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1. Evaluate the limit or show that it doesn’t exist.

(a) (5%) lim
(x,y)→(0,0)

y3

x2 + y4

(b) (5%) lim
(x,y)→(0,0)

x3

x2 + y4

Solution:

(a) Let x = 0. We have

lim
y→0

y3

y4

is divergent. Let y = 0. We have the limit converges to zero. Therefore, the limit doesn’t exist.

(b) We have

∣ x3

x2 + y4 ∣ ≤
∣x3∣
x2
= ∣x∣

Thus, by squeeze theorem, the limit is zero.

(a)

(2 pts) Claim the limit is divergent.

(1 pt) Any sign of considering limit along paths.

(2 pts) Successfully evaluate the limit along a path (one point for each limit)

(-0.5 pt) Any minor computation.

(b)

(2 pts) Claim the limit is convergent.

(1 pt) Any sign of using inequality.

(2 pts) Find the upper bound and the lower bound for the function
x3

x2 + y4 . One point for each bound.

(-0.5 pt) Any minor computation.
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2. Let surface S be given by sin(xyz) = x+ 2y + 3z. Suppose that near the point (2,−1,0), the surface can be described
by z = z(x, y) as well as y = y(x, z).

(a) (6%) Compute
∂z

∂x
and

∂y

∂x
at (2,−1,0).

(b) (7%) Suppose, when restricted to the surface S, a differentiable function f(x, y, z) attains a local maximum at
the point (2,−1,0) with f(2,−1,0) = 8 and fx(2,−1,0) = 2. Find ∇∇∇f(2,−1,0) and estimate f(1.99,−0.99,0.01)
by linear approximation.

Solution:

(a) We treat z as function of x. Then, the implicit differentiation with respect to x is

cos(xyz)(yz + xy ∂z
∂x
) = 1 + 3∂z

∂x
.

Plugin (x, y, z) = (2,−1,0) and solve for
∂z

∂x
. We get

∂z

∂x
= −1/5.

Similarly, we treat y as function of x. We have the implicit differentiation with respect to x is

cos(xyz)(yz + xz ∂y
∂x
) = 1 + 2∂y

∂x
.

Plugin (x, y, z) = (2,−1,0) and solve for
∂y

∂x
. We get

∂y

∂x
= −1/2.

(1.5 pt) Correctly carry out the implicit differentiation. (-0.5 pt for any computation error)

(0.5 pt) Use his/her answer. Correctly evaluate the equation at (2,−1,0).

(1 pt) Use his/her answer. Correctly solve for ∂z/∂x.

(a) Use the same grad scheme for ∂y/∂x.

(b) Let g(x) = sin(xyz)−x−2y−3z and λ be the Lagrange multiplier of finding the extreme value of f subject
to g = 0, i.e. ∇f = λ∇g. In particular, we have

(fx, fy, fz) = λ(gx, gy, gz)

where

gx = cos(xyz)(yz) − 1
gy = cos(xyz)(xz) − 2
gz = cos(xyz)(xy) − 3

Because the question asserts that fx(2,−1,0) = 2, we can solve for λ by 2 = λgx(2,−1,0) = −λ. That is
λ = −2. Hence, ∇f = λ∇g = (2,4,10).
The linear approximation L(x, y, z) of f(x, y, z) at (2,−1,0) is

L(x) = f(2,−1,0) + ∇f ⋅ (x − 2, y + 1, z).

Hence, f(1.99,−0.99,0.01) ≈ 8 + (2,4,10) ⋅ (−0.01,0.01,0.01) = 8 + 0.12 = 8.12.

(0.5 pt) Set g correctly.

(1 pt) Any sign of setting ∇f = λ∇g.

(2 pt) Correctly compute ∇g. Computation error −0.5 pt.

(1 pt) Using his/her ∇g, he/she correctly solve λ.

(1 pt) Using his/her ∇g, he/she correctly solve ∇f .

(1 pt) Using his/her ∇f , correctly set up L(x, y, z)

(0.5 pt) Correctly evaluate L(1.99,−0.99,0.01) using his/her L(x, y, z).
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3. Suppose that F (x, y) has continuous second partial derivatives and F (0,2) = 5, Fx(0,2) = −3, Fy(0,2) = −2,
Fxx(0,2) = −1, Fxy(0,2) = 3, Fyy(0,2) = −2.

(a) (4%) If z = F (x, y), x = 3 cos t, y = 2 sin t, use the chain rule to find
dz

dt
∣
t=π/2

.

