
Section 14.6 Directional Derivatives and the Gradient Vector

12. Let f(x, y, z) = y2exyz, P (0, 1,−1), u =
〈

3
13 ,

4
13 ,

12
13

〉
.

(a) Find the gradient of f .

(b) Evaluate the gradient at the point P .

(c) Find the rate of change of f at P in the direction of the vector u.

Solution:
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7. ( ) = arctan() ⇒ ( ) =


1 + ()2
and ( ) =



1 + ()2
. If u is a unit vector in the direction

 = 34, then from Equation 6,

u(2−3) = (2−3) cos

3

4


+ (2−3) sin


3

4


= − 3

37


−
√
2

2


+
2

37

√
2

2


=
5
√
2

74
.

8. ( ) = 2

(a) ∇( ) = 


i+




j = 2 i+ 2 j

(b) ∇(3 0) = 2(3)0 i+ 320 j = 6 i+ 9 j

(c) By Equation 9,u(3 0) = ∇(3 0) · u = (6i+ 9 j) ·

3
5
i− 4

5
j

= 18

5
− 36

5
= − 18

5
.

9. ( ) =  = −1

(a) ∇( ) = 


i+




j = −1 i+ (−−2) j = 1


i− 

2
j

(b) ∇(2 1) = 1

1
i− 2

12
j = i− 2 j

(c) By Equation 9,u (2 1) = ∇(2 1) · u = (i− 2 j) ·

3
5
i+ 4

5
j

= 3

5
− 8

5
= −1.

10. ( ) = 2 ln 

(a) ∇( ) = 


i+




j = 2 ln  i+ (2) j

(b) ∇(3 1) = 0 i+ (91) j = 9 j

(c) By Equation 9,u (3 1) = ∇(3 1) · u = 9 j ·
− 5

13
i+ 12

13
j

= 0 + 108

13
= 108

13
.

11. (  ) = 2 − 3

(a) ∇(  ) = h(  ) (  ) (  )i =

2 − 3 2 − 3 2 − 32

(b) ∇(2−1 1) = h−4 + 1 4− 2−4 + 6i = h−3 2 2i

(c) By Equation 14,u(2−1 1) = ∇(2−1 1) · u = h−3 2 2i ·

0 4

5
− 3

5


= 0 + 8

5
− 6

5
= 2

5
.

12. (  ) = 2

(a) ∇(  ) = h(  ) (  ) (  )i =

2() 2 · () +  · 2 2()

=

3 (2 + 2) 3


(b) ∇(0 1−1) = h−1 2 0i

(c) u(0 1−1) = ∇(0 1−1) · u = h−1 2 0i ·

3
13
 4
13
 12
13


= − 3

13
+ 8

13
+ 0 = 5

13

13. ( ) =  sin  ⇒ ∇( ) = h sin   cos i, ∇(0 3) =
√

3
2  12


, and a

unit vector in the direction of v is u = 1√
(−6)2+82

h−6 8i = 1
10
h−6 8i = − 3

5
 4
5


, so

u (0 3) = ∇(0 3) · u =
√

3
2  12


· − 3

5 
4
5


= − 3

√
3

10 + 4
10 =

4−3√3
10 .
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17. Find the directional derivative of the function at the given point in the direction of the vector v.

f(x, y, z) = x2y + y2z, (1, 2, 3), v =< 2,−1, 2 >

Solution:

SECTION 14.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR ¤ 447

14. ( ) = 2− ⇒ ∇( ) =

2−


i +

−2−

j, ∇(3 0) = 6 i− 9 j, and a unit vector in the direction of v

is u = 1√
32+42

(3 i + 4 j) = 1
5
(3 i + 4 j), sou (3 0) = ∇(3 0) · u = (6 i− 9 j) · 1

5
(3 i + 4 j) = 1

5
(18− 36) = − 18

5
.

