
Section 14.5 The Chain Rule

3. Use the Chain Rule to find dz/dt. z = xy3 − x2y, x = t2 + 1, y = t2 − 1.

Solution:
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4. The level curves of ( ) =


1 + 

1 + 

13

− 1 are


1 + 

1 + 

13

− 1 =  ⇒ 1 + 

1 + 
= (1 + )3 ⇒

 =
1 + 

(1 + )3
− 1.

From the level curves, we see that increasing  (from 0) by a small

amount has a similar effect on the value of  as decreasing  by a small

amount. However, for larger changes, a decrease in  gives greater

values of  than a similar increase in .

14.5 The Chain Rule

1.  = 3 − 2,  = 2 + 1,  = 2 − 1 ⇒



=








+








= (3 − 2)(2) + (32 − 2)(2) = 2(3 − 2 + 32 − 2)

2.  =
− 

+ 2
,  = ,  = − ⇒




=








+








=

( + 2)(1)− (− )(1)

( + 2)2
() +

( + 2)(−1)− (− )(2)

(+ 2)2
(−−)

=
3

(+ 2)2
() +

−3

(+ 2)2
(−−) =

3

(+ 2)2


 + −


3.  = sin cos ,  =

√
,  = 1 ⇒




=








+








= (cos cos )


1
2
−12


+ (− sin sin )

−−2


=
1

2
√

cos cos  +

1

2
sin sin 

4.  =
√

1 + ,  = tan ,  = arctan  ⇒




=








+








= 1

2
(1 + )−12() · sec2  + 1

2
(1 + )−12() · 1

1 + 2

=
1

2
√

1 + 


 sec2  +



1 + 2



5.  =  ,  = 2,  = 1− ,  = 1 + 2 ⇒



=








+








+








=  · 2 + 


1




· (−1) + 


− 

2


· 2 = 


2− 


− 2

2



6.  = tan−1(),  = ,  = 1− − ⇒



=








+








=

1

1 + ()2
(−−2) ·  +

1

1 + ()2
(1) · (−−)(−1)

= − 

2 + 2
·  +

1

+ 2
· − =

− − 

2 + 2
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14. Use the Chain Rule to find ∂z/∂s and ∂z/∂t.

z =
√
xexy, x = 1 + st, y = s2 − t2

Solution:
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7.  = (− )5,  = 2,  = 2 ⇒



=








+








= 5(− )4(1) · 2+ 5(− )4(−1) · 2 = 5(− )4


2− 2





=








+








= 5(− )4(1) · 2 + 5(− )4(−1) · 2 = 5(− )4


2 − 2


8.  = tan−1(2 + 2),  =  ln ,  =  ⇒




=








+








=

2

1 + (2 + 2)
2
· ln  +

2

1 + (2 + 2)
2
· 

=
2

1 + (2 + 2)
2

( ln  + )




=








+








=

2

1 + (2 + 2)
2
· 


+
2

1 + (2 + 2)
2
· 

=
2

1 + (2 + 2)
2




+ 


9.  = ln(3+ 2),  =  sin ,  =  cos  ⇒



=








+








=

3

3+ 2
(sin ) +

2

3+ 2
(− sin ) =

3 sin − 2 sin 

3+ 2




=








+








=

3

3+ 2
( cos ) +

2

3+ 2
(cos ) =

3 cos + 2cos 

3 + 2

10.  =
√
 ,  = 1 + ,  = 2 − 2 ⇒




=








+








=
√

 · () +  · 1
2
−12


() +

√
() (2) =



√
 +



2
√


+ 232







=








+








=
√

 · () +  · 1
2
−12


() +

√
() (−2) =



√
+



2
√

− 232




11.  =  cos ,  = ,  =
√
2 + 2 ⇒




=








+








=  cos  · + (− sin ) · 1

2
(2 + 2)−12(2) =  cos  −  sin  · √

2 + 2

= 

 cos  − √

2 + 2
sin 





=








+








=  cos  · + (− sin ) · 1

2
(2 + 2)−12(2) =  cos  −  sin  · √

2 + 2

= 

 cos  − √

2 + 2
sin 



12.  = arcsin(− ),  = 2 + 2,  = 1− 2 ⇒



=








+








=

1
1− (− )2

(1) · 2+
1

1− (− )2
(−1) · (−2) =

2+ 2
1− (− )2




=








+








=

1
1− (− )2

(1) · 2+
1

1− (− )2
(−1) · (−2) =

2+ 2
1− (− )2
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38. Use Equations 6 to find ∂z/∂x and ∂z/∂y. yz + x ln y = z2

Solution:

SECTION 14.5 THE CHAIN RULE ¤ 437

When  = −1,  = 2, and  = 1 we have  = 2,  = 4, and  = −1, so



= −4(−4 + 8) = 4−4,




= −4(1− 8) = −7−4, and




= −4(−8− 16) = −24−4.

