111181 7-199 T2 B EEom%

1. (10%) Fill in the blanks. 3EZ2RE -

The given graph y = f(x) contains 2 line segments and 1 circular arc (a quarter circle).
ETREE y=f(r) FNEKEET - HRIGHRGREREEY e — BT -
('274)

I Evaluate 315
A
2
@ [ f@de=_
[\ /-
e |
/ oo [
/ 4
© [ f@yde=___
(4-4) (-4

(d) Let g(x) = f f(t) dt. The function g(x) is increasing on the interval
-4

T g(e) = [ 7(0) de - BRARHITEB g BRI - ( , )
(e) The degree two Taylor polynomial of the function F(z) = V4 +z at x =0 is
HE F(z) =VA+z fE 2 = 0 WZREHLERRE

Py(z) = + T+ x

dP
(f) Suppose we observe that a population P(t) is proportional to the square of the growth rate e where t is a time

variable. Express the model as a differential equation
B AR < ADEKE P(t)” A “AD&EY — E’J%Eﬁ” FRIELE » KT HHMEM D TR R (BRI 2K 2

dP
dt

dP
dt

= kP? (C )CLP—W_ (D)CLP:WE

&) 2 dt dt

= kt? (B) —

Solution:

Grading scheme of Question 1 Answers only. No partial credits.
) 16 — 47 (2%)
b) -4 (2%)
c) 12 -4rw (1%)
4 (3.2) 1%)
o

2+ x — 6—4x (1+14+1%)

C(1 %)

[§]

(a
(
(
(
(
(f

)
)
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\/5 7t2 —_— \/5 7t2
2. (10%) Let F(x) = f et dt. % F(z) = f e’ dte
-z -z

F
(b) Evaluate the limit lim ()

(a) Use the Fundamental Theorem of Calculus to find F'(x). FfESEREERKEE F'(z)

o s - F
tim 2 with PHopital's Rule. FEELHSAAFHIR lim f;
Solution:

2
(a) Since e™*" is continuous on R and

Y VT )
F(x):‘/O e dt—fo e’ dt,(1%)

the Fundamental Theorem of Calculus implies

Fla) eV L _cver (L1 )]
N—— \/E

(1%) —— (1%) —_———
(1%)

(1%)
Remark. Students cannot quote the formula for

d h(x)
([ Pya) = P ) - Fla(a' @
dx \Jg(x)
directly unless they give its derivation (correctly).
. o 0 .
(b) The given limit is of = form. (1%)

By L’Hospital’s rule, we have

F F < =
lim+ ﬂ = lim+ 51‘) = lirn+ @ = lim+ c -z
x—0 \/E x—0 m -0 ﬁ z—0 2 3
\.—..W \-—ﬁt—__/ (1%) (1%)

(1%) (1%)

Remark. All answers need to be fully and correctly justified.
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3. (20%) Evaluate. F+&7E »

/4 . ! 1
_ D A—
(a)fo tan” 6 sec” 6 db (b) 0 22+2r-+2 *

Solution:

(a)
4l

/4 /4 1 u
f tan® 0 sec? @ df = / (tan®)® d (tanf) = / u® du = R
0 0 0

1

0

[1 L [1 L @+ f2 L du=tan uff = tan(2) - ©
————— dr= — d(x = w=tan™" u|, =tan - =
0 x2+2x+2 0o (x+1)2+1 1 u?+1 1 4

Grading:

There are many ways for the student to get the correct answer. Read their work, -2% for each minor mistake.
-3% for any antiderivative mistake.

If the student did not arrive at the correct answer (unfinished or major mistake), they get +3% for the first
correct integration technique and +2% for the first correct antiderivative.

If the student mis-copied the problem, determine if the new integral is of similar difficulty. Grade normally if it
is, otherwise max 5%.

Page 3 of 8



r—1

———— dx. Make sure to clearly express the rational
x2(z?2+1)

4. (10%) Use the method of partial fractions to evaluate [

function in its partial fraction form.
- N -1
REAAABEIEE [ T dae

222+ 1)

Solution:

Partial fractions:
r-1 A B Cx+D  A(2®+z)+B(2®+1) + Ca® + Da?

22(x?+1) x 22 2?2+1 x2(x?+1)

Constant term: B = -1.
Linear term: A =1.

Other terms have zero coefficient: C' =-1,D = 1.