(b) (7%) Use the chain rule to find
d2z

dt2
∣
t=π/2

.

(c) (7%) Let G(x, y) = F (x, y) − 2xy + 7x + 2y. Show that (0,2) is a critical point of G(x, y). Use the second
derivatives test to determine whether (0,2) is a local maximum, local minimum, or saddle point.

Solution:

(a).

Using chain rule,
dz

dt
is equal to

d

dt
F (x(t), y(t)) = Fx(x(t), y(t)) ⋅ x′(t) + Fy(x(t), y(t)) ⋅ y′(t)

When t = π

2
, x = 0 and y = 2. Also x′(π/2) = −3 and y′(π/2) = 0. Therefore

dz

dt
∣
t=π/2

= (−3) ⋅ (−3) + (−2) ⋅ (0) = 9.

(b).

To find
d2z

dt2
, we first note that by product rule

d

dt
(dz
dt
) = [ d

dt
Fx(x(t), y(t))] ⋅ x′(t) + Fx(x(t), y(t)) ⋅ x′′(t) + [

d

dt
Fy(x(t), y(t))] ⋅ y′(t) + Fy(x(t), y(t)) ⋅ y′′(t)

Then we use chain rule for the two derivatives

d

dt
Fx(x(t), y(t)) = Fxx(x(t), y(t)) ⋅ x′(t) + Fxy(x(t), y(t)) ⋅ y′(t)

d

dt
Fy(x(t), y(t)) = Fyx(x(t), y(t)) ⋅ x′(t) + Fyy(x(t), y(t)) ⋅ y′(t)

Recall that when t = π

2
, x = 0 and y = 2. Also x′(π/2) = −3, y′(π/2) = 0, x′′(π/2) = 0, and y′′(π/2) = −2. Therefore

d2z

dt2
∣
t=π/2

= 9Fxx(0,2) − 2Fy(0,2) = −5

(c).

First we should compute Gx(0,2) and Gy(0,2).

Gx = Fx − 2y + 7 , Gy = Fy − 2x + 2

Hence at the point (0,2), we see Gx(0,2) = −3 − 4 + 7 = 0 and Gy(0,2) = −2 − 0 + 2 = 0. Therefore (0,2) is indeed
a critical point of G(x, y).
Next we need Gxx(0,2), Gxy(0,2), and Gyy(0,2)

Gxx = Fxx , Gxy = Fxy − 2 , Gyy = Fyy

Hence
Gxx(0,2) = −1 , Gxy(0,2) = 1 , Gyy(0,2) = −2

Using the second derivatives test

Gxx(0,2) < 0 , Gxx(0,2) ⋅Gyy(0,2) − [Gxy(0,2)]2 = 1 > 0
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The point (0,2) is a local maximum of the function G(x, y).

Grading:

● In 3(a), as long as chain rule is correct, -1 point for each mistake (so the checkboxes would be (1) all correct
(2) 1 mistake (3) 2 mistakes (4) 3 mistakes). If t = π/2 is not plugged in, then we treat that as 3 mistakes.

● In 3(b), as long as chain rule is correct, 3 points for correctly expressing product rule. The rest of the problem
is -1 point per mistake. If product rule is missing or incorrect, then student can get at most 3 points.

● If chain rule is incorrect, then student can get at most 1 point in (a) and 1 point in (b). Those points are from
finding the correct x′, y′, x′′, y′′ values.

● In 3(c), 2 points for explaining the critical point and 5 points for using the second derivatives test correctly.
If second derivatives test is incorrect, student can get at most 4 points (from critical point and correct second
partials derivatives). Otherwise -1 point per error like before.
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4. Consider a surface S ∶ x3z − yz3 − xy3 + 1 = 0 and a function f(x, y, z) = z

xy4
. You are traversing the surface S and

seek the maximum rate of change of f(x, y, z).
(a) (5%) Find an equation of the tangent plane to S at (x, y, z) = (1,1,1).

(b) When you start at the point (1,1,1) and move along the surface S, your unit tangent
vector is denoted by u = ai+bj+ck. Our goal is to find the maximum value of Duf(1,1,1).

i. (5%) Write Duf(1,1,1) as a function of a, b, c which is denoted by F (a, b, c).
ii. (3%) Because u = ai+ bj+ ck lies on the tangent plane to S at (1,1,1) and ∣u∣ = 1, list

two constraints for a, b, c.

iii. (7%) Use the method of Lagrange multipliers to find the maximum value of F (a, b, c)
under constraints listed in part (ii).

