
Section 1.5 Inverse Functions and Logarithms

43. Use the laws of logarithms to expand each expression. (a) log10(x
2y3z) (b) ln

(
x4

√
x2−4

)
Solution:

SECTION 1.5 INVERSE FUNCTIONS AND LOGARITHMS ¤ 53

39. (a) log3 81 = log3 34 = 4 (b) log3

1
81


= log3 3

−4 = −4 (c) log9 3 = log9 912 = 1
2

40. (a) ln 1
2
= ln −2 = −2 (b) ln

√
 = ln 12 = 1

2
(c) ln


ln 

50

= ln(50) = 50

41. (a) log2 30− log2 15 = log2

30

15


= log2 2 = 1

(b) log3 10− log3 5− log3 18 = log3

10

5


− log3 18 = log3 2− log3 18 = log3


2

18


= log3


1

9


= log3 3

−2 = −2

(c) 2 log5 100− 4 log5 50 = log5 1002 − log5 504 = log5

1002

504


= log5


104

54 · 104

= log5 5

−4 = −4

42. (a) 3 ln 2 = ln 2
3

= 23 = 8 (b) −2 ln 5 = ln 5
−2
= 5−2 = 1

25 (c) ln(ln 
3) = ln(3) = 3

43. (a) log10

23


= log10 

2 + log10 
3 + log10  [Law 1]

= 2 log10 + 3 log10  + log10  [Law 3]

(b) ln


4√
2 − 4


= ln4 − ln(2 − 4)12 [Law 2]

= 4 ln− 1
2
ln[(+ 2)(− 2)] [Law 3]

= 4 ln− 1
2
[ln(+ 2) + ln(− 2)] [Law 1]

= 4 ln− 1
2
ln(+ 2)− 1

2
ln(− 2)

44. (a) ln


3

− 3 = ln

3

− 3
12

=
1

2
ln


3

− 3


[Law 3]

= 1
2
[ln 3 + ln− ln(− 3)] [Laws 1 and 2]

= 1
2
ln 3 + 1

2
ln− 1

2
ln(− 3)

(b) log2

(3 + 1) 3


(− 3)2


= log2(

3 + 1) + log2
3

(− 3)2 [Law 1]

= log2(
3 + 1) + log2(− 3)23

= log2(
3 + 1) + 2

3 log2(− 3) [Law 3]

45. (a) log10 20− 1
3 log10 1000 = log10 20− log10 100013 = log10 20− log10 3

√
1000

= log10 20− log10 10 = log10

20
10


= log10 2

(b) ln− 2 ln + 3 ln  = ln− ln 2 + ln 3 = ln 

2
+ ln 3 = ln

3

2

46. (a) 3 ln(− 2)− ln(2 − 5+ 6) + 2 ln(− 3) = ln(− 2)3 − ln [(− 2)(− 3)] + ln(− 3)2

= ln


(− 2)3(− 3)2
(− 2)(− 3)


= ln[(− 2)2(− 3)]

(b)  log −  log  + log  = log 
 − log  + log  = log







47. (a) log5 10 =

ln 10

ln 5
≈ 1430677 (b) log15 12 =

ln 12

ln 15
≈ 0917600
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56. f(x) = ln(x− 1)− 1

(a) What are the domain and range of f?

(b) What is the x-intercept of the graph of f?

(c) Sketch the graph of f .

Solution:

SECTION 1.5 INVERSE FUNCTIONS AND LOGARITHMS ¤ 55

54. (a) Reflect the graph of  = ln about the axis to obtain

the graph of  = ln (−).

 = ln  = ln (−)

(b) Reflect the portion of the graph of  = ln to the right

of the axis about the axis. The graph of  = ln ||
is that reflection in addition to the original portion.

 = ln  = ln ||
55. (a) The domain of () = ln+ 2 is   0 and the range is .

(b)  = 0 ⇒ ln+ 2 = 0 ⇒ ln = −2 ⇒  = −2

(c) We shift the graph of  = ln two units upward.

56. (a) The domain of () = ln(− 1)− 1 is   1 and the range is .

(b)  = 0 ⇒ ln(− 1)− 1 = 0 ⇒ ln(− 1) = 1 ⇒
− 1 = 1 ⇒  = + 1

(c) We shift the graph of  = ln one unit to the right and one unit downward.

