
Section 14.3 Partial Derivatives

32. Find the first partial derivatives of the function. u = x
y
z .

Solution:
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26. ( ) = arctan


√

 ⇒ ( ) =

1

1 +


√

2 ·√ =

√


1 + 2
,

( ) =
1

1 +


√

2 · 1

2
−12


=



2
√
 (1 + 2)

27.  = sin cos ⇒ 


= cos cos,




= − sin sin

28. ( ) =  ⇒ ( ) = −1, ( ) =  ln

29.  ( ) =

 



cos(

)  ⇒ ( ) =





 



cos




 = cos(


) by the Fundamental Theorem of Calculus, Part 1;

( ) =




 



cos




 =






−
 



cos







= − 



 



cos




 = − cos(


).

30.  ( ) =

 




3 + 1  ⇒

( ) =




 




3 + 1  =






−
 




3 + 1 


= − 



 




3 + 1  = −


3 + 1 by the Fundamental

Theorem of Calculus, Part 1; ( ) =




 




3 + 1  =


3 + 1.

31. (  ) = 32 + 2 ⇒ (  ) = 322, (  ) = 32 + 2, (  ) = 23 + 2

32. (  ) = 2− ⇒ (  ) = 2

 · −(−) + − · 1 = (1− )2− , (  ) = 2− ,

(  ) = 2−(−) = −22−

33.  = ln(+ 2 + 3) ⇒ 


=

1

+ 2 + 3
,



=

2

+ 2 + 3
,



=

3

+ 2 + 3

34.  =  tan( + 2) ⇒ 


=  [sec2( + 2)](1) =  sec2( + 2),




= tan( + 2),




=  [sec2(+ 2)](2) = 2 sec2(+ 2)

35.  =  sin−1() ⇒ 


=  sin−1(),




=  · 1

1− ()2
()+ sin−1() · =


1− 22

+ sin−1(),




=  · 1

1− ()2
() =

2
1− 22

36.  =  ⇒  =



()−1,  =  ln · 1


=




ln,  =  ln · −

2
= −

2
ln
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44. Use implicit differentiation to find ∂z/∂x and ∂z/∂y.

yz + x ln y = z2

Solution:
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() =




() ⇒ 




= 






+  · 1


⇒ 




− 




=  ⇒ ( − )




= , so




=



 − 
.

50.  +  ln  = 2 ⇒ 


( +  ln ) =




(2) ⇒ 




+ ln  = 2




⇒ ln  = 2




− 




⇒

ln  = (2 − )



, so




=

ln 

2 − 
.




( +  ln ) =




(2) ⇒ 




+  · 1 +  · 1


= 2




⇒  +




= 2




− 




⇒

 +



= (2 − )




, so




=

 + ()

2 − 
=

 + 

(2 − )
.

51. (a)  = () + () ⇒ 


=  0(),




= 0()

(b)  = ( + ). Let  =  + . Then



=








=




(1) =  0() =  0( + ),




=








=




(1) =  0() =  0(+ ).

52. (a)  = ()() ⇒ 


=  0()(),




= ()0()

(b)  = (). Let  = . Then



=  and




= . Hence




=








=




·  =  0() =  0()

and



=








=




·  =  0() =  0().

(c)  = 







. Let  =




. Then




=

1


and




= − 

2
. Hence




=








=  0()

1


=

 0()


and



=








=  0()


− 

2


= − 0()

2
.

53. ( ) = 4 − 232 ⇒ ( ) = 43 − 622, ( ) = 4 − 43. Then ( ) = 122 − 122,

( ) = 43 − 122, ( ) = 43 − 122, and ( ) = −43.

54. ( ) = ln( + ) ⇒ ( ) =


 + 
= ( + )−1, ( ) =



+ 
= ( + )−1. Then

( ) = −( + )−2() = − 2

(+ )2
, ( ) = −( + )−2() = − 

(+ )2
,

( ) = −(+ )−2() = − 

(+ )2
, and ( ) = −( + )−2() = − 2

( + )2
.
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49. Find all the second partial derivatives.

z =
y

2x+ 3y

Solution:
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46. (a)  = ()() ⇒ 


=  0()(), 


= ()0()

(b)  = (). Let  = . Then 


=  and 


= . Hence 


=







=




·  =  0() =  0()

and 


=







=




·  =  0() =  0().

