 +  = 0 ⇒  = ±
√
 ⇒  = 1 cos

√
 + 2 sin

√
 where

(0) = 0 and () = 0. Thus, 0 = (0) = 1 and 0 = () = 2 sin
√
 since 1 = 0. Since we cannot have a trivial

solution, 2 6= 0 and thus sin
√
 = 0 ⇒

√
 =  where  is an integer ⇒  = 222 and

 = 2 sin() where  is an integer.

34. The auxiliary equation is 2 +  +  = 0. If 2 − 4  0, then any solution is of the form () = 1
1 + 2

2 where

1 =
−+

√
2 − 4

2
and 2 =

−−√2 − 4

2
. But , , and  are all positive so both 1 and 2 are negative and

lim→∞ () = 0. If 2 − 4 = 0, then any solution is of the form () = 1
 + 2

 where  = − (2)  0

since ,  are positive. Hence lim→∞ () = 0. Finally if 2 − 4  0, then any solution is of the form

() = (1 cos + 2 sin) where  = −(2)  0 since  and  are positive. Thus lim→∞ () = 0.

35. (a) 2 − 2 + 2 = 0 ⇒  = 1±  and the general solution is  =  (1 cos+ 2 sin). If () =  and () =  then

 (1 cos + 2 sin ) =  ⇒ 1 cos  + 2 sin  = − and  (1 cos + 2 sin ) =  ⇒

1 cos + 2 sin  = −. This gives a linear system in 1 and 2 which has a unique solution if the lines are not parallel.

If the lines are not vertical or horizontal, we have parallel lines if cos  =  cos  and sin =  sin  for some nonzero

constant  or
cos 

cos 
=  =

sin 

sin 
⇒ sin 

cos 
=

sin 

cos 
⇒ tan  = tan  ⇒ −  = ,  any integer. (Note that

none of cos , cos , sin , sin  are zero.) If the lines are both horizontal then cos  = cos  = 0 ⇒ −  = , and

similarly vertical lines means sin  = sin  = 0 ⇒ −  = . Thus the system has a unique solution if −  6= .
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