
Section 15.8 Triple Integrals in Spherical Coordinates

10. Write the equation in spherical coordinates. (a) z = x2 + y2 (b) z = x2 − y2.

Solution:
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8.  = cos ⇒ 2 =  cos ⇔ 2 + 2 + 2 =  ⇔ 2 + 2 + 2 −  + 1
4 =

1
4 ⇔ 2 + 2 + ( − 1

2 )
2 = 1

4 .

Therefore, the surface is a sphere of radius 1
2
centered at


0 0 1

2


.

9. (a) From Equation 2 we have 2 = 2 + 2 + 2, so 2 + 2 + 2 = 9 ⇔ 2 = 9 ⇒  = 3 (since  ≥ 0).

(b) From Equations 1 we have  =  sin cos ,  =  sin sin , and  =  cos, so the equation 2 − 2 − 2 = 1

becomes ( sin cos )2 − ( sin sin )2 − ( cos)2 = 1 ⇔ (2 sin2 )(cos2  − sin2 )− 2 cos2  = 1 ⇔

2(sin2  cos 2 − cos2 ) = 1.

10. (a)  =  sin cos ,  =  sin sin , and  =  cos, so the equation  = 2 + 2 becomes

 cos = ( sin cos )2 + ( sin sin )2 or  cos = 2 sin2 . If  6= 0, this becomes cos =  sin2 

or  = cos csc2  or  = cot csc. ( = 0 corresponds to the origin which is included in the surface.)

(b) The equation  = 2 − 2 becomes  cos = ( sin cos )2 − ( sin sin )2

or  cos = 2(sin2 )(cos2  − sin2 ) ⇔  cos = 2 sin2  cos 2. If  6= 0, this becomes
cos =  sin2  cos 2. ( = 0 corresponds to the origin which is included in the surface.)

11.  ≤ 1 represents the (solid) unit ball. 0 ≤  ≤ 
6
restricts the solid to that

portion on or above the cone  = 
6
, and 0 ≤  ≤  further restricts the

solid to that portion on or to the right of the plane.

12. 1 ≤  ≤ 2 represents the solid region between and including the spheres of
radii 1 and 2, centered at the origin. 

2
≤  ≤  restricts the solid to that

portion on or below the plane.

13. 1 ≤  ≤ 3 represents the solid region between and including the spheres of
radii 1 and 3, centered at the origin. 0 ≤  ≤ 

2 restricts the solid to that

portion on or above the plane.  ≤  ≤ 3
2 further restricts the solid to

the portion over the third quadrant.
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21. (a) Express the triple integral
∫∫∫

E
f(x, y, z) dV as an iterated integral in spherical coordinates for the given function

f and solid region E.

(b) Evaluate the iterated integral.
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15.8 Exercises

1–2 Plot the point whose spherical coordinates are given. Then  
find the rectangular coordinates of the point.

 1. (a) s2, 3�y4, �y2d (b) s4, 2�y3, �y4d

 2. (a) s5, �y2, �y3d (b) s6, 0, 5�y6d

3–4 Change from rectangular to spherical coordinates.

 3. (a) s3, 3, 0d (b) (1, 2s3 , 2 s3   )

 4. (a) s0, 4, 24d (b) (22, 2, 2 s6   )

5–6 Describe in words the surface whose equation is given.

 5. � − 3�y4 6. � 2 2 3� 1 2 − 0

7–8 Identify the surface whose equation is given.

 7. � cos � − 1 8. � − cos �

9–10 Write the equation in spherical coordinates.

 9. (a) x 2 1 y 2 1 z 2 − 9 (b) x 2 2 y 2 2 z 2 − 1

 10. (a) z − x 2 1 y 2 (b) z − x 2 2 y 2

11–14 Sketch the solid described by the given inequalities.

 11. � < 1, 0 < � < �y6, 0 < � < �

 12. 1 < � < 2, �y2 < � < �

 13. 1 < � < 3,  0 < � < �y2,  � < � < 3�y2

 14. � < 2,  � < csc �

 15.  A solid lies inside the sphere x 2 1 y 2 1 z2 − 4z and outside 
the cone z − sx 2 1 y 2 . Write a description of the solid in 
terms of inequalities involving spherical coordinates.

 16. (a)  Find inequalities that describe a hollow ball with diam-
eter 30 cm and thickness 0.5 cm. Explain how you have 
positioned the coordinate system that you have chosen.