27.  cos = 2 + 2, so let  ( ) =  cos− 2 − 2 = 0. Then by Equation 6




= −


= −− sin− 2

cos− 2
=

2+  sin

cos− 2
.

28. cos() = 1 + sin , so let  ( ) = cos()− 1− sin  = 0. Then by Equation 6




= −


= − − sin()()

− sin()()− cos 
= −  sin()

cos  +  sin()
.

29. tan−1(2) = + 2, so let  ( ) = tan−1(2)− − 2 = 0. Then

( ) =
1

1 + (2)2
(2)− 1− 2 =

2

1 + 42
− 1− 2 =

2 − (1 + 2)(1 + 42)

1 + 42
,

( ) =
1

1 + (2)2
(2)− 2 =

2

1 + 42
− 2 =

2 − 2(1 + 42)

1 + 42

and



= −


= − [2 − (1 + 2)(1 + 42)](1 + 42)

[2 − 2(1 + 42)](1 + 42)
=

(1 + 2)(1 + 42)− 2

2 − 2(1 + 42)

=
1 + 42 + 2 + 44 − 2

2 − 2 − 253

30.  sin = + , so let  ( ) =  sin− −  = 0. Then



= −


= − cos− 1− 

 sin− 
=

1 +  −  cos

 sin− 
.

31. 2 + 22 + 32 = 1, so let  (  ) = 2 + 22 + 32 − 1 = 0. Then by Equations 7




= −


= −2

6
= − 

3
and




= −


= −4

6
= −2

3
.

32. 2 − 2 + 2 − 2 = 4, so let  (  ) = 2 − 2 + 2 − 2 − 4 = 0. Then by Equations 7




= −


= − 2

2 − 2
=



1− 
and




= −


= − −2

2 − 2
=



 − 1
.

33.  = , so let  (  ) =  −  = 0. Then



= −


= − −

 − 
=



 − 
and




= −


= − −

 − 
=



 − 
.

34.  +  ln  = 2, so let  (  ) =  +  ln  − 2 = 0. Then



= −


= − ln 

 − 2
=

ln 

2 − 
and




= −


= − + ()

 − 2
=

+ 

2 − 2
.
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49. Assume that all the given functions are differentiable. If z = f(x, y), where x = r cos θ and y = r sin θ, (a) find

∂z/∂r and ∂z/∂θ and (b) show that(
∂z

∂x

)2

+

(
∂z

∂y

)2

=

(
∂z

∂r

)2

+
1

r2

(
∂z

∂θ

)2

Solution:
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45. (a) By the Chain Rule,



=




cos  +




sin ,




=




(− sin ) +




 cos .

(b)






2
=






2
cos2  + 2








cos  sin  +






2
sin2 ,






2
=






2
2 sin2  − 2








2 cos  sin  +






2
2 cos2 . Thus






2
+

1

2






2
=






2
+






2
(cos2  + sin2 ) =






2
+






2
.

46.



=




+




and




=




− 


. Thus








=






2

−





2

.

47. Let  = −  and  = + . Then  =
1


[() + ()] and




=

1











+










+ [() + ()]


− 1

2


=

1


[ 0()(1) + 0()(1)]− 1

2
[() + ()] =

1


[ 0() + 0()]− 1

2
[() + ()]




=

1











+










=

1


[ 0()(−1) + 0()(1)] =

1


[− 0() + 0()]

2

2
=

1







[− 0()]




+




[0()]






=

1


[− 00()(−1) + 00()(1)] =

1


[ 00() + 00()]

Thus






2 




=




( [ 0() + 0()]− [() + ()])

=  [ 00()(1) + 00()(1)] + [ 0() + 0()] (1)− [ 0()(1) + 0()(1)]

=  [ 00() + 00()] +  0() + 0()−  0()− 0() =  [ 00() + 00()]

= 2 · 1


[ 00() + 00()] = 2 

2

2

48. Let  = +  and  = − . Then  =
1


[() + ()] and




=

1











+










=

1


[ 0()() + 0()()] =




[ 0() + 0()]

2

2
=









[ 0()]




+




[0()]






=




[ 00()() + 00()()] =

2


[ 00() + 00()]




=

1











+










+ [() + ()]


− 1

2


=

1


[ 0()(1) + 0()(−1)]− 1

2
[() + ()] =

1


[ 0()− 0()]− 1

2
[() + ()]

[continued]
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52. If u = f(x, y), where x = es cos t and t = es sin t, show that

∂2u

∂x2
+

∂2u

∂y2
= e−2s

[
∂2u

∂s2
+

∂2u

∂t2

]
Solution:
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51. Let  = + ,  = − . Then  = () + (), so  =  0() and  = 0().

