
Section 10.1 Curves Defined by Parametric Equations

15. x = cos θ, y = sec2 θ, 0 ≤ θ < π/2

(a) Eliminate the parameter to find a Cartesian equation of the curve.

(b) Sketch the curve and indicate with an arrow the direction in which the curve is traced as the parameter

increases.

Solution:
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14. (a)  = sin 4,  = cos 4, 0 ≤  ≤ 2

2 + 2 = sin2 4 + cos2 4 = 1, which is the equation of a circle with

radius 1. When  = 0, we have  = 0 and  = 1. For 0 ≤  ≤ 4, we

have  ≥ 0. For 4   ≤ 2, we have  ≤ 0. Thus, the curve is the

circle 2 + 2 = 1 traced clockwise starting at (0 1).

(b)

15. (a)  = cos ,  = sec2, 0 ≤   2.

 = sec2 =
1

cos2
=
1

2
. For 0 ≤   2, we have 1 ≥   0

and 1 ≤ .

(b)

16. (a)  = csc ,  = cot , 0    

2 − 2 = cot2− csc2 = 1. For 0    , we have   1.

Thus, the curve is the right branch of the hyperbola 2 − 2 = 1.

(b)

17. (a)  =  = 1− = 1 for   0 since  = −. Thus, the curve is the

portion of the hyperbola  = 1 with   0.

(b)

18. (a)  = + 2 ⇒  = − 2.  = 1 = 1(− 2). For   0, we
have   2 and   0. Thus, the curve is the portion of the

hyperbola  = 1(− 2) with   2.

(b)

c° 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.

30. Match the graphs of the parametric equations x = f(t), y = g(t) in (a)–(d) with one of the parametric curves

x = f(t), y = g(t) labeled I–IV. Give reasons for your choices.

646 Chapter 10  Parametric Equations and Polar Coordinates

25–27 Use the graphs of x − f std and y − tstd to sketch the 
parametric curve x − f std, y − tstd. Indicate with arrows the 
direction in which the curve is traced as t increases.
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 28.   Match the parametric equations with the graphs labeled I–VI. 
Give reasons for your choices. (Do not use a graphing device.)

 (a) x − t 4 2 t 1 1,  y − t 2

 (b) x − t 2 2 2t,  y − st  

 (c) x − sin 2t,  y − sinst 1 sin 2td

 (d) x − cos 5t,  y − sin 2t

 (e) x − t 1 sin 4t,  y − t 2 1 cos 3t

 (f ) x −
sin 2t

4 1 t 2 ,  y −  
cos 2t

4 1 t 2
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 19–22 Describe the motion of a particle with position sx, yd as t 
varies in the given interval.

 19.  x − 5 1 2 cos �t,  y − 3 1 2 sin �t,  1 < t < 2

 20.  x − 2 1 sin t,  y − 1 1 3 cos t,  �y2 < t < 2�

 21.  x − 5 sin t,  y − 2 cos t,  2� < t < 5�

 22.  x − sin t,  y − cos2t,  22� < t < 2�

 23.   Suppose a curve is given by the parametric equations 
x − f std, y − tstd, where the range of f  is f1, 4g and the 
range of t is f2, 3g. What can you say about the curve?

 24.   Match the graphs of the parametric equations x − f std and 
y − tstd in (a)–(d) with the parametric curves labeled I–IV. 
Give reasons for your choices.
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Solution:

SECTION 10.1 CURVES DEFINED BY PARAMETRIC EQUATIONS ¤ 867

21.  = 5 sin ,  = 2cos  ⇒ sin  =


5
, cos  =



2
. sin2  + cos2  = 1 ⇒


5

2

+


2

2

= 1. The motion of the

particle takes place on an ellipse centered at (0 0). As  goes from− to 5, the particle starts at the point (0−2) and moves

clockwise around the ellipse 3 times.

22.  = 2 sin ,  = 4 + cos  ⇒ sin  =


2
, cos  =  − 4. sin2  + cos2  = 1 ⇒


2

2

+ ( − 4)2 = 1. The motion

of the particle takes place on an ellipse centered at (0 4). As  goes from 0 to 3
2
, the particle starts at the point (0 5) and

moves clockwise to (−2 4) [three-quarters of an ellipse].

23. We must have 1 ≤  ≤ 4 and 2 ≤  ≤ 3. So the graph of the curve must be contained in the rectangle [1 4] by [2 3].

24. (a) From the first graph, we have 1 ≤  ≤ 2. From the second graph, we have −1 ≤  ≤ 1 The only choice that satisfies

either of those conditions is III.

(b) From the first graph, the values of  cycle through the values from−2 to 2 four times. From the second graph, the values

of  cycle through the values from−2 to 2 six times. Choice I satisfies these conditions.

(c) From the first graph, the values of  cycle through the values from −2 to 2 three times. From the second graph, we have

0 ≤  ≤ 2. Choice IV satisfies these conditions.