Hence
z-1 1 1 T 1
22(22+1) 22 22+1 22+1
-1 1 1 1 1 1
fxidx:f(f———i+7) dr=Inlz|+ = - -In(z?+1) +tan 'z + K
x2(x?2+1) x 2?2 22+1 22+1 x 2
O
Grading:

4% for the partial fraction form. Equivalent forms are okay.

2% for solving the constants. Any minor error is -1%. If there are fewer than 4 constants they immediately get

-1%.

4% for the antiderivative. If 1 constant is zero due to error above, -0%. If 2 or more constants are zero then -1%
for each. Missing absolute value or missing +K (using +C' is fine) is -1% each.

If the student miss a term in the first step, then it will be -3% due to losing 1% in each part.

Other methods to solve the problem will have max 8%, but gets -2% for each minor error and -4% for each major
error.
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4 4
5. (10%) Evaluate the improper integral [0 4:;?\/5 SHEBES /; zLxc-er\/E 0

Solution:
1
Let u =z (1%), so du = —=dx (1%)i.e. dz =2udu (2%). Thus, we have

2\/z
dx 2udu
= 2
_/4a:+\/5 /4u2+u( )
2
:f du
du+1

2
=—1In4u + 1]
4

(2% for correct answer. 1% if see any sign of In). Finally, we have

41
=—In9=1n3
0o 2

4 dx 2
T+l
.[o Ty Vel

(WITHOUT CONSIDERING THE PREVIEWS INTEGRAL IS CORRECT OR NOT. 2% if the student reverses
the process of substitute and plugin 4 and 0 to do subtraction (You don’t need to check if the student compute
the result right or wrong, as long as the student carry out the process correctly). 1% if the student only reverse

the process of substitute or only do substitution.)
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[e)

1 x
6. (8%) Given e” = > — z". Let g(z) = f e dt. Write down the Taylor series of g(x) at « =0.
0

n=0 n!
T 2 A | -
B g(r) = fo e’ dtoBHle" =Y, e AR g(z) v =0 AREHRE -
n=0 '
Solution:
()= ["> Lenar
FE= ) —on!
[e o) 1 x
=y = | t*"dt
—=n! Jo
1 m2n+1
- ,;)Eznn

(2% if you see t has power 2n before integral; 2% if you see t has power 2n+ 1 after integral. 2% if you see 5 e 1
n +

after integral. 2% if you see any sign that the student interchange the operation of summation and integration.
-1% for any stupid mistake up to -2%.)
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i

n

7. (12%) Given In(1+2x) = i z". Let f(z) = 2?In(1-2%).
n=1

oo (_1\n-1
EE f(r) =2’ In(1-2%) - B n(1+2) = ) [
n=1 n

(a) Write down the Taylor series of f(z) at = =0. RK# f(z) % = = 0 FIREHRE -
(b) Find fO1(0). FHEHEsaE 109 (0) -

Solution:
|

(a) f(z) =Y —a®"*2. (It’s okay if you see —1*"*'. 6% for this question, and mimic the grading scheme of
n=1 1

Question 6).

11!
(b) Set 11 = 3n +2 (2%). Solve n =3 (1%). f*(0) = 171 (3%). (As long as the student use his/her result in

the part (a), the student gets points)
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8. (20%) Solve. f#fS5 /T2
dy

27 1 2
(a) o =1+y
d 2
(b) d—i —2zy = xe” sin(2x)  with initial value #J#AIEEME y(0) = 1.
Solution:

(a) By separating the variable,

1

fl 2dy:fld:c =tan"'(y)= = + C

+y — —

—_—— —— T om ® %
(1%) (1%)

Remark. Accept any equivalent answers.

(b) An integrating factor is given by of F22)dz _ o-a? (2%). By multiplying it to the both sides,

_p2dy B
T 7_2 xr
c dzx e

— (e’mz-y),:xsin@x)
-z fxsin(Qx)dx(S%)
_MJrf%dx(?)%)

2y = zsin(2z)

I

2
_ _ICOS2(21”) + Smfz) +C(2%)

_xcos(2x) . sin(2x) .
2 4
Finally, we are given that when =0, y = 1,(1%)

Hence, y:emz( C).
1=1-(0+0+0C)

so C' =1(2%). From this we conclude that

ye ot (_wcosz(Qx) s singfx) . 1) (1%)

Remark. For any components that are worth > 2%, partial credits are available for any minor

calculation errors.
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