15. (  ) = 2 + 2 ⇒ ∇(  ) =

2 2 + 2 2


, ∇(1 2 3) = h4 13 4i, and a unit

vector in the direction of v is u = 1√
4+1+4

h2−1 2i = 1
3
h2−1 2i, so

u (1 2 3) = ∇(1 2 3) · u = h4 13 4i · 1
3
h2−1 2i = 1

3
(8− 13 + 8) = 3

3
= 1.

16. (  ) = 2 tan−1  ⇒ ∇(  ) =


2 tan−1  2 tan−1 

2

1 + 2


,

∇(2 1 1) =

1 · 

4
 4 · 

4
 2

1+1


=


4
  1


, and a unit vector in the direction of v is u = 1√

1+1+1
h1 1 1i = 1√

3
h1 1 1i,

sou (2 1 1) = ∇(2 1 1) · u =


4
  1

 · 1√
3
h1 1 1i = 1√

3



4

+  + 1


= 1√
3


5
4

+ 1

.

17. (  ) =  +  +  ⇒ ∇(  ) = h +   +   + i,∇(0 0 0) = h1 1 1i, and a unit

vector in the direction of v is u = 1√
25+1+4

h5 1−2i = 1√
30
h5 1−2i, so

u (0 0 0) = ∇(0 0 0) · u = h1 1 1i · 1√
30
h5 1−2i = 4√

30
.

18. u(2 2) = ∇(2 2) · u, the scalar projection of∇(2 2) onto u, so we draw a

perpendicular from the tip of∇(2 2) to the line containing u. We can use the

point (2 2) to determine the scale of the axes, and we estimate the length of the

projection to be approximately 3.0 units. Since the angle between∇(2 2) and u

is greater than 90◦, the scalar projection is negative. Thusu (2 2) ≈ −3.

19. ( ) =

 ⇒ ∇( ) =


1
2
()−12() 1

2
()−12()


=




2






2




, so∇(2 8) =


1 1

4


.

The unit vector in the direction of
−−→
 = h5− 2 4− 8i = h3−4i is u =


3
5
− 4

5


, so

u (2 8) = ∇(2 8) · u =

1 1

4

 ·  3
5
− 4

5


= 2

5
.

20. (  ) = 23 ⇒ ∇(  ) =

23 23 322


, so∇(2 1 1) = h1 4 6i. The unit vector

in the direction of
−−→
 = h−2−4 4i is u = 1√

4+16+16
h−2−4 4i = 1

6
h−2−4 4i, so

u (2 1 1) = ∇(2 1 1) · u = h1 4 6i · 1
6
h−2−4 4i = 1

6
(−2− 16 + 24) = 1.

21. ( ) = 4
√
 ⇒ ∇( ) =


4 · 1

2
−12 4

√



= h2√ 4√ i.

∇(4 1) = h1 8i is the direction of maximum rate of change, and the maximum rate is |∇(4 1)| = √1 + 64 =
√

65.

22. (  ) =
+ 


⇒ ∇(  ) =


1



1


−+ 

2


,∇(1 1−1) = h−1−1−2i. Thus the maximum rate of

change is |∇(1 1−1)| = √1 + 1 + 4 =
√

6 in the direction h−1−1−2i.
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32. Find the maximum rate of change of f at the given point and the direction in which it occurs.

f(p, q, r) = arctan(pqr), (1, 2, 1)

Solution:

448 ¤ CHAPTER 14 PARTIAL DERIVATIVES

23. ( ) = sin() ⇒ ∇( ) = h cos()  cos()i,∇(1 0) = h0 1i. Thus the maximum rate of change is

|∇(1 0)| = 1 in the direction h0 1i.

24. (  ) =  ln() ⇒ ∇(  ) =


ln()  · 


  · 




=


ln()










, ∇(1 2 1

2
) =


0 1

2
 2

. Thus

the maximum rate of change is
∇(1 2 1

2
)
 =


0 + 1

4
+ 4 =


17
4

=
√

17
2

in the direction

0 1

2
 2

or equivalently

h0 1 4i.