57. (a) ln(4+ 2) = 3 ⇒ ln(4+2) = 3 ⇒ 4+ 2 = 3 ⇒ 4 = 3 − 2 ⇒  = 1
4
(3 − 2) ≈ 4521

(b) 2−3 = 12 ⇒ ln 2−3 = ln 12 ⇒ 2− 3 = ln 12 ⇒ 2 = 3 + ln 12 ⇒  = 1
2
(3 + ln 12) ≈ 2742

58. (a) log2(2 − − 1) = 2 ⇒ 2 −  − 1 = 22 = 4 ⇒ 2 − − 5 = 0 ⇒

 =
1±(−1)2 − 4(1)(−5)

2(1)
=
1±√21

2
.

Solutions are 1 =
1−√21

2
≈ −1791 and 2 = 1 +

√
21

2
≈ 2791.

(b) 1 + 4+1 = 20 ⇒ 4+1 = 19 ⇒ ln 4+1 = ln19 ⇒ 4+ 1 = ln 19 ⇒ 4 = −1 + ln 19 ⇒
 = 1

4
(−1 + ln 19) ≈ 0486

59. (a) ln+ ln(− 1) = 0 ⇒ ln[(− 1)] = 0 ⇒ ln[
2−] = 0 ⇒ 2 −  = 1 ⇒ 2 − − 1 = 0. The

quadratic formula gives  =
1±(−1)2 − 4(1)(−1)

2(1)
=
1±√5
2

, but we note that ln 1−
√
5

2
is undefined because

1−√5
2

 0. Thus,  = 1 +
√
5

2
≈ 1618.

(b) 51−2 = 9 ⇒ ln 51−2 = ln 9 ⇒ (1− 2) ln 5 = ln 9 ⇒ 1− 2 = ln9

ln 5
⇒  =

1

2
− ln 9

2 ln 5
≈ −0183

60. (a) ln(ln) = 0 ⇒ ln(ln ) = 0 ⇒ ln = 1 ⇒  =  ≈ 2718
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74. Find the exact value of each expression. (a) arcsin(sin(5π/4)) (b) cos(2 sin−1( 5
13 ))

Solution:

SECTION 1.5 INVERSE FUNCTIONS AND LOGARITHMS ¤ 57

Mathematica also gives two real solutions, equivalent to those of Maple.

The positive one is
√
6

6


3
√
413 + 2 3

√
2−13 − 2


, where

 = −2 + 27+ 3√3√√27− 4. Although this expression also has domain
4
27
∞, Mathematica is mysteriously able to plot the solution for all  ≥ 0.

(b)

67. (a)  = () = 100 · 23 ⇒ 

100
= 23 ⇒ log2

 

100


=



3
⇒  = 3 log2

 

100


. Using the Change of Base

Formula, we can write this as  = −1() = 3 · ln(100)
ln 2

. This function tells us how long it will take to obtain

 bacteria (given the number ).

(b)  = 50,000 ⇒  = −1(50,000) = 3 · ln

50,000
100


ln 2

= 3


ln 500

ln 2


≈ 269 hours

68. (a) We write  = 0(1− −) and solve for : 

0
= 1− − ⇒ − = 1− 

0
⇒

− 


= ln


1− 

0


⇒  = − ln


1− 

0


. This formula gives the time (in seconds) needed after a discharge to

obtain a given charge.

(b) We set  = 090 and  = 50 to get  = −50 ln

1− 090

0


= −50 ln(01) ≈ 1151 seconds. It will take

approximately 115 seconds—just shy of two minutes—to recharge the capacitors to 90% of capacity.

69. (a) cos−1(−1) =  because cos = −1 and  is in the interval [0 ] (the range of cos−1).

(b) sin−1 (05) = 
6 because sin


6 = 05 and


6 is in the interval

−
2 


2


(the range of sin−1).

70. (a) tan−1
√
3 = 

3 because tan

3 =

√
3 and 

3 is in the interval
−

2 

2


(the range of tan−1).

(b) arctan(−1) = −
4
because tan

−
4


= −1 and −

4
is in the interval

−
2
 
2


(the range of arctan).

71. (a) csc−1
√
2 = 

4
because csc 

4
=
√
2 and 

4
is in


0 

2

 ∪  3
2


(the range of csc−1).

(b) arcsin 1 = 
2
because sin 

2
= 1 and 

2
is in

−
2
 
2


(the range of arcsin).