 (b)  Suppose the ball is cut in half. Write inequalities that 
describe one of the halves.

17–18 Sketch the solid whose volume is given by the integral  
and evaluate the integral.

 17. y�y6

0
 y�y2

0
 y3

0
 �2 sin � d� d� d�

 18. y�y4

0
y2�

0
ysec �

0
 � 2 sin � d� d� d�

19–20 Set up the triple integral of an arbitrary continuous 
function f sx, y, zd in cylindrical or spherical coordinates over the 
solid shown.

 19.  20. z

x
y

z

x y2
1

3

2

21–22
(a) Express the triple integral yyyE  f sx, y, zd dV as an iterated 

integral in spherical coordinates for the given function f  and 
solid region E.

(b) Evaluate the iterated integral.

 21. f sx, y, zd − sx 2 1 y 2 1 z 2  22. f sx, y, zd − xy

≈+¥+z@=4

≈+¥+z@=9

E

x

z

y
≈+¥z=œ„„„„„„

≈+¥+z@=8

x
0

z

y

E

23–36 Use spherical coordinates.

 23.  Evaluate yyyB sx2 1 y2 1 z2 d2 dV, where B is the ball with  
center the origin and radius 5.

 24.  Evaluate yyyE y2z 2 dV, where E lies above the cone � − �y3 
and below the sphere � − 1.

 25.  Evaluate yyyE sx 2 1 y2d dV, where E lies between the spheres

  x 2 1 y 2 1 z 2 − 4 and x 2 1 y 2 1 z 2 − 9.

 26.  Evaluate yyyE y 2 dV, where E is the solid hemisphere

  x 2 1 y 2 1 z2 < 9, y > 0.

 27.  Evaluate yyyE xe x 21y21z2
 dV, where E is the portion of the

  unit ball x 2 1 y 2 1 z 2 < 1 that lies in the first octant.

 28.  Evaluate yyyE sx 2 1 y 2 1 z 2  dV, where E lies above the cone 

   z − sx 2 1 y 2  and between the spheres x 2 1 y 2 1 z 2 − 1 

and x 2 1 y 2 1 z 2 − 4.

 29.  Find the volume of the part of the ball � < a that lies between 
the cones � − �y6 and � − �y3.
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Solution:
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19. The solid  is most conveniently described if we use cylindrical coordinates:

 =

(  ) | 0 ≤  ≤ 

2
 0 ≤  ≤ 3 0 ≤  ≤ 2. Then


(  )  =

 2
0

 3
0

 2
0
( cos   sin  )    .

20. The solid  is most conveniently described if we use spherical coordinates:

 =

(  ) | 1 ≤  ≤ 2 

2
≤  ≤ 2 0 ≤  ≤ 

2


. Then


(  )  =

 2
0

 2
2

 2
1
( sin cos   sin sin   cos) 2 sin  .

21. (a) The solid can be described in spherical coordinates by  = {(  ) | 2 ≤  ≤ 3 
2
≤  ≤ 3

2
 
2
≤  ≤ }.

Thus,





2 + 2 + 2  =

 
2

 32
2

 3
2
 · 2 sin  .

(b)
 
2

 32
2

 3
2
3 sin  =

 
2

sin
 32
2


 3
2
3 

=

− cos

=
=2



=32
=2


4

4

=3
=2

= (1)() · 1
4
(81− 16) = 65

4

22. (a) The solid can be described in spherical coordinates by  = {(  ) | 0 ≤  ≤ 2√2, 0 ≤  ≤ 2, 0 ≤  ≤ 
4
}.

Thus,



  =

 4
0

 2
0

 2√2
0

 sin cos  ·  sin sin  · 2 sin  .

(b)
 4
0

 2
0

 2√2
0

4 sin3  cos  sin     =
 4
0

sin3 
 2
0
cos  sin  

 2√2
0

4 . Since 2
0
cos  sin   = 1

2

 2
0
sin 2  = 1

2

− 1
2
cos 2

2
0
= − 1

4
(1− 1) = 0, the original iterated integral equals 0.