25. (  ) = ( + ) = ( + )−1 ⇒

∇(  ) =

1( + )−( + )−2(1)−( + )−2(1)


=


1

 + 
− 

( + )2
− 

( + )2


,

∇(8 1 3) =


1
4
− 8

42
− 8

42


=


1
4
− 1

2
− 1

2


. Thus the maximum rate of change is

|∇(8 1 3)| =


1
16

+ 1
4

+ 1
4

=


9
16

= 3
4
in the direction


1
4
− 1

2
− 1

2


or equivalently h1−2−2i.

26. (  ) = arctan() ⇒ ∇(  ) =




1 + ()2




1 + ()2




1 + ()2


,∇(1 2 1) =


2
5
 1

5
 2

5


. Thus

the maximum rate of change is |∇(1 2 1)| =


4
25

+ 1
25

+ 4
25

=


9
25

= 3
5
in the direction


2
5
 1

5
 2

5


or equivalently

h2 1 2i.

27. (a) As in the proof of Theorem 15,u  = |∇ | cos . Since the minimum value of cos  is −1 occurring when  = , the

minimum value ofu  is − |∇ | occurring when  = , that is when u is in the opposite direction of∇
(assuming∇ 6= 0).

(b) ( ) = 4 − 23 ⇒ ∇( ) =

43 − 23 4 − 322


, so  decreases fastest at the point (2−3) in the

direction −∇(2−3) = − h12−92i = h−12 92i.

28. ( ) = 2 + 3 ⇒ ∇( ) =

2+ 3 32


so∇(2 1) = h5 6i. If u = h i is a unit vector in the desired

direction thenu(2 1) = 2 ⇔ h5 6i · h i = 2 ⇔ 5+ 6 = 2 ⇔  = 1
3
− 5

6
. But 2 + 2 = 1 ⇔

2 +


1
3
− 5

6

2

= 1 ⇔ 61
36
2 − 5

9
+ 1

9
= 1 ⇔ 612 − 20− 32 = 0. By the quadratic formula, the solutions are

 =
−(−20)±


(−20)2 − 4(61)(−32)

2(61)
=

20±√8208

122
=

10± 6
√

57

61
. If  =

10 + 6
√

57

61
≈ 09065 then

 =
1

3
− 5

6


10 + 6

√
57

61


≈ −04221, and if  =

10− 6
√

57

61
≈ −05787 then  =

1

3
− 5

6


10− 6

√
57

61


≈ 08156.

Thus the two directions giving a directional derivative of 2 are approximately h09065−04221i and h−05787 08156i.

29. The direction of fastest change is∇( ) = (2− 2) i + (2 − 4) j, so we need to find all points ( ) where∇( ) is

parallel to i + j ⇔ (2− 2) i + (2 − 4) j =  (i + j) ⇔  = 2− 2 and  = 2 − 4. Then 2− 2 = 2 − 4 ⇒
 = + 1 so the direction of fastest change is i + j at all points on the line  =  + 1.
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51. Find equations of (a) the tangent plane and (b) the normal line to the given surface at the specified point.

x+ y + z = exyz, (0, 0, 1)

Solution:

SECTION 14.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR ¤ 1419

48. Let  (  ) = 2 + 2 − . Then  = 2 + 2 + 1 ⇔ 2 + 2 −  = −1 is a level surface of  .
(  ) = −1 ⇒ (3 1−1) = −1, (  ) = 2 ⇒ (3 1−1) = 2, and (  ) = 2 ⇒
(3 1−1) = −2.

(a) By Equation 19, an equation of the tangent plane at (3 1−1) is (−1)(− 3) + 2( − 1) + (−2)[ − (−1)] = 0 or

−+ 2 − 2 = 1 or − 2 + 2 = −1.

(b) By Equation 20, the normal line has symmetric equations − 3−1 =
 − 1
2

=
 − (−1)
−2 or equivalently

− 3 =  − 1
−2 =

 + 1

2
and parametric equations  = 3− ,  = 1 + 2,  = −1− 2.