(d) From the first graph, the values of  cycle through the values from−2 to 2 two times. From the second graph, the values of

 do the same thing. Choice II satisfies these conditions.

25. When  = −1, ( ) = (1 1). As  increases to 0,  and  both decrease to 0.

As  increases from 0 to 1,  increases from 0 to 1 and  decreases from 0 to

−1. As  increases beyond 1,  continues to increase and  continues to

decrease. For   −1,  and  are both positive and decreasing. We could

achieve greater accuracy by estimating - and -values for selected values of 

from the given graphs and plotting the corresponding points.

26. When  = −1, ( ) = (0 0). As  increases to 0,  increases from 0 to 1,

while  first decreases to −1 and then increases to 0. As  increases from 0 to 1,

 decreases from 1 to 0, while  first increases to 1 and then decreases to 0. We

could achieve greater accuracy by estimating - and -values for selected values

of  from the given graphs and plotting the corresponding points.

y
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27. When  = −1, ( ) = (0 1). As  increases to 0,  increases from 0 to 1 and

 decreases from 1 to 0. As  increases from 0 to 1, the curve is retraced in the

opposite direction with  decreasing from 1 to 0 and  increasing from 0 to 1.

We could achieve greater accuracy by estimating - and -values for selected

values of  from the given graphs and plotting the corresponding points.
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49. Let P be a point at a distance d from the center of a circle of radius r. The curve traced out by P as the circle

rolls along a straight line is called a trochoid. (Think of the motion of a point on a spoke of a bicycle wheel.) The

cycloid is the special case of a trochoid with d = r. Using the same parameter θ as for the cycloid, and assuming

the line is the x-axis and θ = 0 when P is at one of its lowest points, show that parametric equations of the trochoid

are

x = rθ − d sin θ y = r − d cos θ

Sketch the trochoid for the cases d < r and d > r.

Solution:
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39. The case 
2
    is illustrated.  has coordinates ( ) as in Example 7,

and has coordinates (  +  cos( − )) = ( (1− cos ))

[since cos( − ) = cos cos+ sin sin = − cos], so  has

coordinates ( −  sin( − ) (1− cos )) = (( − sin ) (1− cos ))

[since sin( − ) = sin cos− cos sin = sin]. Again we have the

parametric equations  = ( − sin ),  = (1− cos ).

40. The first two diagrams depict the case     3
2
,   . As in Example 7,  has coordinates ( ). Now (in the second

diagram) has coordinates (  +  cos( − )) = (  −  cos ), so a typical point  of the trochoid has coordinates

( +  sin( − )  −  cos ). That is,  has coordinates ( ), where  =  −  sin  and  =  −  cos . When

 = , these equations agree with those of the cycloid.

41. It is apparent that  = || and  = | | = | |. From the diagram,

 = || =  cos  and  = | | =  sin . Thus, the parametric equations are

 =  cos  and  =  sin . To eliminate  we rearrange: sin  =  ⇒

sin2  = ()
2 and cos  =  ⇒ cos2  = ()

2. Adding the two

equations: sin2  + cos2  = 1 = 22 + 22. Thus, we have an ellipse.

42.  has coordinates ( cos   sin ). Since  is perpendicular to ,∆ is a right triangle and  has coordinates

( sec  0). It follows that  has coordinates ( sec   sin ). Thus, the parametric equations are  =  sec ,  =  sin .

43.  = (2 cot  2), so the -coordinate of  is  = 2 cot . Let  = (0 2).

Then ∠ is a right angle and ∠ = , so || = 2 sin  and

 = ((2 sin ) cos  (2 sin ) sin ). Thus, the -coordinate of 

is  = 2 sin2 .

44. (a) Let  be the angle of inclination of segment  . Then || = 2

cos 
.

Let  = (2 0). Then by use of right triangle  we see that || = 2 cos .

Now

| |= || = ||− ||

= 2


1

cos 
− cos 


= 2

1− cos2 

cos 
= 2

sin2 

cos 
= 2 sin  tan 

So  has coordinates  = 2 sin  tan  · cos  = 2 sin2  and  = 2 sin  tan  · sin  = 2 sin2  tan .

(b)
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53. A curve, called a witch of Maria Agnesi, consists of all possible positions of the point P in the figure. Show that

parametric equations for this curve can be written as

x = 2a cot θ y = 2a sin2 θ

Sketch the curve.
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that parametric equations of the trochoid are

 x − r� 2 d sin �     y − r 2 d cos �

 Sketch the trochoid for the cases d , r and d . r.

 41.   If a and b are fixed numbers, find parametric equations for the 
curve that consists of all possible positions of the point P in 
the figure, using the angle � as the parameter. Then eliminate 
the param eter and identify the curve.

