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1. (8%) Show that, for all a € R,
) n a2 ] n 2a2k
lim }: = lim }: EETIQEEE.

naook:ln{-an n—)ookzl

Solution:
We have

=In(1+a?)
oo 202k ad 27k a2t
1 = lim < n —f
nl—{gokln2+a2k2 nl—{rolonkgl1+("k)2 o 1+¢2
=1In(1+a?)

(+1).]

1
[Proceed to rewrite the sums into Riemann sums by taking the factor — out of the sum-symbol Z: (+2);
n

convert the first sum into a definite integral correctly: (42); compute the first definite integral correctly: (+1);

convert the second sum into a definite integral correctly: (42); compute the second definite integral correctly:

2. (8%) Find all functions f:R — R and constants a € R that satisfy the equality

2z-1
f fl(t+1)etdt =2 - 1.

Solution:

By taking the derivative with respect to x, we get
f'r-1+1)e @D .2-9y
f'(2x) = ze**

f’(l‘) — %xe:p—l

flx) = %f et dx = %(xemfl —-e"Hio

Therefore the final answer is
xz—1

2

a=-3 or 1, f(x):e

Grading:

Using the FTC part 1 correctly is 2%.

Each clearly minor mistake is -0.5%, each conceptual mistake is -1%.

If @ = 2z - 1, then the definite integral will be zero. This means that x = +1, hence a = -3 or 1.

(x-1)+C for any constant C.

e Values of a is 3% (Note that they can find the values of a via finding f first, then integrate).

Finding the functions f is 3% (-1% if the student leaves the answer as f(2z) = --).

e Students can also start the problem with integration by parts, but it will make the process very messy.
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3. Find the following integrals.

(5%) / tan z dz.

(b) (6%) f i+\/5dac (c) (8%) /01x5v1—x4 dx

Solution:

(a) Solution 1:

/tan4xdx:/tan2x(8602—l) dx:ftanzxsec2xdx—/tan2xdx

u=tanx, du=sec? zdz 1

1
gtan?’x—f(seCZx—l) d:czgtangx—tanx+x+0.

(1 pt for tan® z = tan® z(sec® z - 1).

1
2 pts for [ tan®zsec® x dx = 3 tan® z + C.

2 pts for ftaandz:fsech—ldx:tanx—x+C’.)

Solution 2: \

4
tan™ x u=tanz u
ftan4x dr = f Tsec%sd:z: = f 5 du
sec? x u®+1

v

1 3 t 3
=fu2—1+ du:u——u+arctan(u)+C: WL tanz+z+C.
u?+1 3
4 tan 2 e
(2 pts for tan” x = ———sec” z and the substitution u = tanz.
sec? z
241
1 pt for substituting v = tan and the final answer.)
(b) Let w=x5. Then z = u® and dz = 6u° du.
1+ 1+ +1
\/_ u65du Gfu St e — -1+ dy
1+ \/_ 1+ uz+1
7 5 4 3 2 1
=6 u——u—+u—+u——u——u+71n(u2+1)+arctanu +C
7 ) 4 3 2 2

oz

7
s 1 1
26(1:;—54'4 ? 2—J,’é+21n({°’/§+1)+arctan(m6))+c
(1 pt for choosinguzx% and dz = 6u° du.
u® +u’
1 pt for the integrand 6 3 .
g 5 u®+1 )
1ptf0ru2+u =ul—ut vl vt —u-1+ u2+ .
u? + u®+1
+
241

1 pt for substituting u = 2% and the final answer.)

(¢) Let u =22 Then du = 2z dx.
1 19
[ x5\/1—:c4dx:f —u*V1 - u? du. (2 pts)
0 0
. ™ T
Let u =sinf, where -3 <6< 3 Then du = cos € df.
1 46
f ug\/l—uzdu:/ sin? 6 cos? 6 df = / & de = 116
0

1 1 1
chcc/ :z:5v1—x4dcc:§f u2\/1—u2du:312
0 0
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(1 pt for choosing u = sin 6.
1 pt for the integrand sin’ 6 cos? 6.
1 pt for the upper and lower limits for 8, 0 and g
1 - cos40
2 pts for the identity sin® 6 cos? 6 = % or
1-cos201+cos20 1 —cos? 26 B sin? 26 _ 1-cos4f

2 2 4 4 8
%2 1-cos46 T )

1 pt for the definite integral / — db = 6
0

sin? 0 cos? 0 =

Page 3 of 10




4. Let k be a positive constant less than g and Ry, be the region enclosed by the curves y =1 +tanx and y = 1 +secx
between x =0 and z = k.
(a) (5%) Consider the solid Sy obtained by rotating the region Rj about the z-axis. Find the volume of Sy and
find the limit as k& approaches g

(b) (5%) Consider the solid T}, obtained by rotating the region Ry about the y-axis. Determine whether the volume

of T}, is finite or infinite as k approaches g (Note: you may not be able to evaluate the exact volume of T}.)

