
Section 15.4 Applications of Double Integrals

8. Find the mass and center of mass of the lamina that occupies the region D and has the given density function ρ.

D is the triangular region enclosed by the lines y = 0, y = 2x, and x+ 2y = 1; ρ(x, y) = x

Solution:
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5.  =
 2

0

 3−
2

(+ )   =
 2

0


 + 1

2
2
=3−
=2

 =
 2

0


(3− ) + 1

2
(3− )2 − 1

2
2 − 1

8
2



=
 2

0

− 9
8
2 + 9

2


 =

− 9
8


1
3
3


+ 9
2

2
0

= 6,

 =
 2

0

 3−
2

(2 + )   =
 2

0


2 + 1

2
2

=3−
=2

 =
 2

0


9
2
− 9

8
3

 = 9

2
,

 =
 2

0

 3−
2

( + 2)   =
 2

0


1
2
2 + 1

3
3
=3−
=2

 =
 2

0


9− 9

2


 = 9.

Hence = 6, ( ) =











=


3

4

3

2


.

6. Here =

( ) | 0 ≤  ≤ 2

5
 2 ≤  ≤ 1− 2


.

 =
 25

0

 1−2

2
 =

 25

0


1
2
2
=1−2

=2
 = 1

2

 25

0


(1− 2)

2 −  1
2

2



= 1
2

 25

0


15
4
2 − 4 + 1


 = 1

2


5
4
3 − 22 + 

25
0

= 1
2


2
25
− 8

25
+ 2

5


= 2

25
,

 =
 25

0

 1−2

2
 ·  =

 25

0


1
3
3
=1−2

=2
 = 1

3

 25

0


(1− 2)

3 −  1
2

3



= 1
3

 25

0

− 65
8
3 + 122 − 6 + 1


 = 1

3

− 65
32
4 + 43 − 32 + 

25
0

= 1
3

− 13
250

+ 32
125
− 12

25
+ 2

5


= 31

750
,

 =
 25

0

 1−2

2
 ·  =

 25

0



1
2
2
=1−2

=2
 = 1

2

 25

0



15
4
2 − 4 + 1




= 1
2

 25

0


15
4
3 − 42 + 


 = 1

2


15
16
4 − 4

3
3 + 1

2
2
25
0

= 1
2


3

125
− 32

375
+ 2

25


= 7

750
.

Hence = 2
25
, ( ) =


31750

225


7750

225


=


31
60
 7

60


.

7.  =
 1

−1

 1−2
0

   = 
 1

−1


1
2
2
=1−2
=0

 = 1
2

 1

−1
(1− 2)2  = 1

2

 1

−1
(1− 22 + 4) 

= 1
2


− 2

3
3 + 1

5
5
1
−1

= 1
2


1− 2

3
+ 1

5
+ 1− 2

3
+ 1

5


= 8

15
,

 =
 1

−1

 1−2
0

   = 
 1

−1


1
2
2

=1−2
=0

 = 1
2

 1

−1
 (1− 2)2  = 1

2

 1

−1
(− 23 + 5) 

= 1
2



1
2
2 − 1

2
4 + 1

6
6
1
−1

= 1
2



1
2
− 1

2
+ 1

6
− 1

2
+ 1

2
− 1

6


= 0,

 =
 1

−1

 1−2
0

2   = 
 1

−1


1
3
3
=1−2
=0

 = 1
3

 1

−1
(1− 2)3  = 1

3

 1

−1
(1− 32 + 34 − 6) 

= 1
3


− 3 + 3

5
5 − 1

7
7
1
−1

= 1
3


1− 1 + 3

5
− 1

7
+ 1− 1 + 3

5
− 1

7


= 32

105
.

Hence = 8
15
, ( ) =


0

32105

815


=

0 4

7


.

8. The boundary curves intersect when  + 2 = 2 ⇔ 2 − − 2 = 0 ⇔  = −1,  = 2. Thus here

 =

( ) | −1 ≤  ≤ 2 2 ≤  ≤ + 2


.

 =
 2

−1

 +2

2
2   = 

 2

−1
2


=+2

=2
 = 

 2

−1
(3 + 22 − 4) 

= 


1
4
4 + 2

3
3 − 1

5
5
2
−1

= 


44
15

+ 13
60


= 63

20
,
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13. A lamina occupies the part of the disk x2 + y2 ≤ 1 in the first quadrant. Find its center of mass if the density at

any point is proportional to its distance from the x-axis.