O

y

x
¨

a b P

 42.   If a and b are fixed numbers, find parametric equations for 
the curve that consists of all possible positions of the point P 
in the figure, using the angle � as the parameter. The line seg-
ment AB is tangent to the larger circle.
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 43.   A curve, called a witch of Maria Agnesi, consists of all 
possible positions of the point P in the figure. Show that para-
metric equations for this curve can be written as 

x − 2a cot �    y − 2a sin2�

 Sketch the curve.

O x
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 29.  Graph the curve x − y 2 2 sin �y.

 30.  Graph the curves y − x 3 2 4x and x − y 3 2 4y and find 
their points of intersection correct to one decimal place.

 31.  (a) Show that the parametric equations

x − x1 1 sx 2 2 x1dt    y − y1 1 sy2 2 y1dt

     where 0 < t < 1, describe the line segment that joins 
the points P1sx1, y1d and P2sx 2, y2 d.

 (b)  Find parametric equations to represent the line segment 
from s22, 7d to s3, 21d.

 32.  Use a graphing device and the result of Exercise 31(a) to 
draw the triangle with vertices As1, 1d, Bs4, 2d, and Cs1, 5d.

 33.   Find parametric equations for the path of a particle that 
moves along the circle x 2 1 sy 2 1d2 − 4 in the manner 
described.

 (a) Once around clockwise, starting at s2, 1d
 (b) Three times around counterclockwise, starting at s2, 1d
 (c) Halfway around counterclockwise, starting at s0, 3d

 34. (a)  Find parametric equations for the ellipse 
x 2ya 2 1 y 2yb 2 − 1. [Hint: Modify the equations of the 
circle in Example 2.]

 (b)  Use these parametric equations to graph the ellipse 
when a − 3 and b − 1, 2, 4, and 8.

 (c) How does the shape of the ellipse change as b varies?

 35–36 Use a graphing calculator or computer to reproduce the 
picture.

 35.  36.  
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37–38 Compare the curves represented by the parametric 
equations. How do they differ?

 37.  (a) x − t 3,  y − t 2 (b) x − t 6,  y − t 4

 (c) x − e23 t,  y − e22 t

 38.  (a) x − t,  y − t 22 (b) x − cos t,  y − sec2t
 (c) x − e t,  y − e22 t

 39.  Derive Equations 1 for the case �y2 , � , �.

 40.   Let P be a point at a distance d from the center of a circle of 
radius r. The curve traced out by P as the circle rolls along 
a straight line is called a trochoid. (Think of the motion 
of a point on a spoke of a bicycle wheel.) The cycloid is 
the special case of a trochoid with d − r. Using the same 
parameter � as for the cycloid, and assuming the line is the 
x-axis and � − 0 when P is at one of its lowest points, show 

;

;

;

;

;
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Solution:
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39. The case 
2
    is illustrated.  has coordinates ( ) as in Example 7,

and has coordinates (  +  cos( − )) = ( (1− cos ))

[since cos( − ) = cos cos+ sin sin = − cos], so  has

coordinates ( −  sin( − ) (1− cos )) = (( − sin ) (1− cos ))

[since sin( − ) = sin cos− cos sin = sin]. Again we have the

parametric equations  = ( − sin ),  = (1− cos ).

40. The first two diagrams depict the case     3
2
,   . As in Example 7,  has coordinates ( ). Now (in the second

diagram) has coordinates (  +  cos( − )) = (  −  cos ), so a typical point  of the trochoid has coordinates

( +  sin( − )  −  cos ). That is,  has coordinates ( ), where  =  −  sin  and  =  −  cos . When

 = , these equations agree with those of the cycloid.

41. It is apparent that  = || and  = | | = | |. From the diagram,

 = || =  cos  and  = | | =  sin . Thus, the parametric equations are

 =  cos  and  =  sin . To eliminate  we rearrange: sin  =  ⇒

sin2  = ()
2 and cos  =  ⇒ cos2  = ()

2. Adding the two

equations: sin2  + cos2  = 1 = 22 + 22. Thus, we have an ellipse.

42.  has coordinates ( cos   sin ). Since  is perpendicular to ,∆ is a right triangle and  has coordinates

( sec  0). It follows that  has coordinates ( sec   sin ). Thus, the parametric equations are  =  sec ,  =  sin .

43.  = (2 cot  2), so the -coordinate of  is  = 2 cot . Let  = (0 2).

Then ∠ is a right angle and ∠ = , so || = 2 sin  and

 = ((2 sin ) cos  (2 sin ) sin ). Thus, the -coordinate of 

is  = 2 sin2 .

44. (a) Let  be the angle of inclination of segment  . Then || = 2

cos 
.

Let  = (2 0). Then by use of right triangle  we see that || = 2 cos .

Now

| |= || = ||− ||

= 2


1

cos 
− cos 


= 2

1− cos2 

cos 
= 2

sin2 

cos 
= 2 sin  tan 

So  has coordinates  = 2 sin  tan  · cos  = 2 sin2  and  = 2 sin  tan  · sin  = 2 sin2  tan .

(b)
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