72. (a) sin−1(−1√2 ) = −
4
because sin

−
4


= −1√2 and −

4
is in

−
2
 
2


.

(b) cos−1
√
32

= 

6 because cos

6 =

√
32 and 

6 is in [0 ].

73. (a) cot−1
−√3  = 5

6
because cot 5

6
= −√3 and 5

6
is in (0 ) (the range of cot−1).

(b) sec−1 2 = 
3
because sec 

3
= 2 and 

3
is in


0 

2

 ∪  3
2


(the range of sec−1).

74. (a) arcsin(sin(54)) = arcsin
−1√2  = −

4
because sin

−
4


= −1√2 and −

4
is in

−
2
 
2


.
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58 ¤ CHAPTER 1 FUNCTIONS AND MODELS

(b) Let  = sin−1

5
13


[see the figure].

cos

2 sin−1


5
13


= cos 2 = cos2 − sin2

=

12
13

2 −  5
13

2
= 144

169
− 25

169
= 119

169

 

75. Let  = sin−1 . Then −
2
≤  ≤ 

2
⇒ cos  ≥ 0, so cos(sin−1 ) = cos  =


1− sin2  = √1− 2.

76. Let  = sin−1 . Then sin  = , so from the triangle (which

illustrates the case   0), we see that

tan(sin−1 ) = tan  =
√
1− 2

.

77. Let  = tan−1 . Then tan  = , so from the triangle (which

illustrates the case   0), we see that

sin(tan−1 ) = sin  =
√
1 + 2

.

78. Let  = arccos. Then cos  = , so from the triangle (which

illustrates the case   0), we see that

sin(2 arccos) = sin 2 = 2 sin  cos 

= 2(
√
1− 2 )() = 2

√
1− 2

79. The graph of sin−1 is the reflection of the graph of

sin about the line  = .

80. The graph of tan−1 is the reflection of the graph of

tan about the line  = .
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77. Simplify the expression. sin(tan−1 x).

Solution:

58 ¤ CHAPTER 1 FUNCTIONS AND MODELS

(b) Let  = sin−1

5
13


[see the figure].

cos

2 sin−1


5
13


= cos 2 = cos2 − sin2

=

12
13

2 −  5
13

2
= 144

169
− 25

169
= 119

169

 

75. Let  = sin−1 . Then −
2
≤  ≤ 

2
⇒ cos  ≥ 0, so cos(sin−1 ) = cos  =


1− sin2  = √1− 2.

76. Let  = sin−1 . Then sin  = , so from the triangle (which

illustrates the case   0), we see that

tan(sin−1 ) = tan  =
√
1− 2

.

77. Let  = tan−1 . Then tan  = , so from the triangle (which

illustrates the case   0), we see that

sin(tan−1 ) = sin  =
√
1 + 2

.

78. Let  = arccos. Then cos  = , so from the triangle (which

illustrates the case   0), we see that

sin(2 arccos) = sin 2 = 2 sin  cos 

= 2(
√
1− 2 )() = 2

√
1− 2

79. The graph of sin−1 is the reflection of the graph of

sin about the line  = .

80. The graph of tan−1 is the reflection of the graph of

tan about the line  = .
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78. Simplify the expression. sin(2 arccosx).

Solution:

1



58 ¤ CHAPTER 1 FUNCTIONS AND MODELS

(b) Let  = sin−1

5
13


[see the figure].

cos

2 sin−1


5
13


= cos 2 = cos2 − sin2

=

12
13

2 −  5
13

2
= 144

169
− 25

169
= 119

169

 

75. Let  = sin−1 . Then −
2
≤  ≤ 

2
⇒ cos  ≥ 0, so cos(sin−1 ) = cos  =


1− sin2  = √1− 2.

76. Let  = sin−1 . Then sin  = , so from the triangle (which

illustrates the case   0), we see that

tan(sin−1 ) = tan  =
√
1− 2

.

77. Let  = tan−1 . Then tan  = , so from the triangle (which

illustrates the case   0), we see that

sin(tan−1 ) = sin  =
√
1 + 2

.

78. Let  = arccos. Then cos  = , so from the triangle (which

illustrates the case   0), we see that

sin(2 arccos) = sin 2 = 2 sin  cos 

= 2(
√
1− 2 )() = 2

√
1− 2

79. The graph of sin−1 is the reflection of the graph of

sin about the line  = .

80. The graph of tan−1 is the reflection of the graph of

tan about the line  = .
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