(c)  = 







. Let  = 


. Then 


=
1


and 


= − 

2
. Hence 


=








=  0()

1


=

 0()


and 


=







=  0()


− 

2


= − 0()

2
.

47. ( ) = 4 − 232 ⇒ ( ) = 4
3 − 622, ( ) = 4 − 43. Then ( ) = 122 − 122,

( ) = 4
3 − 122, ( ) = 4

3 − 122, and ( ) = −43.

48. ( ) = ln(+ ) ⇒ ( ) =


+ 
= (+ )−1, ( ) =



+ 
= (+ )−1. Then

( ) = −(+ )−2() = − 2

(+ )2
, ( ) = −(+ )−2() = − 

(+ )2
,

( ) = −(+ )−2() = − 

(+ )2
, and ( ) = −(+ )−2() = − 2

(+ )2
.

49.  =


2+ 3
= (2+ 3)−1 ⇒  = (−1)(2+ 3)−2(2) = − 2

(2+ 3)2
,

 =
(2+ 3) · 1−  · 3

(2+ 3)2
=

2

(2+ 3)2
. Then  = −2(−2)(2+ 3)−3(2) = 8

(2+ 3)3
,

 = − (2+ 3)
2 · 2− 2 · 2(2+ 3)(3)
[(2+ 3)2]2

= − (2+ 3) (4+ 6 − 12)
(2+ 3)4

=
6 − 4
(2+ 3)3

,

 =
(2+ 3)2 · 2− 2 · 2(2+ 3)(2)

[(2+ 3)2]2
=

6 − 4
(2+ 3)3

,  = 2(−2)(2+ 3)−3(3) = − 12

(2+ 3)3
.

50.  = −2 cos  ⇒  = −2−2 cos ,  = −−2 sin . Then  = −2−2(−2) cos  = 4−2 cos ,

 = 2
−2 sin ,  = −−2(−2) sin  = 2−2 sin ,  = −−2 cos .

51.  = sin(2 − 2) ⇒  = cos(
2 − 2) · 2 = 2 cos(2 − 2),  = cos(2 − 2) · (−2) = −2 cos(2 − 2). Then

 = 2
− sin(2 − 2) · 2+ cos(2 − 2) · 2 = 2 cos(2 − 2)− 42 sin(2 − 2),

 = 2
− sin(2 − 2) · (−2)+ cos(2 − 2) · 0 = 4 sin(2 − 2),

 = −2
− sin(2 − 2) · 2+ cos(2 − 2) · 0 = 4 sin(2 − 2),

 = −2
− sin(2 − 2) · (−2)+ cos(2 − 2) · (−2) = −2 cos(2 − 2)− 42 sin(2 − 2).
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62. Find the indicated partial derivative(s). V = ln(r + s2 + t3); ∂3V
∂r∂s∂t

Solution:
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60.  =  sin  ⇒  =  sin ,  =  cos  + (sin )( ·  +  · 1) = ( cos  +  sin  + sin ),

 =  cos  + (sin )() = (cos  +  sin ),

 =  · sin  + (cos  +  sin ) ·  = (sin  +  cos  +  sin ). Thus  = .

61.  = cos(2) ⇒  = − sin(2) · 2 = −2 sin(2),

 = −2 · cos(2) · 2 + sin(2) · (−2) = −23 cos(2) − 2 sin(2) and

 = − sin(2) ·2 = −2 sin(2),  = −2 · cos(2) · 2+sin(2) · (−2) = −23 cos(2)− 2 sin(2).

Thus  = .

62.  = ln( + 2) ⇒  =
1

 + 2
= ( + 2)−1,  = (−1)( + 2)−2(2) = − 2

(+ 2)
2
and

 =
1

+ 2
· 2 = 2(+ 2)−1,  = (−2)(+ 2)−2 = − 2

(+ 2)
2
. Thus  = .

63. ( ) = 42 − 3 ⇒  = 432 − 32,  = 1222 − 6,  = 242 − 6 and

 = 83 − 32,  = 242 − 6.