Solution:
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 =
 2

−1

 +2

2
3   = 

 2

−1
3


=+2

=2
 = 

 2

−1
(4 + 23 − 5) 

= 


1
5
5 + 1

2
4 − 1

6
6
2
−1

= 


56
15
− 2

15


= 18

5
,

 =
 2

−1

 +2

2
2   = 

 2

−1
2


1
2
2
=+2

=2
 = 1

2

 2

−1
2 (2 + 4+ 4− 4) 

= 1
2

 2

−1
(4 + 43 + 42 − 6)  = 1

2



1
5
5 + 4 + 4

3
3 − 1

7
7
2
−1

= 1
2



1552
105

+ 41
105


= 531

70
.

Hence = 63
20
, ( ) =


185

6320


53170

6320


=


8
7
 118

49


.

9.  =
 1

0

 −
0

   =
 1

0



1
2
2
=−
=0

 = 1
2

 1

0


−

2
 = 1

2

 1

0
−2 


integrate by parts with
 =   = −2 


= 1

2

− 1
4
(2+ 1)−2

1
0

= − 1
8


3−2 − 1


= 1

8
− 3

8
−2,

 =
 1

0

 −
0

2   =
 1

0
2


1
2
2
=−
=0

 = 1
2

 1

0
2−2  [integrate by parts twice]

= 1
2

− 1
4


22 + 2+ 1


−2

1
0

= − 1
8


5−2 − 1


= 1

8
− 5

8
−2,

 =
 1

0

 −
0

2   =
 1

0



1
3
3
=−
=0

 = 1
3

 1

0
−3 

= 1
3

− 1
9
(3+ 1)−3

1
0

= − 1
27


4−3 − 1


= 1

27
− 4

27
−3.

Hence = 1
8


1− 3−2


, ( ) =


1
8


1− 5−2


1
8

(1− 3−2)


1
27


1− 4−3


1
8

(1− 3−2)


=


2 − 5

2 − 3


8

3 − 4


27 (3 − 3)


.

10. Note that cos ≥ 0 for −2 ≤  ≤ 2.

 =
 2
−2

 cos 

0
   =

 2
−2


1
2
2
=cos 

=0
 = 1

2

 2
−2 cos2  = 1

2


1
2
+ 1

4
sin 2

2
−2 = 

4
,

 =
 2
−2

 cos 

0
   =

 2
−2 


1
2
2
=cos 

=0
 = 1

2

 2
−2  cos2


integrate by parts with

 =   = cos2  


= 1

2





1
2
+ 1

4
sin 2

2
−2 −

 2
−2


1
2
 + 1

4
sin 2





= 1
2


1
8
2 − 1

8
2 −  1

4
2 − 1

8
cos 2

2
−2


= 1

2


0−  1

16
2 + 1

8
− 1

16
2 − 1

8


= 0,

 =
 2
−2

 cos 

0
2   =

 2
−2


1
3
3
=cos 

=0
 = 1

3

 2
−2 cos3 = 1

3

 2
−2(1− sin2) cos

[substitute  = sin ⇒  = cos]

= 1
3


sin− 1

3
sin3

2
−2 = 1

3


1− 1

3
+ 1− 1

3


= 4

9
.

Hence = 
4
, ( ) =


0

49

4


=

0 16

9


.

11. ( ) = ,  =



  =

 2
0

 1

0
( sin )    = 

 2
0

sin  
 1

0
2 

= 
− cos 

2
0


1
3
3
1
0

= (1)


1
3


= 1

3
,

 =



 ·   =

 2
0

 1

0
( cos )( sin )    = 

 2
0

sin  cos  
 1

0
3 

= 


1
2

sin2 
2
0


1
4
4
1
0

= 


1
2

 
1
4


= 1

8
,
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 =



 ·   =

 2
0

 1

0
( sin )2    = 

 2
0

sin2  
 1

0
3 

= 


1
2
 − 1

4
sin 2

2
0


1
4
4
1
0

= 


4

 
1
4


= 

16
.

Hence ( ) =

8

3

16

3


=


3
8
 3

16


.

12. ( ) = (2 + 2) = 2,  =
 2
0

 1

0
3   = 

8
,

 =
 2
0

 1

0
4 cos    = 1

5

 2
0

cos   = 1
5


sin 

2
0

= 1
5
,

 =
 2
0

 1

0
4 sin    = 1

5

 2
0

sin   = 1
5

− cos 

2
0

= 1
5
.

Hence ( ) =


8
5
 8

5


.