Solution:

(a) Improper integral approach.

k
lim (1 +secx)? —m(1+tanz)? de
k—(5)~JO

k
= lim 71'/ (2secx —2tanz +1) dx
k—=(%)- 0

:kli(nwl) w(2In|seck + tank| — 21n|seck| + k)
-(5)"
2
=L form2
2

(b) Improper integral approach.

k
lim [ 2z (1 +secx) — 2rx(1l + tanx) dx
k—(Z)- Jo

Since x is bounded, we can use the inequality
2 (1 +secx) — 2mz(1 + tanz) < w2 (secx — tan )

and then use our result in (a) to prove that the volume is finite. O

Grading:

e Formula for each of the volume is 2% (-1% if they are only missing a constant, otherwise all or nothing).

e If they are using an incorrect formula, then grade the rest of the problem strictly. -1% for each mistake or
missing step.

e The integral in (a) is 2% and the limit is 1% (so -1% if they didn’t write limit).

e There are many different choices of comparison in (b). They can also look at the limit of secx — tanz.
Formal wording of the comparison theorem is 2%. 1% for evaluating or explaining the convergence or
divergence of the integral of the comparison function.

e Each clearly minor mistake is -0.5%, each conceptual mistake is -1%.
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5. Let F,, = f z"e™® dz and I, = / e~ dr.
0
(a) (2%) Find F;.
n-1

1
(b) (3%) Show that for any integer n > 2, F), = —595”_16_”’2 + —5 Fn-a.

(¢) (5%) It is known that Iy = g Find I, where n is a positive integer.

(d) (5%) Let p € R (p is not necessarily an integer anymore). Determine the range of values of p such that the
improper integral I, converges.

Solution:

(a) 2 1 1 1
Fy = f ze @ dp T A f Cedu=-—~e "+ C=-e® +C.
2 2 2

(1 pt for the substitution u = z2.

1 pt for the final answer.)

(b) By integration by parts,
- -1 _. -1 - 1 -
F, = [ e lae ™ di = x"_l(ge_ﬁ) + % f "2 dy = —530"_16_L + —5 Fu-z.

2 2
(1 pt for splitting z"e™ as the product of 2" ! and ze™®

2 pts for integrating by parts and the final formula.)

(¢) By the reduction formula in (a), we have

t 1 2n—-1 [t
[ 22e ™ dp = g2l L 2N 0 f 222672
0 2 2 0

Hence . ) on 1 .
n—
I, = lim 22 dp = —= lim 2" e + lim 22277 gy (2 pts).

t—oo J( t—o0 2 t—oo Jo

t 2 2
If I5,_o converges, then lim 22" 27 dr exists and equals Io,_o. Moreover, lim t*" e = 0. Hence, if
t—oo JO t—o0

I5,,_o converges, then I, also converges and

2n -1

I2n = 9

Izno.

Because that I converges, by mathematical induction, I, converges for all positive integer n and

(2n-1)(2n-3)--1 (2n-1)(2n-3)-1 /7
Iy, = Iy = v
2n 2n 2

(1 pt for deriving that the convergence of I implies the convergence of I, for all positive integer n.

2n -1
2 pts for Ign = Tl2 IQn_Q.

