1112 ##H17-199 WED3 HERZINIFIRE

1. In the following diagram, the circles are the level curves of the function f(z,y), and the hyperbola is given by
g(x,y) = 1. Circle the best answer.

ETESR, BERSEH f(r,y) NESR, MEHRUB g(x,y) =1 NEF . FEBREEE,
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(a) (3%) It is known that the function f(z,y) attains its minimum value subject to g(x,y) = 1 at one of the points
D1, P2, P3,p4. Which one should it be ?

EREH f(z,y) 1 g(z,y) =1 L8 py,po,ps, py Eh—EEHESE, EREH—EAER?

| p1 /P2 ps ) p

(b) (4%) In the diagram above, draw clearly the gradient vector of the function f(z,y) at ps. Credits will be given
if the gradient vector is drawn towards the correct direction.

BRELEDEESEE f(x,y) £ po DBREODE, RUWEAERRTBERNENSHTERIFEIH,
(¢) (3%) At pa, decide if the directional derivative of f(x,y) in the direction u is positive, negative, or zero.

RS po, YET f(z,y) RTFS5E u WSEEHAE, 8, EES,

(i) u= (—12, \}5) ‘ Positive IE / Negative B / Zero %‘
1 1
(i) u= (\/57 %) ‘ Positive IE / Negative & / Zero %‘
1 1
(iii) u= (,— . ‘ Positive IE / Negative B / Zero %‘
V2T V2
Solution:
(a) p1 (3M)

(b) An arrow perpendicular to the circle at ps and pointing at the northwest direction.
2M for Normality and 2M for Direction.

(¢) (i) Positive (1M)
(ii) Zero (1M)
(iii) Negative (1M)
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2. Let BEEE f(x,y) =2y — /3 + 222 —y2.

(a) (4%) Find R % and %.
(b) (6%) Find an equation of the tangent plane to the graph z = f(z,y) when z =1 and y = -1.
KENE 2 = f(z,y) Ex=1My=-1 KRIESGEIN,

(¢) (4%) Use the linearization of f(z,y) at (1,-1) to estimate the value of f(0.97,-1.02).
A f(z,y) & (1,-1) EBHRMEEIREST £(0.97,-1.02) @,

Solution:

(a)

2z
Jo=y-
3+ 222 —y?
Y
fy=1+ —————
! V3 +2x2 —y?
O
(b) Method 1:
1
f(1,-1)=-3  f.(1,-1)=-2 fy(l,—1)=§
1
Tangent plane formula: z=-3-2(z-1) + i(y +1) O

Method 2: z = zy—/3 + 222 — y2 can be re-written as (zy—2)*-3-2z%+y* = 0. Let F(z,y, 2) = (zy—2)?-3-22%+y>.
VF = (2y(zy - 2) — 4z, 2x(xy — 2) + 2y, —2(xy — 2))
f(17 _1) = _37 F(L _17 _3) =0.
VF(17 _1a _3) = <_8a 2) _4>
Tangent plane formula: -8(x - 1) +2(y+1)-4(2+3) =0 O
(c) X
L(z,y)=-3-2(x-1)+ §(y +1)

£(0.97,-1.02) ~ L(0.97,-1.02) = -3 + 0.06 — 0.01 = —2.95

Grading guideline:
(-2%) for minor mistakes and (-4%) for conceptual mistakes.

Parts (b) and (c¢) should use their answer in (a). Part (c) should use their answer in (b). Do not take points off
for follow through on (b) and (c).
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3. Suppose that the function f(z,y) = 42y + 2 + 2zy® — y + 100 describes the concentration of bacteria at the point
(x,y) in the NTU Ecological Pond. You are sitting in a boat at the point P = (2,1).
BREZWE f(x,y) = 42’y + 22 + 229° —y + 100 {HRSKERBHE (v,y) NAERE, RE, MOMKRESRD P=(2,1) 8

B L.

(a) (5%) What is the rate of change of the concentration of bacteria in the northwest direction u=(-1,1) at P?
EPELMAELSE u=(-1,1) HERENELERR/DD?

(b) (4%) At P, find the maximum rate of the change of the concentration of bacteria.
KE P HEHERERANEEER,

(¢) (5%) A scientist finds out that the bacteria seems to have a tendency to grow in the east : f(z,y) is indeed a

function in time ¢ with 2 =¢> +¢ and y = tInt + 1. Find Z—J; .
t=1
d
RERSBEHELNTEERELRNBY: f(r,y) 2B ¢t WEH, Eh o=+t My=tnt+1, K di; o
t=1

Solution:

(a) The gradient is Vf(2,1) = (8zy + 2z + 2y°, 42” + dzy — 1) |21y = (22, 23).
N——

1M+1M 1M

1 1
55 (M

The required rate of change is

The direction (-

Grading scheme of Q3a.
e IM+1M for correct f, and f,
e 1M for correct Vf(2,1)

e 1M for the formula ‘gradient dot direction’

e 1M for correct answer

(b) (2M) The greatest rate of change at P is given by ||V f(P)|],

(2M) which equals 1/(22)2 + (23)2.