S
Ð→u

Solution:

(a) Let g(x, y, z) = x3z − yz3 − xy3 + 1. Then S is the level surface g = 0 and ∇g is normal to the level surface.
Note that

∇g(x, y, z) = (3x2z − y3)i − (z3 + 3xy2)j + (x3 − 3yz2)k, (2 pts)

and ∇g(1,1,1) = 2i − 4j − 2k. (1 pt)
Thus the tangent plane of S at (1,1,1) is

2(x − 1) − 4(y − 1) − 2(z − 1) = 0 Ô⇒ x − 2y − z + 2 = 0. (2 pts)

(b) i

∇f(x, y, z) = − z

x2y4
i − 4z

xy5
j + 1

xy4
k (2 pts), ∇f(1,1,1) = −i − 4j + k. (1 pt)

And F (a, b, c) =Duf(1,1,1) = ∇f(1,1,1) ⋅ u = −a − 4b + c. (2 pts)

ii Because u = ai + bj + ck is a unit vector lying on the tangent plane of S at (x, y, z) = (1,1,1), constants
a, b, c must satisfy the following equations

∇g(1,1,1) ⋅ u = 0 Ô⇒ G(a, b, c) = a − 2b − c = 0 (2 pts)

∣u∣ = 1 Ô⇒H(a, b, c) = a2 + b2 + c2 = 1 (1 pt)

iii By the method of Lagrange multipliers, to find the maximum value of F (a, b, c) restricted toG(a, b, c) = 0
and H(a, b, c) = 1, we need to solve the system of equations:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∇F (a, b, c) = λ∇G(a, b, c) + µ∇H(a, b, c)
G(a, b, c) = a − 2b − c = 0
H(a, b, c) = a2 + b2 + c2 = 1

(2 pts)

Ô⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−1 = λ + 2µa
−4 = −2λ + 2µb
1 = −λ + 2µc
a − 2b − c = 0
a2 + b2 + c2 = 1

(1 pt)

Add the first and the third equations. Then we will have µ(a+ c) = 0 which implies µ = 0 or a+ c = 0. If
µ = 0, then the first equation solves λ = −1 but the second equation solves λ = 2 which is a contradiction.
Thus µ ≠ 0 and a + c = 0.
Plug c = −a into the fourth equation, we get b = a.
Then from the fifth equation we solve (a, b, c) = 1√

3
(−1,−1,1), λ = 1, µ =

√
3, or

(a, b, c) = 1√
3
(1,1,−1), λ = 1, µ = −

√
3.

(1 pt for solving the system of equations.

1 pt for the answer (a, b, c) = 1√
3
(−1,−1,1).

1 pt for the answer (a, b, c) = 1√
3
(1,1,−1).)

Moreover, F (− 1√
3
,− 1√

3
,
1√
3
) = 2

√
3 and F ( 1√

3
,
1√
3
,− 1√

3
) = −2

√
3. Thus the maximum value of

Duf(1,1,1) is 2
√
3. (1 pt)
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5. Consider a plane region D bounded by the polar curve r = sin(2θ) in the first quadrant.

(a) (6%) Find the area of D, A(D).

(b) (6%) Find the average distance to the origin inside D which is
∬D

√
x2 + y2 dA
A(D) .

Solution:

(a) The polar region D is {(r, θ) ∣ 0 ≤ θ ≤ π

2
, 0 ≤ r ≤ sin(2θ)}. Therefore,

A(D) = ∬
D
1 dA (1 pt)

= ∫
π
2

0
∫

sin(2θ)

0
r drdθ (1 pt for ranges of r and θ. 1 pt for the Jacobian r)

= ∫
π
2

0

1

2
sin2(2θ) dθ = ∫

π
2

0

1 − cos(4θ)
4

dθ = (θ
4
− sin(4θ)

16
)∣

θ=π
2

θ=0

(2 pts)

= π

8
(1 pt)

(b)

∬
D

√
x2 + y2 dA = ∫

π
2

0
∫

sin(2θ)

0
r ⋅ r drdθ (1 pt for ranges of r and θ. 1 pt for the Jacobian r)

= ∫
π
2

0

1

3
sin3(2θ) dθ = ∫

π
2

0

1

3
(1 − cos2(2θ)) sin(2θ) dθ (1 pt for integrating r2)

Let u = cos(2θ). Then du = −2 sin(2θ) dθ.