49. Let  (  ) = 23. Then 23 = 8 is a level surface of  and∇ (  ) = 23 23 322.
(a) ∇ (2 2 1) = h4 8 24i is a normal vector for the tangent plane at (2 2 1), so an equation of the tangent plane is
4(− 2) + 8( − 2) + 24( − 1) = 0 or 4+ 8 + 24 = 48 or equivalently + 2 + 6 = 12.

(b) The normal line has direction∇ (2 2 1) = h4 8 24i or equivalently h1 2 6i, so parametric equations are  = 2 + ,

 = 2 + 2,  = 1+ 6, and symmetric equations are − 2 =  − 2
2

=
 − 1
6
.

50. Let  (  ) =  +  + . Then  +  +  = 5 is a level surface of  and∇ (  ) = h +  +  + i.

(a) ∇ (1 2 1) = h3 2 3i is a normal vector for the tangent plane at (1 2 1), so an equation of the tangent plane
is 3(− 1) + 2( − 2) + 3( − 1) = 0 or 3+ 2 + 3 = 10.

(b) The normal line has direction h3 2 3i, so parametric equations are  = 1 + 3,  = 2 + 2,  = 1 + 3, and symmetric

equations are − 1
2

=
 − 2
1

=
 − 1
3
.

51. Let  (  ) = +  +  −  . Then +  +  =  is the level surface  (  ) = 0,

and∇ (  ) = h1−  1−  1− i.

(a) ∇ (0 0 1) = h1 1 1i is a normal vector for the tangent plane at (0 0 1), so an equation of the tangent plane
is 1(− 0) + 1( − 0) + 1( − 1) = 0 or +  +  = 1.

(b) The normal line has direction h1 1 1i, so parametric equations are  = ,  = ,  = 1 + , and symmetric equations are

 =  =  − 1.

52. Let  (  ) = 4 + 4 + 4 − 3222. Then 4 + 4 + 4 = 3222 is the level surface  (  ) = 0,

and∇ (  ) = 43 − 622 43 − 622 43 − 622.
(a) ∇ (1 1 1) = h−2−2−2i or equivalently h1 1 1i is a normal vector for the tangent plane at (1 1 1), so an equation
of the tangent plane is 1(− 1) + 1( − 1) + 1( − 1) = 0 or +  +  = 3.

(b) The normal line has direction h1 1 1i, so parametric equations are  = 1 + ,  = 1 + ,  = 1 + , and symmetric

equations are − 1 =  − 1 =  − 1 or equivalently  =  = .
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1



57. Show that the equation of the tangent plane to the ellipsoid x2/a2 + y2/b2 + z2/c2 = 1 at the point (x0, y0, z0) can

be written as
xx0

a2
+

yy0
b2

+
zz0
c2

= 1

Solution:

1420 ¤ CHAPTER 14 PARTIAL DERIVATIVES

53.  (  ) =  +  +  ⇒  +  +  = 3 is the level

surface  (  ) = 3. ∇ (  ) = h +  +   + i ⇒
∇ (1 1 1) = h2 2 2i, and an equation of the tangent plane is
2+ 2 + 2 = 6 or +  +  = 3. The normal line is given by

− 1 =  − 1 =  − 1 or  =  = . To graph the surface we solve

for :  = 3− 

+ 
.

54.  (  ) =  ⇒  = 6 is the level surface  (  ) = 6.

∇ (  ) = h  i ⇒ ∇ (1 2 3) = h6 3 2i, and an
equation of the tangent plane is 6+ 3 + 2 = 18. The normal line is

given by − 1
6

=
 − 2
3

=
 − 3
2

or  = 1 + 6,  = 2 + 3,

 = 3 + 2. To graph the surface we solve for :  = 6


.