Grading scheme of Q3b.

e 2M for knowing the max. rate equals the length of the gradient vector

e 2M for correct answer (1M for minor mistakes such as forgetting to take square root, etc)

(¢) By chain rule, we have

fe=Jfo-me+ fy-ye (1IM)
= fo(2,9) (3 + 1) + fy(z,y)(Int+1)  (1M)

When t =1, we have x =2 and y =1 (1M) and so
Fr(1) = fo(2,1)(4) + £,(2,1) =22-4+23 =111 ((2M)).

Grading scheme of Q3c.
e 1M for knowing the chain rule f; = fy -2t + fy - 4
e 1M for correct derivatives x; and y;

1M for knowing (1) =2 and y(1) =1

2M for the correct answer (1M for clear minor calculation mistake)
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1 2
4. Let f(z,y) =2 — ax + Bay® + y>. You are given that (—15, 15) is one of its critical points.
1 2
ZEEY f(2,y)=2°-ax+ Bry® +y°, BA (—,) REDP—{ERRE,
B f(z,y) Bry” +y NERVE ]

(a) (4%) Find the values of o and S.
K a g RIE,

(b) (10%) Hence, find all the critical points of f(x,y) and classify them into either local maximum, local minimum
or saddle point.

HILEE f(r,y) BOABERE, TZ—YEHRMARENEXE. BRRIVE. DNIEKH

Solution:

Explain grading scheme: a* - give * points if you see correct answers; ml - give 1 point if you see any sign of

applying a method.

(a) Set a system of equation

ofr( 1 2 14

2 |\-——= =] =0 —a+—B=
ox 15 /15 =15 a+1§6 0
of 12 0 _i5+i_

v\ A5 5] 15 15

Ay 15 V15
Therefore, a =1 and 3 = 3.

Grading scheme:

ml Any sign of setting the system of equation.
al Correctly evaluate 0f /0.
al Correctly evaluate 0f [Oy.

al Correctly solve a and .

Set a system of equation
322 -1+3y%=0

Vf(x,y) = (O’O) = {2my+y2 -0

1
The second equation implies 2z +y =0 or y = 0. The first equation deduces the critical points (—,

ot
2l
ot

1

1
and y =0 implies x = +—.
V3

Let us compute the discriminant. We have

6x 6y

Az, y) = det (Gy 61 + 6y

) = 36(2” + 2y - y?).
Evaluate the discriminant at each critical point.

A < 0. Therefore, ( ) is a saddle point.

12 12
o For [-—, —|, —
( V15 ¢1_5) V15" V15

1 1 1
e For | +— |, A > 0. Therefore, | —, 0] is a local minimal, and [ -—,0

is a local maximal by evaluate

T

Grading scheme: Allow students to use any answer they got in the previous question.

ml
al
ml
al
ml
al
al
ad

Setting Vf = 0.

Correctly setting up the system of equations.

Any sign of attempting to solve the system of equations.
Correctly solve the system of equations.

Attempting to find the discriminant.

Finding the correct discriminant.

Correctly evaluating the discriminant at each point.

Correctly applying the second order test. 1 point for each correct answer.
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5. (14%) Use the method of Lagrange multipliers to find the maximum and minimum values of f(x,y,z) = z2yz* subject
to the constraint 922 + % + 422 = 49.
{ R Lagrange ®FEREE f(x,y,2) = v2yz* ERENEL 927 + % + 427 = 49 THRXENS/IVE,

Solution:

The constraint is an ellipsoid, which is a closed and bounded region. By the extreme value theorem, both the
maximum and the minimum of the function f occur at the critical points.

Let g(z,y,2) = 922 + y* + 422, Then the system of equations we need to solve is Vf = AVg, g = 49.

2xyzt = 182\
22t = 2y
42y = 82\

922 +y? +42% = 49

Hence we can get
4ayzt = 3622\ = 8y X = 822\

and we divide into 2 cases: A # 0 and A\ = 0.
For A # 0, we have 922 = 2y% = 22%. Plug in to get 7y* = 49. The critical points will be (i\/ 14/9, /7, iﬁ)

For A = 0, we know that z%yz? = 0.
3 . 73
V7 and the minimum value of f is — 9

N&i O

Therefore the maximum value of f is

Grading guideline:

(6%) for the system of equations: (2%) for finding the gradient vector for the functions and (4%) for understanding
the method of Lagrange multipliers.