23. In spherical coordinates,  is represented by {(  ) | 0 ≤  ≤ 5 0 ≤  ≤ 2 0 ≤  ≤  }. Thus,

(2 + 2 + 2)2  =

 
0

 2
0

 5
0
(2)22 sin   =

 
0
sin

 2
0


 5
0
6 

=
− cos

0



2
0


1
7

7
5
0
= (2)(2)


78,125
7


= 312,500

7
 ≈ 140,2497

24. In spherical coordinates,  is represented by

(  )

 0 ≤  ≤ 1 0 ≤  ≤ 2 0 ≤  ≤ 
3


. Thus,


22  =

 3
0

 2
0

 1
0
( sin sin )2( cos)2 2 sin 

=
 3
0

sin3  cos2 
 2
0
sin2  

 1
0
6 

=
 3
0

(1− cos2 ) cos2  sin  2
0

1
2 (1− cos 2) 

 1
0
6 

=

1
5 cos

5 − 1
3 cos

3 
3
0


1
2 − 1

4 sin 2
2
0


1
7

7
1
0

=

1
5


1
2

5 − 1
3


1
2

3 − 1
5
+ 1

3


( − 0)  1

7
− 0 = 47

480
·  · 1

7
= 47

3360


25. In spherical coordinates,  is represented by {(  ) | 2 ≤  ≤ 3 0 ≤  ≤ 2 0 ≤  ≤  } and
2 + 2 = 2 sin2  cos2  + 2 sin2  sin2  = 2 sin2 


cos2  + sin2 


= 2 sin2 . Thus,

[continued]
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28. Evaluate
∫∫∫

E

√
x2 + y2 + z2 dV , where E lies above the cone z =

√
x2 + y2 and between the spheres x2+y2+z2 = 1

and x2 + y2 + z2 = 4.

Solution:
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(2 + 2)  =

 
0

 2
0

 3
2
(2 sin2 ) 2 sin   =

 
0
sin3 

 2
0


 3
2
4 

=
 
0
(1− cos2 ) sin   2

0


1
5
5
3
2
=
− cos+ 1

3
cos3 


0
(2) · 1

5
(243− 32)

=

1− 1

3 + 1− 1
3


(2)


211
5


= 1688

15

26. In spherical coordinates,  is represented by {(  ) | 0 ≤  ≤ 3 0 ≤  ≤  0 ≤  ≤  }. Thus,

2  =

 
0

 
0

 3
0
( sin sin )2 2 sin   =

 
0
sin3 

 
0
sin2  

 3
0
4 

=
 
0
(1− cos2 ) sin  

0
1
2
(1− cos 2)   3

0
4 

=
− cos+ 1

3
cos3 


0


1
2


 − 1

2
sin 2


0


1
5
5
3
0

=

2
3
+ 2

3

 
1
2

 

1
5
(243)


=

4
3

 

2

 
243
5


= 162

5

27. In spherical coordinates,  is represented by

(  )

 0 ≤  ≤ 1 0 ≤  ≤ 
2  0 ≤  ≤ 

2


. Thus,




2+2+2  =
 2
0

 2
0

 1
0
( sin cos )

2
2 sin  =

 2
0

sin2 
 2
0

cos  
 1
0
3

2


=
 2
0

1
2
(1− cos 2)   2

0
cos  


1
2
2

2
1
0
−  1

0


2




integrate by parts with  = 2,  = 

2



=

1
2
− 1

4
sin 2

2
0

[sin ]20


1
2
2

2 − 1
2


2
1
0
=


4
− 0 (1− 0) 0 + 1

2


= 

8

28. In spherical coordinates, the cone  =

2 + 2 is equivalent to  = 4 (as in Example 4) and  is represented by

{(  ) | 1 ≤  ≤ 2 0 ≤  ≤ 2 0 ≤  ≤ 4}. Also,2 + 2 + 2 =

2 = , so




2 + 2 + 2  =

 4
0

 2
0

 2
1
 · 2 sin   =  4

0
sin

 2
0


 2
1
3 

= [− cos]40



2
0


1
4
4
2
1
=

−
√
2
2
+ 1

(2) · 1

4
(16− 1) = 15

2


1−

√
2
2


29. The solid region is given by  =


(  ) | 0 ≤  ≤  0 ≤  ≤ 2 

6
≤  ≤ 

3


and its volume is

 =



 =

 3
6

 2
0

 
0
2 sin   =

 3
6

sin
 2
0


 
0
2 

= [− cos]3
6 []

2
0


1
3
3

0
=

− 1
2
+
√
3
2


(2)