2 pts for Iy, = (2n - 1)(2n—3)~~~11_0 _(2n-1)(2n-3)-1 ﬁ
2n A 2

)

(d) If p <0, then ling 2Pe™ = co. Hence the improper integral f aPe™ dr may be an improper integral of
x—0t 0

both type I and type II. Therefore, we should write I, as

1 2 o 2
f zPe ™™ dx+f zPe™ dx
0 1

and I, converges if and only if both improper integrals are convergent.

et z2 . .
Let’s first investigate [ aPe™ dz. In part (c), we have shown that I, converges for all positive integer
1
n. For any p € R, we can find a positive integer ngy such that 2ng > p. Then for x > 1,

_2 _2
0<zPe™ < g?moe™® .
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R 2
Therefore, the convergence of Is,, implies that f 2Pe™™ dx converges by the comparison theorem.
1

In conclusion, f e dz converges for all p € R.
1
1 2
Now we consider / zPe™™ dz. Note that
0

1 2
0<=zP<zPe™ <P for 0<z<l1.
e

1 ) 1
Hence by the comparison theorem, f 2Pe™® dx converges if and only if f 2P dx converges. And we know
0 0

1 1
that f 2P dx converges if and only if p > —1. Therefore, f 2Pe™® dz is convergent if and only if p > -1.
0 0
As a result, I, converges if and only if p > -1.

(2 pts for the convergence of f 2Pe=" dz for all p.
1

1
3 pts for the convergence of [ aPe® d if p>-1.)
0
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6. Let f be a continuous function on R such that f(x) >0 for all . Suppose there exists a constant T > 0 such that

flx+T)=f(z) for all zeR.

b+kT

b
(a) (3%) Prove that f e f(z)de=e T f e"* f(z) dz for any positive integer k.

+kT
nT
(b) (2%) Let I, = f ¢ f(z) dz. Using (a), find I, in terms of ;.
0
(¢) (3%) Let ¢ be a positive number and n be an integer such that nT <t < (n+ 1)T. Prove that

1— e—(n+1)T

1-e T L

(d) (2%) Use (c) to deduce that f e " f(z)dx converges and express it in terms of 7" and I;.
0

(e) (6%) Use (d) to evaluate / e *|sinz|dz.
0

Solution:

(a) Let u=a - kT. Then

fb+kT e " f(x)dx /b e T f(u + kT) da
T

a+k a

:e_kabf(quk’T)da:
:e_kabf(u)du

Grading scheme.

(1M) Use the substitution u =z - kT

o (IM)
¢ (1M) Transform the given integral
o (IM)

(IM) Overall coherence of the argument

(b) By using (a), for any a € R, we have

(a+1)T T
f e f(z)dz=e T f e f(x)=eT.1,.
aT 0
As a result,
T 2T 3T nT
I, = f e f(x)dx + / e’ f(x)dz + / e f(x)da-- + [ e f(x)dx
0 T 2T (n-1)T
= Il + B_Tll + 8_2T11 + e+ 6_(n_1)T11

=L(1+e T4 g e (DT

Grading scheme.
(a+1)T
e (1IM) Use (a) correctly on an integral of the form / e * f(x)dx
aT

e (1M) Correct answer

t
(¢) Note that e™ f(x) > 0. For nT <t < (n+1)T, we have I, < / e f(z)dx < Ipnyy.
0

_ ,—nT
By using (b) and the formula of a geometric sum, we have I, = ﬁ 1.
Combining these imply the desired inequality,
1—e T _ e—(n+1)T

t a 1

1-eT

Grading scheme.

1M) Mention e @ f(z) >0

(
e (1M) Use monotonicity of integrals
( T ~(=DT" (Give this credit to those who evaluated
t

M
e (1M) Compute the geometric sum 1+e™" +-+e

hesum im (b))
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(d) Let’s take n (and hence t) to oo in the inequality of (c).
—e T 1= ()T 1

As lim ——1I; = lim = I,. By squeeze theorem, we have
nhoe 1T 1 abe 1-eT 1 1_eT oY

oo e 1
‘/O e f(ﬂf) dx = m[l

Grading scheme.
e (1M) Use Squeeze Theorem argument

e (1M) Correct answer

(e) Let f(z) =|sin(z)|. Note that in this case, we can take T = 7. By using (d), we have

f e *|sin(x)|dx = f e “sin(x) dz
0 0

1-e™
By integration-by-part twice, we have

1
f e “sin(x)dr = —e " (sin(x) + cosx) - / e “sin(x)dr = / e “sin(x)dx = —§e’z(sinx +cosx) +C.

1+e™

Therefore, f e “sin(x)dx = . Hence,
0

l+e™™

/0 e *|sin(z)|dx = m

Grading scheme.
e (1M) Identifying the correct |f(z)| and T

e (1M) Applying the formula in (d) correctly

¢ (3M) Evaluate the indefinite integral / e ¥ sin(x) dz (Partial credits available for minor errors)

e (1M) Correct answer
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7. A patient takes 100 mg of a certain drug, which is gradually absorbed by the body and then eventually excreted out
of the body. After time ¢, let

e x(t) mg be the amount of drug still unabsorbed,
e y(t) mg be the amount of drug absorbed and remained in the body,
e 2(t) mg be the amount of drug excreted out of the body.