55. ( ) =  ⇒ ∇( ) = h i and∇(3 2) = h2 3i. Since
∇(3 2) is perpendicular to the tangent line, the tangent line has equation
∇(3 2) · h− 3  − 2i = 0 ⇒ h2 3i · h− 3 − 2i = 0 ⇒
2(− 3) + 3( − 2) = 0 or 2+ 3 = 12.

56. ( ) = 2 + 2 − 4 ⇒ ∇( ) = h2− 4 2i and
∇(1 2) = h−2 4i. Since∇(1 2) is perpendicular to the tangent line,
the tangent line has equation∇(1 2) · h− 1  − 2i = 0 ⇒
h−2 4i · h− 1  − 2i = 0 ⇒ −2(− 1) + 4( − 2) = 0 ⇔
−2+ 4 = 6 or equivalently −+ 2 = 3.

57.  (  ) = 22 + 22 + 22. Then 22 + 22 + 22 = 1 is the level surface  (  ) = 1 and

∇ (0 0 0) =

20
2


20
2


20
2


. Thus, an equation of the tangent plane at (0 0 0) is
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20
2

+
20
2

 +
20
2

 = 2


20
2
+

20
2
+

20
2


= 2(1) = 2 since (0 0 0) is a point on the ellipsoid. Hence

0

2
+

0

2
 +

0

2
 = 1 is an equation of the tangent plane.

58.  (  ) = 22 + 22 − 22. Then 22 + 22 − 22 = 1 is the level surface  (  ) = 1 and

∇ (0 0 0) =

20
2


20
2


−20
2


, so an equation of the tangent plane at (0 0 0) is

20
2

+
20
2

 − 20
2

 = 2


20
2
+

20
2
− 20

2


= 2 or 0

2
+

0

2
 − 0

2
 = 1.

59.  (  ) = 22 + 22 − . Then  = 22 + 22 is the level surface  (  ) = 0 and

∇ (0 0 0) =

20
2


20
2


−1



, so an equation of the tangent plane is 20

2
+

20
2

 − 1


 =

220
2

+
220
2
− 0



or 20
2

+
20
2

 =



+ 2


20
2
+

20
2


− 0


. But 0


=

20
2
+

20
2
, so the equation can be written as

20
2

+
20
2

 =
 + 0


.

60. Let  (  ) = 2 + 2 +22; then the ellipsoid 2 + 2 +22 = 1 is a level surface of  . ∇ (  ) = h2 2 4i is
a normal vector to the surface at (  ) and so it is a normal vector for the tangent plane there. The tangent plane is parallel

to the plane + 2+  = 1 when the normal vectors of the planes are parallel, so we need a point (0 0 0) on the ellipsoid

where h20 20 40i =  h1 2 1i for some  6= 0. Comparing components we have 20 =  ⇒ 0 = 2,

20 = 2 ⇒ 0 = , 40 =  ⇒ 0 = 4. (0 0 0) = (2  4) lies on the ellipsoid, so

(2)2 + 2 + 2(4)2 = 1 ⇒ 11
8
2 = 1 ⇒ 2 = 8

11
⇒  = ±2


2
11
. Thus the tangent planes at the points


2
11
 2


2
11
 1
2


2
11


and


−


2
11
−2


2
11
− 1

2


2
11


are parallel to the given plane.

61. The hyperboloid 2 − 2 − 2 = 1 is a level surface of  (  ) = 2 − 2 − 2 and∇ (  ) = h2−2−2i is a
normal vector to the surface and hence a normal vector for the tangent plane at (  ). The tangent plane is parallel to the

plane  = +  or +  −  = 0 if and only if the corresponding normal vectors are parallel, so we need a point (0 0 0)

on the hyperboloid where h20−20−20i =  h1 1−1i or equivalently h0−0−0i =  h1 1−1i for some  6= 0.
Then we must have 0 = , 0 = −, 0 =  and substituting into the equation of the hyperboloid gives

2 − (−)2 − 2 = 1 ⇔ −2 = 1, an impossibility. Thus there is no such point on the hyperboloid.