1
3
3

=
√
3−1
3

3

30. If we center the ball at the origin, then the ball is given by

 = {(  ) | 0 ≤  ≤  0 ≤  ≤ 2 0 ≤  ≤ } and the distance from any point (  ) in the ball to the

center (0 0 0) is

2 + 2 + 2 = . Thus, the average distance is

1

 ()




  =
1

4
3

3

 

0

 2

0

 

0

 · 2 sin   = 3

43

 

0

sin

 2

0



 

0


3


=
3

43
−cos

0



2
0


1
4
4

0
=

3

43
(2)(2)


1
4
4

= 3

4
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30. Use spherical coordinates. Find the average distance from a point in a ball of radius a to its center.

Solution:
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25. In spherical coordinates,  is represented by

(  )

 0 ≤  ≤ 1 0 ≤  ≤ 
2
 0 ≤  ≤ 

2


. Thus




2+2+2  =
 2
0

 2
0

 1

0
( sin cos )

2

2 sin  =
 2
0

sin2 
 2
0

cos  
 1

0
3

2



=
 2
0

1
2
(1− cos 2) 

 2
0

cos  


1
2
2

2
1
0
−  1

0


2





integrate by parts with  = 2,  = 

2




=


1
2
− 1

4
sin 2

2
0

[sin ]
2

0


1
2
2

2 − 1
2


2
1
0

=


4
− 0

(1− 0)


0 + 1

2


= 

8

26. In spherical coordinates, the cone  =

2 + 2 is equivalent to  = 4 (as in Example 4) and  is represented by

{(  ) | 1 ≤  ≤ 2 0 ≤  ≤ 2 0 ≤  ≤ 4}. Also

2 + 2 + 2 =


2 = , so




2 + 2 + 2  =

 4
0

 2

0

 2

1
 · 2 sin   =

 4
0

sin
 2

0

 2

1
3 

= [− cos]
4

0



2
0


1
4
4
2
1

=

−
√

2
2

+ 1


(2) · 1
4
(16− 1) = 15

2


1−

√
2

2


27. The solid region is given by  =


(  ) | 0 ≤  ≤  0 ≤  ≤ 2 

6
≤  ≤ 

3


and its volume is

 =



 =

 3
6

 2

0

 
0
2 sin   =

 3
6

sin
 2

0

 
0
2 

= [− cos]
3

6
[]

2

0


1
3
3

0

=

− 1

2
+
√

3
2


(2)


1
3
3


=
√

3−1
3

3

28. If we center the ball at the origin, then the ball is given by

 = {(  ) | 0 ≤  ≤  0 ≤  ≤ 2 0 ≤  ≤ } and the distance from any point (  ) in the ball to the

center (0 0 0) is

2 + 2 + 2 = . Thus the average distance is

1

 ()




  =
1

4
3
3

 

0

 2

0

 

0

 · 2
sin  =

3

43

 

0

sin

 2

0



 

0


3


=
3

43

−cos

0



2
0


1
4
4

0

=
3

43
(2)(2)


1
4
4


= 3
4


29. (a) Since  = 4 cos implies 2 = 4 cos ⇔ 2 + 2 + 2 = 4 ⇔ 2 + 2 + (− 2)2 = 4, the equation is that of

a sphere of radius 2 with center at (0 0 2). Thus

 =
 2

0

 3
0

 4 cos

0
2 sin =

 2

0

 3
0


1
3
3
=4 cos

=0
sin =

 2

0

 3
0


64
3

cos3

sin

=
 2

0

− 16
3

cos4
=3

=0
 =

 2

0
− 16

3


1
16
− 1

 = 5

2
0

= 10

(b) By the symmetry of the problem =  = 0. Then

 =
 2

0

 3
0

 4 cos

0
3 cos sin  =

 2

0

 3
0

cos sin

64 cos4




=
 2

0
64
− 1

6
cos6

=3

=0
 =

 2

0
21
2
 = 21

Hence (  ) = (0 0 21(10)) = (0 0 21).

30. In spherical coordinates, the sphere 2 + 2 + 2 = 4 is equivalent to  = 2 and the cone  =

2 + 2 is represented

by  = 
4
(as in Example 4). Thus, the solid is given by


(  )

 0 ≤  ≤ 2 0 ≤  ≤ 2 
4
≤  ≤ 

2


and
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