64. ( ) = sin(2+ 5) ⇒  = cos(2+ 5) · 5 = 5 cos(2+ 5),  = −5 sin(2+ 5) · 2 = −10 sin(2+ 5),

 = −10 cos(2 + 5) · 5 = −50 cos(2+ 5)

65. (  ) = 
2 ⇒  = 

2 · 2 = 2
2

,  = 2 · 2(2) + 
2 · 2 = (4 + 2)

2

,

 = (4 + 2) · 2(2) + 
2 · (43 + 2) = (2225 + 63 + 2)

2

.

66. (  ) =  sin() ⇒  =  sin(),  =  cos() ·  =  cos(),

 = (− sin() · ) + cos() ·  = [cos()−  sin()].

67.  =
√
+ 2 ⇒ 


= 1

2
( + 2)−12(2) = ( + 2)−12,

2


= 

− 1
2


(+ 2)−32(1) = − 1

2
(+ 2)−32,

3

2 
= − 1

2

− 3

2


(+ 2)−52(1) = 3

4
(+ 2)−52.

68.  = ln( + 2 + 3) ⇒ 


=

32

 + 2 + 3
= 32( + 2 + 3)−1,

2

 
= 32(−1)( + 2 + 3)−2(2) = −62( + 2 + 3)−2,

3

  
= −62(−2)( + 2 + 3)−3(1) = 122( + 2 + 3)−3 =

122

( + 2 + 3)3
.

69.  =  sin  ⇒ 


=  cos  + sin  ·  () =  (cos  +  sin ),

2

 
=  (sin ) + (cos  +  sin )  () =  (sin  +  cos  +  sin ),

3

2 
=  ( sin ) + (sin  +  cos  +  sin ) ·  () =  (2 sin  +  cos  +  sin ).
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67. If f(x, y, z) = xy2z3 + arcsin(x
√
z), find fxzy. [Hint:Which order of differentiation is easiest?]

Solution:
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70.  = 
√
 − = ( − )12 ⇒ 


= 


1
2
( −)−12(−1)


= − 1

2
( − )−12,

2

 
= − 1

2


− 1

2
( −)−32(1)


= 1

4
( −)−32,

3

 
= 1

4
( −)−32.

71. Assuming that the third partial derivatives of  are continuous (easily verified), we can write  =  . Then

(  ) = 23 + arcsin


√


⇒  = 23 + 0,  = 23, and  = 62 =  .

72. Let (  ) =
√

1 +  and (  ) =
√

1−  so that  =  + . Then  = 0 =  =  and

 = 0 =  =  . But (since the partial derivatives are continous on their domains)  =  and  =  , so

 =  +  = 0 + 0 = 0.

73. By Definition 4, (3 2) = lim
→0

(3 +  2)− (3 2)


which we can approximate by considering  = 05 and  = −05:

(3 2) ≈ (35 2)− (3 2)

05
=

224− 175

05
= 98, (3 2) ≈ (25 2)− (3 2)

−05
=

102− 175

−05
= 146. Averaging

these values, we estimate (3 2) to be approximately 122. Similarly, (3 22) = lim
→0

(3 +  22)− (3 22)


which

we can approximate by considering  = 05 and  = −05: (3 22) ≈ (35 22)− (3 22)

05
=

261− 159

05
= 204,

(3 22) ≈ (25 22)− (3 22)

−05
=

93− 159

−05
= 132. Averaging these values, we have (3 22) ≈ 168.

To estimate (3 2), we first need an estimate for (3 18):

(3 18) ≈ (35 18)− (3 18)

05
=

200− 181

05
= 38, (3 18) ≈ (25 18)− (3 18)

−05
=

125− 181

−05
= 112.

Averaging these values, we get (3 18) ≈ 75. Now ( ) =



[( )] and ( ) is itself a function of two

variables, so Definition 4 says that ( ) =



[( )] = lim

→0

(  + )− ( )


⇒

(3 2) = lim
→0

(3 2 + )− (3 2)


. We can estimate this value using our previous work with  = 02 and  = −02:

(3 2) ≈ (3 22)− (3 2)

02
=

168− 122

02
= 23, (3 2) ≈ (3 18)− (3 2)

−02
=

75− 122

−02
= 235.

Averaging these values, we estimate (3 2) to be approximately 2325.

74. (a) If we fix  and allow  to vary, the level curves indicate that the value of  decreases as we move through  in the positive

-direction, so  is negative at  .

(b) If we fix  and allow  to vary, the level curves indicate that the value of  increases as we move through  in the positive

-direction, so  is positive at  .
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