62. First note that the point (1 1 2) is on both surfaces. The ellipsoid 32 + 22 + 2 = 9 is a level surface of

 (  ) = 32 + 22 + 2 and∇ (  ) = h6 4 2i. A normal vector to the surface at (1 1 2) is
∇ (1 1 2) = h6 4 4i and an equation of the tangent plane there is 6(− 1) + 4( − 1) + 4( − 2) = 0 or
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60. At what point on the ellipsoid x2+y2+2z2 = 1 is the tangent plane parallel to the plane x+2y+z = 1? Solution:
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20
2

+
20
2

 +
20
2

 = 2


20
2
+

20
2
+

20
2


= 2(1) = 2 since (0 0 0) is a point on the ellipsoid. Hence

0

2
+

0

2
 +

0

2
 = 1 is an equation of the tangent plane.

58.  (  ) = 22 + 22 − 22. Then 22 + 22 − 22 = 1 is the level surface  (  ) = 1 and

∇ (0 0 0) =

20
2


20
2


−20
2


, so an equation of the tangent plane at (0 0 0) is

20
2

+
20
2

 − 20
2

 = 2


20
2
+

20
2
− 20

2


= 2 or 0

2
+

0

2
 − 0

2
 = 1.

59.  (  ) = 22 + 22 − . Then  = 22 + 22 is the level surface  (  ) = 0 and

∇ (0 0 0) =

20
2


20
2


−1



, so an equation of the tangent plane is 20

2
+

20
2

 − 1


 =

220
2

+
220
2
− 0



or 20
2

+
20
2

 =



+ 2


20
2
+

20
2


− 0


. But 0


=

20
2
+

20
2
, so the equation can be written as

20
2

+
20
2

 =
 + 0


.

60. Let  (  ) = 2 + 2 +22; then the ellipsoid 2 + 2 +22 = 1 is a level surface of  . ∇ (  ) = h2 2 4i is
a normal vector to the surface at (  ) and so it is a normal vector for the tangent plane there. The tangent plane is parallel

to the plane + 2+  = 1 when the normal vectors of the planes are parallel, so we need a point (0 0 0) on the ellipsoid

where h20 20 40i =  h1 2 1i for some  6= 0. Comparing components we have 20 =  ⇒ 0 = 2,

20 = 2 ⇒ 0 = , 40 =  ⇒ 0 = 4. (0 0 0) = (2  4) lies on the ellipsoid, so

(2)2 + 2 + 2(4)2 = 1 ⇒ 11
8
2 = 1 ⇒ 2 = 8

11
⇒  = ±2


2
11
. Thus the tangent planes at the points


2
11
 2


2
11
 1
2


2
11


and


−


2
11
−2


2
11
− 1

2


2
11


are parallel to the given plane.

61. The hyperboloid 2 − 2 − 2 = 1 is a level surface of  (  ) = 2 − 2 − 2 and∇ (  ) = h2−2−2i is a
normal vector to the surface and hence a normal vector for the tangent plane at (  ). The tangent plane is parallel to the

plane  = +  or +  −  = 0 if and only if the corresponding normal vectors are parallel, so we need a point (0 0 0)

on the hyperboloid where h20−20−20i =  h1 1−1i or equivalently h0−0−0i =  h1 1−1i for some  6= 0.
Then we must have 0 = , 0 = −, 0 =  and substituting into the equation of the hyperboloid gives

2 − (−)2 − 2 = 1 ⇔ −2 = 1, an impossibility. Thus there is no such point on the hyperboloid.

62. First note that the point (1 1 2) is on both surfaces. The ellipsoid 32 + 22 + 2 = 9 is a level surface of

 (  ) = 32 + 22 + 2 and∇ (  ) = h6 4 2i. A normal vector to the surface at (1 1 2) is
∇ (1 1 2) = h6 4 4i and an equation of the tangent plane there is 6(− 1) + 4( − 1) + 4( − 2) = 0 or
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