(6%) for solving the system: (-2%) for each missing case along the steps.
Example: 2zyz? = 182\ = yz* = 9\ Need to consider x = 0.

(2%) for evaluating the maximum and minimum values. Students can get points for this even if they made
mistakes above.

(-1%) for each minor mistake (miscopy, miscalculate, misread). Conceptual mistakes would be at least (-2%)
each.
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4 2
(a) (10%) Evaluate 3K fo ff cos(z*) dx dy.
]

2
(b) (10%) Find the area enclosed by the part of the cardioid =1+ 2cosf, 0< 6 < ?ﬂ and the z-axis.

KIDKEER 7 =1+2cos0, 0<0 < 2% M o-BHEREVEE RV ETE.

Cardioid

Solution:
Explain grading scheme: a* - give *

applying a method.

points if you see correct answers; ml - give 1 point if you see any sign of

(a) The area Q2:0<y<4, \/y <x <2 is equivalent to the following
N:0<z<2, 0<y<a?

Therefore, we have

4 2 ) 2 ra? .
[ / cos(xd)dwdy:/ [ cos(x3)dydzx
o Jui o Jo
2
:f 22 cos(2®)dx.
0

Let u = 2%, so du = 32%dz. The indefinite integral of the last integral above is

sin(u) _ sin(z%)

/xzcos(x‘g)dx:éfcos(u)du: : T

Hence, the integral is
? _ sin(8)
-

2 (3
f 2% cos(z®)dx = s1ngx )
0

0

(Another approach) Let u = 23, 50 du = 32%dzx and 0 < u < 8. Therefore, the definite integral is

2 1 8 o3
f z? cos(z®)dx = = f cos(u)du = sin(u)
0 3 Jo 3

® sin(8)
=2

0

Grading scheme:

ml Any sign of swapping the order of z and y for Q.

ad Correctly giving the limits of 2. 1 point for each limit.

ml Swapping the order of integration.

al Correctly evaluating the most inner integral.

ml Any sign of applying the change of variable for the outer integral.
al Correctly finding the indefinite integral.

al Correctly evaluating the definite integral.
The last 2 points can be change to if students approach from the second method:

al Correctly finding the limits of u.

al Correctly finding the indefinite integral, i.e. see sm(u).
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(b) We will evaluate

27/3 1+2cos 6
[ [ rdrdf.
0 0

1 27/3 5 1 27 /3 5
5[ (1+2cosb) d@zgf 1+ 4cosf +4cos”6do
0 0

It is

27 /3 1 27 /3
=2 cos9d0+ff 3-2+4cos?0do
0 2 Jo
2n/3 1 r2n/3
+ = (2cos? 0 —1)d6

= 2sinf + =0
2 0 2 Jo

27/3
:\/§+7r+f cos(20)dd

0
27 /3 3\/5

=—— 47

1
=\/§+7T+§sin(29)0 1

Grading Scheme:

ml See /frdrd@.

ad Correct limits for the double integral. 1 point for each limit.
al Correctly find the most inner ”indefinite” integral.

ml Any sign of applying double angle formula.

al Correctly applying double angle formula.

a2 Correctly evaluate the double integral. Get al if the entire process is correct with some minor compu-
tation error.
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7. (14%) Evaluate 3k

f Vay? dA
D

where D is enclosed by xy = 1, 2y = 8, y = \/z, y = 5\/7 in the first quadrant.
BER DBaoy=1,2y=8 y=vr, y=5/7 EE—SREBRNESE,

Solution:
(2M) Let u =2y and v = % (2M).

(2M) Then z = (u/v)?? and y = u'/Pv?/3,

(2M) The Jacobian equals
2 2
2323 2 2/3,-5/3

11 2 :
7u—2/31}2/3 7u1/3v_1/3 3v
3 3

(2M) The region becomes a rectangle 1 <u <8 and 1 <v < 5. Therefore,

5 8 9
ﬂﬁdeA:f f uv - — dudv
D 1 J1 Jv

u=1
[ —
M
5
= 21 dv
1
=84
——
2M
Marking scheme.
(2M) Making a suitable substitution u = u(x,y), v = v(x,y)
(2M)  Solving for = = z(u,v) and y = y(u,v)
(2M)  Correct Jacobian
(2M)  Correct transformed region
(3M)  Correctly transformed the integral (integrand, integration limits)
(IM) Correct anti-derivative for du or dv
(2M)  Correct answer
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