∫
π
2

0

1

3
(1 − cos2(2θ)) sin(2θ) dθ = ∫

−1

1

1

3
(1 − u2)−1

2
du = 2

9
(2 pts for substitution)

Thus the average distance over D is
2
9
π
8

= 16

9π
. (1 pt)
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6. (a) (6%) Evaluate∭
E
2
√
z cos(x2) dV , where E = {(x, y, z) ∣ 2y ≤ x ≤ 2, 0 ≤ y ≤ 1, 0 ≤ z ≤ 4}.

(b) (6%) Evaluate ∫
1

0
∫
√

1−x2

0
∫
√

2−x2
−y2

√

x2
+y2

√
x2 + y2 + z2 ⋅ e(x

2
+y2
+z2
) dzdydx.

Solution:

(a) E can be expressed by

E = {(x, y, z) ∣0 ≤ x ≤ 2, 0 ≤ y ≤ x

2
, 0 ≤ z ≤ 4} (2%).

So

∭
E
2
√
z cos(x2)dV = ∫

4

0
∫

2

0
∫

x/2

0
2
√
z cos(x2)dy dxdz (1%)

= ∫
4

0
∫

2

0

√
z x cos(x2)dxdz (1%) = (∫

4

0

√
z dz)(∫

2

0
x cos(x2)dx)

= ( 2
3
z3/2]

4

0
)( 1

2
sin(x2)]

2

0
) = 8 sin 4

3
(2%).

(b)

E = {(x, y, z) ∣0 ≤ x ≤ 1, 0 ≤ y ≤
√
1 − x2,

√
x2 + y2 ≤ z ≤

√
2 − x2 + y2} .

In spherical coordinate,

E = {(ρ, θ,φ) ∣0 ≤ ρ ≤
√
2, 0 ≤ θ ≤ π

2
, 0 ≤ φ ≤ π

4
} (2%).

∫
1

0
∫
√

1−x2

0
∫
√

2−x2
+y2

√

x2
+y2

√
x2 + y2 + z2 ⋅ ex

2
+y2
+z2

dzdydx

= ∫
π/2

0
∫
√

2

0
∫

π/4

0
ρ3eρ

2

sinφdφdρdθ (2%)

= (∫
π/2

0
dθ)(∫

π/4

0
sinφdφ)(∫

√

2

0
ρ3eρ

2

dρ)

= π

2
(− cosφ]π/40 )

⎛
⎜
⎝
ρ2eρ

2

2

⎤⎥⎥⎥⎦

√

2

0

− ∫
√

2

0
ρeρ

2

dρ
⎞
⎟
⎠
(1%)

= π

2
(1 −

√
2

2
)
⎛
⎜
⎝
e2 − eρ

2

2

⎤⎥⎥⎥⎦

√

2

0

⎞
⎟
⎠
= π

8
(2 −
√
2)(e2 + 1). (1%)
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7. (a) (6%) Consider double integrals ∫
2

1
∫

y

1/y
exy dxdy = ∬

D1

exy dA and ∫
4

2
∫

4/y

y/4
exy dxdy = ∬

D2

exy dA. Draw

the regions D1 and D2.

(b) (9%) Evaluate ∫
2

1
∫

y

1/y
exy dxdy + ∫

4

2
∫

4/y

y/4
exy dxdy.

Solution:

(a)

Please draw the curves x = 1/y for 1 ≤ y ≤ 2 (1%) and x = 4/y for 2 ≤ y ≤ 4 (1%), the line segments x = y for
1 ≤ y ≤ 2 (1%) and x = y/4 for 2 ≤ y ≤ 4 (1%) and point out the region D1 (1%) and D2 (1%).

(b) Set

u = xy, v = y

x
(1%).

Then we have

D1 ∪D2 = {(u, v) ∣1 ≤ u ≤ 4, 1 ≤ v ≤ 4}.(2%).

Since x, y > 0, we have x =
√

u

v
and y =

√
uv. The Jacobian is

∂(x, y)
∂(u, v) =

RRRRRRRRRRRRRRRRRRR

1

2
√
uv

−1
2

√
u

v
√
v

1

2

√
v

u

1

2

√
u

v

RRRRRRRRRRRRRRRRRRR

= 1

2v
(2%)

So

∫
2

1
∫

y

1/y
exy dxdy + ∫

4

2
∫

4/y

y/4
exy dxdy =∬

D1∪D2

exy dA

= ∫
4

1
∫

4

1
eu ∣ 1

2v
∣ dudv (2%)

= 1

2
(∫

4

1
eu du)(∫

4

1

1

v
dv) = (e4 − e1) ⋅ ln 2. (2%)
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