13. ( ) = 

2 + 2 = ,

=



( ) =

 
0

 2

1
 ·   

= 
 
0

 2

1
2  = ()


1
3
3
2
1

= 7
3
,

 =



( ) =

 
0

 2

1
( cos )()    = 

 
0

cos  
 2

1
3 

= 

sin 


0


1
4
4
2
1

= (0)


15
4


= 0

[this is to be expected as the region and density

function are symmetric about the y-axis]

 =



( ) =

 
0

 2

1
( sin )()    = 

 
0

sin  
 2

1
3 

= 
− cos 


0


1
4
4
2
1

= (1 + 1)


15
4


= 15

2


Hence ( ) =

0

152

73


=

0 45

14


.

14. Now ( ) =  

2 + 2 = , so

 =



( ) =

 
0

 2

1
()    = 

 
0

 2

1
 = ()(1) = ,

 =



( ) =

 
0

 2

1
( cos )()    = 

 
0

cos  
 2

1
 

= 

sin 


0


1
2
2
2
1

= (0)


3
2


= 0,

 =



( ) =

 
0

 2

1
( sin )()    = 

 
0

sin  
 2

1
 

= 
− cos 


0


1
2
2
2
1

= (1 + 1)


3
2


= 3.

Hence ( ) =

0 3




=

0 3




.

15. Placing the vertex opposite the hypotenuse at (0 0), ( ) = (2 + 2). Then

 =
 
0

 −

0


2 + 2


  = 

 
0


2 − 3 + 1

3
(− )

3

 = 


1
3
3 − 1

4
4 − 1

12
(− )

4

0

= 1
6
4.

[continued]
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18. A lamina occupies the region inside the circle x2 + y2 = 2y but outside the circle x2 + y2 = 1. Find the center of

mass if the density at any point is inversely proportional to its distance from the origin.

Solution:

556 ¤ CHAPTER 15 MULTIPLE INTEGRALS

By symmetry,  =  =
 
0

 −

0
(2 + 2)   = 

 
0


1
2
(− )22 + 1

4
(− )4




= 


1
6
23 − 1

4
4 + 1

10
5 − 1

20
(− )5


0

= 1
15
5

Hence ( ) =


2
5
 2

5


.

16. ( ) = 

2 + 2 = .

 =

 56

6

 2 sin 

1




   = 

 56

6

[(2 sin )− 1] 

= 
−2 cos  − 

56
6

= 2
√

3− 
3


By symmetry of and () = , = 0, and

 =
 56

6

 2 sin 

1
 sin    = 1

2

 56

6
(4 sin3  − sin ) 

= 1
2

−3 cos  + 4

3
cos3 

56
6

=
√

3 

Hence ( ) =


0 3

√
3

2(3
√

3−)


.

17.  =



2( ) =

 3

1

 4

1
2 · 2   = 

 3

1

 4

1
4  =  []

3

1


1
5
5
4
1

= (2)


1023
5


= 4092,

 =



2( )  =

 3

1

 4

1
2 · 2   = 

 3

1
2 

 4

1
2  = 


1
3
3
3
1


1
3
3
4
1

= 


26
3


(21) = 182,

and 0 =  +  = 4092 + 182 = 5912.

18.  =



2( ) =

 25

0

 1−2

2
2 ·  =

 25

0
2


1
2
2
=1−2

=2
 = 1

2

 25

0
2( 15

4
2 − 4 + 1) 

= 1
2

 25

0
( 15

4
4 − 43 + 2)  = 1

2


3
4
5 − 4 + 1

3
3
25
0

= 16
9375

,

 =



2( )  =

 25

0

 1−2

2
2 ·  =

 25

0


1
4
4
=1−2

=2
 = 1

4

 25

0


(1− 2)4 − 1

16
4



= 1
4

 25

0
( 255

16
4 − 323 + 242 − 8 + 1)  = 1

4


51
16
5 − 84 + 83 − 42 + 

25
0

= 78
3125

,

and 0 =  +  = 16
9375

+ 78
3125

= 2
75
.

19. As in Exercise 15, we place the vertex opposite the hypotenuse at (0 0) and the equal sides along the positive axes.

 =
 
0

 −
0

2(2 + 2)   = 
 
0

 −
0

(22 + 4)   = 
 
0


1
3
23 + 1

5
5
=−
=0



= 
 
0


1
3
2(− )3 + 1

5
(− )5


 = 


1
3


1
3
33 − 3

4
24 + 3

5
5 − 1

6
6
− 1

30
(− )6


0

= 7
180

6,

 =
 
0

 −
0

2(2 + 2)   = 
 
0

 −
0

(4 + 22)   = 
 
0


4 + 1

3
23

=−
=0



= 
 
0


4 (− ) + 1

3
2 (− )

3

 = 


1
5
5 − 1

6
6 + 1

3


1
3
33 − 3

4
24 + 3

5
5 − 1

6
6


0
= 7

180
6,

and 0 =  +  = 7
90
6.
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