Thus, 

=








+








=  0()− 0() and

2

2
= 




[ 0()− 0()] = 


 0()





− 0()








= 2 00() + 200().

Similarly, 


=  0() + 0() and 2

2
=  00() + 00(). Thus, 

2

2
= 2

2

2
.

52. By the Chain Rule, 


=  cos 



+  sin 




and 


= − sin  


+  cos 




.

Then 2

2
=  cos 




+  cos 











+  sin 




+  sin 











. But











=

2

2



+

2

 




=  cos 

2

2
+  sin 

2

 
and











=

2

2



+

2






=  sin 

2

2
+  cos 

2


.

Also, by continuity of the partials, 2


=

2

 
. Thus,

2

2
=  cos 




+  cos 


 cos 

2

2
+  sin 

2




+  sin 




+  sin 


 sin 

2

2
+  cos 

2




=  cos 




+  sin 




+ 2 cos2 

2

2
+ 22 cos  sin 

2


+ 2 sin2 

2

2

Similarly,
2

2
= − cos  


−  sin 











−  sin 




+  cos 











= − cos  


−  sin 


− sin  

2

2
+  cos 

2




− sin  


+  cos 


 cos 

2

2
−  sin 

2




= − cos  


−  sin 




+ 2 sin2 

2

2
− 22 cos  sin  2


+ 2 cos2 

2

2

Thus, −2

2

2
+

2

2


= (cos2 + sin2 )


2

2
+

2

2


=

2

2
+

2

2
, as desired.

53.



=




2+




2. Then

2

 
=









2


+









2



=
2

2



2+














2+








2+

2

2



2 +














2 +




2

= 4
2

2
+

2

 
42 + 0 + 4

2

2
+

2

 
42 + 2





By the continuity of the partials, 2


= 4

2

2
+ 4

2

2
+ (42 + 42)

2


+ 2




.
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59. Suppose that the equation F (x, y, z) = 0 implicitly defines each of the three variables x, y, and z as functions of the

other two: z = f(x, y), y = g(x, z), x = h(y, z). If F is differentiable and Fx, Fy, and Fz are all nonzero, show that

∂z

∂x

∂x

∂y

∂y

∂z
= −1

Solution:
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()
( ) · ()


+



()
( ) · ()


= 



()
( ) + 



()
( ) = −1( ).

Setting  = 1:  


( ) + 




( ) = ( ).

(b) Differentiating both sides of ( ) = ( ) with respect to  using the Chain Rule, we get



()
( ) · ()


+



()
( ) · ()


= 



()
( ) + 



()
( ) = −1( ) and

differentiating again with respect to  gives




2

 ()2
( ) ·  ()


+

2

 ()  ()
( ) ·  ()





+ 


2

 ()  ()
( ) ·  ()


+

2

 ()2
( ) ·  ()




= (− 1)−1( ).

Setting  = 1 and using the fact that  = , we have 2 + 2 + 2 = (− 1)( ).

58. Differentiating both sides of ( ) = ( ) with respect to  using the Chain Rule, we get




( ) =




[( )] ⇔



 ()
( ) ·  ()


+



 ()
( ) ·  ()


= 




( ) ⇔ ( ) = ( ).

Thus, ( ) = −1( ).

59.  (  ) = 0 is assumed to define  as a function of  and , that is,  = ( ). So by (6), 


= −


since  6= 0.

Similarly, it is assumed that  (  ) = 0 defines  as a function of  and , that is  = ( ). Then  (( )  ) = 0

and by the Chain Rule, 



+ 




+ 




= 0. But 


= 0 and 


= 1, so 




+  = 0 ⇒ 


= −


.

A similar calculation shows that 


= −


. Thus, 










=


−




−




−




= −1.

60. Given a function defined implicitly by  ( ) = 0, where  is differentiable and  6= 0, we know that 


= −


. Let

( ) = −


so 


= ( ). Differentiating both sides with respect to  and using the Chain Rule gives

2

2
=








+








where 


=






−




= − − 

 2


, 


=





−




= − − 

 2


.

Thus, 2

2
=


− − 

 2



(1) +


− − 

 2



−




= −

2
 −  −  + 

2


 3


But  has continuous second derivatives, so by Clauraut’s Theorem,  =  and we have

2

2
= −

2
 − 2 + 

2


 3


as desired.
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