It is known that the total amount of drug z(t) + y(t) + z(¢) = 100 is a constant over time. Moreover, 2(0) = 100,
y(0) = 2(0) = 0.

(a) (3%) It is known that Z—? =—-0.4z. Find z(t).

d
(b) (7%) It is known that d—i =0.08y. Derive a first order linear equation for y = y(¢). Hence, solve for y(t).

(¢) (2%) Hence, find the time when the amount of drug absorbed and remained in the body is maximized. (You
don’t need to justify maximality.)

Solution:

(a) Given 2'(t) = -0.4z. By separation of variables, we have

[ ldac = f —0.4dt = z = Ae "4,
T

As z(0) = 100, we have A = 100. Thus, z(t) = 100e™%-**.

Grading scheme.
e (2M) Writing down x = Ae”**" (Partial credits available)

e (1M) Showing that A =100.

(b) Given z'(t) = 0.08y. Moreover, as z'(t) +y'(t) + 2’ (t) = 0, we have
~40e™ 94 4+ 4/ (1) +0.08y = 0 = 3/’ +0.08y = 404"

An integrating factor is given by e®°%'. Multiplying this to both sides of the above equation and integrating
gives

008ty _ f 406932t gt = 195032t 4 ¢

As y(0) = 0, we have C' = 125. Thus, y(t) = —-125¢ 04 + 125¢79-08¢,

Grading scheme.
e (1M) Writing down x’ +y" + 2" = 0.
e (IM+1M) Obtaining the correct p(t),q(t) of the first order equation y’ +p(t) -y = q(t).

(
(
e (1M) Correct integrating factor
(2M) Correct general solution for y(t)
(

1M) Correct constant C'

25
(¢) Set y/(t) = 0. We have —10e™ %4 + 10708 = 40704, Therefore, ¢*3?" = 5. Hence, t = — In5 is a critical
number. (One can use appropriate derivative tests to deduce that a local maximum (and hence a maximum)

2
value is attained at ¢t = §5 In5.)

Grading scheme.

25
e (2M) Correct answer ¢ = 5 In5.
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8. In this question, we demonstrate how the method of variation of parameters works on second order linear differenti-
ation equations with non-constant coefficients.

(a) (2%) Verify that e’ and t + 1 satisfy the differential equation
ty" = (t+1)y +y=0.

(b) (4%) Let ug(t),ua(t) be such that uf(t) e’ +ub(t)- (t+1) = 0. Let y,(t) = us(t) - e’ +ua(t) - (t + 1). Simplify
and express
ty, = (t+ 1)y, +yp
in terms of uf (t) and u5(t).

(¢) (6%) Find the general solution to the differential equation

ty" - (t+ 1)y +y =1t

Solution:
(a) Just verify.

(b)
yp(t) = up (t) - el +up(t) - (t+1)

yp(t) =uy (t) et +uh(t) - (E+1) +ur(t) - e +un(t) - 1=uy(t)e’ +us(t)
Yy () = ug (t)e' +uf (t)e' +uy(t)
tyy = (t+ 1)y, +yp = t(uy (t)e' +ul(t)e! +ub(t)) = (t+ 1) (ur(t)e’ +ua(t)) +us(t) - et +ua(t) - (t+1)
= (t)te" + tub(t)
(c)

Solve the system
uh(t) et +ub(t) - (t+1)=0

(1) - (te') +ub(t) -t = 2

To get
uy(t) = (t+ e, uh(t)=-1
ur(t) =—(t+1)e" —e "+ Cy
UQ(t) =—t+ 02
Hence
y(t) = Crel + Cy(t+1) —t* -2t -2
O

Grading:

e (a) is 1% per verity.

(-2%) for each mistake in (b) (because it will change the student’s answer in (c)).

(c) can be done with undetermined coefficients. In that case, (-2%) for each mistake.

e 1% for knowing the system of equations to solve. 1% for solving u; and ug. 1% for integrating each. 2%
for putting all the information together as a final answer.

Note: y(t) = Cre’ + Co(t +1) — % is also a solution but if students use undetermined coefficient with just
At?, then it is a lucky guess and not correct.
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