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1. Let h(u) be a continuous function such that h(u) >0 for v € R. Define

g(t)=tft1h(u)du and f@):fof () dt.

(a) (2%) Find f'(z). Express your answer in terms of h.
(b) (4%) Find the interval(s) on which f(z) is increasing and the interval(s) on which f(z) is decreasing.

1 1 1
(¢) (6%) Use integration by parts to write f(1) = [0 t(/t h(w) du) dt as /0 p(t)h(t)dt. Find p(t).

Solution:

(a) f'(z)=2z-g(z?) =223 fw: h(u)du

—————
1 pt

1 pt
x” >0 1tor x>0 and z° <0 tor x <0. pt
b) 2* >0 f 0 and 2° <0 f 0 1
1 1
f2 h(u)du >0 for z € (-1,1) and f2 h(u)du <0 for z € (=00, -1) U (1, 00) 1 pt

Hence f'(x) >0 for z € (-00,-1) U (0,1). f'(x) <0 for z € (-1,0) u(0,1).
Therefore f(x) is increasing on (—oo,-1) and (0, 1) 1 pt
f(x) is decreasing on (-1,0) and (1, c0). 1 pt

£(1) - f (f h(u) du)dt—[l(ftlh(u)du)d(t;) 1 pt
=7522( ft h(u)du) |H1)— fo ;(—h(t))dt 2 pts

1 2
= / —h(t)dt 2 pts
0

t2
Hence p(t) = 5 1 pt

1 pt for deciding to integrate t and differentiate f ' h(u)du.
2 pts for applying 1ntegrat10n by parts correctly. '

2 pts for evaluating % [ h(u)du at t=1 and ¢ =

1 pt for p(t)
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(a) (5%) Let f(z) be a continuous function on [-1,1]. By using a suitable substitution, show that

foﬂwf(sinx)dx:g’[oﬂ f(sinz)dz.

sin®

(b) (7%) The region bounded by the curve y = Troos " 0 <z < 7 and the z-axis is revolved about the y-axis to
+cos?

generate a solid. Use (a) to find the volume of this solid.

Solution:

(a) Apply the substitution t=m -2 (+4) and de =-dt (+1)

PHEE— Tﬁ)\ﬁ/\fﬁﬁﬁfﬁﬁ WRF o E/DEE (1)
(BZ0 157 NEHFZ5)

™ 0 ™ T
[ xf(sinx)dx:f (m—1t)f(sint) (—dt):f Wf(sint)dt—f tf(sint)dt.
0 71' 0 0
(b) The method of cylindrical shells gives the volume V as the integral

%4

21 v/OW;Uy(;U) dr (+4) HBEMHH(a)

- [ T o) FHAERTR  BERERAEEESLR

1+cos?x

U=COS T 1 1_ 1 2 —
= 7r2f w du:7r2f —1du:7r2(2tan lu—u)il

-1 1+u? -1 1 +u?
= 72 (r-2). (+1) O
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3. Let f(z) be a continuous function on [1,00). Note that f(x) is not necessarily non-negative.

(a) (4%) Prove that if f |f(t)|dt converges, then f f(t)dt also converges. Hint : consider g(t) = f(t) +|f(¢)]-
1 1

(b) (4%) Determine whether f o8t
1

dx is convergent or divergent.
x

* sinx
(¢) (4%) Determine whether f —— dx is convergent or divergent. Hint : Use integration by parts.
1 x

Solution:

(a) Let g(t) = f(t) + |f(t)]-
(1%) Note that 0 < g(t) < 2|Ji£t)|

(1%) The convergence of f |f(¢)]dt implies that of f 2|f(t)|dt. Comparison test implies f g(t) dt is
1 1 1
convergent.

(1%) Hence, floo f@)dt= floog(t) dt - ﬁm |£(¢)|dt is also convergent.

(1%) for overall coherence of the argument

Marking scheme of Question 3a

Since this is a proof-based question, full marks will only be given to a valid argument with no math-
ematical flaws or ambiguities.

e 1% for the bounds of g(t)

e 1% for applying the comparison test to show the convergence of g(t)

e 1+1% for completing the argument

COS ™

(b) Let f(z) = poR

(1%) Since 0 < |f(x)| < % and

~ 1
(1%) f — dz is convergent (as a p-integral with p =2> 1),
1 ox

(1%) comparison test implies f |f(x)|dz is convergent. Hence, (a) implies that f f(x)dz is also con-
1 1

vergent.

(1%) for overall coherence of the argument

Marking scheme of Question 3b

Since this is a proof-based question, full marks will only be given to a valid argument with no math-
ematical flaws or ambiguities.

e 1% for the bounds of |f ()]
e 1% for citing the convergence of p-integral with p=2>1
e 1+1% for completing the argument

Remarks.

(1) The following incorrect argument willl receive at most 1% :

oo

1 1 oo
flx) < - and the convergence of [ —de imply f f(z) dx converges by the comparison test.
T 1z 1

(2) No points to candidates who just write down ‘convergent’ without any reasonable argument.

tsinx cost tcosx
(¢) (1%) By integration by part, we have f B e = - cosl+ / 5 dz
1z x
N . cost
(1%) Since thm = 0 (by squeeze theorem) and
t cos t g
(1%) tlim T s convergent (by (b)), we conclude that tlim MY 4z is also convergent.
oo J1 s Jo

(1%) for overall coherence of the argument
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Marking scheme of Question 3c
Since this is a proof-based question, full marks will only be given to a valid argument with no math-
ematical flaws or ambiguities.

e 1% for applying IBP to f T4 (asa definite/indefinite integral)
x
t
e 1% for arguing, correctly, that tlim % =0

e 1+1% for completing the argument
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4. Consider the initial value problem
y" +4y =U(t - 3) with y(0) ='(0) =0.

(a) (5%) Let Y'(s) be the Laplace transform of y(t). Find Y (s).
(b) (8%) Hence, find y(t). Sketch the graph of y = y(¢).

You may use, without proof, the following formulas.

Ll = 1 Lleos(at)) = ——.  £{sin(at)} = —2

s—a s2 + a2’ 2 + a2’

LUt-a)f(t-a)} =eL{fB)},  L{y' (B} = sL{y(t)} - y(0).

Solution:

(a) L{y" +4y} = L{UE-3)}

= 5?Y (s) - sy(0) —y'(0) +4Y (s) = ée’ss

1 pt for £{y"} = s*Y (s) - sy(0) - ¢’ (0)
2 pts for L{U(t-3)} = ~¢72

S

S0 =y (0) =02 Y (s) = T

2 pts for plugging in »(0) =%'(0) = 0 and solving Y (s)
1 11 1 s
b) Y(s)=e 2 ——  _—e3s(Z2_--_2
(b) Y(s)=e s(s2+4) ‘ (45 4s2+4)
3 pts for correct partial fractions
1 1
y(t) = ZU(t -3)- 1 cos(2(t - 3))U(t-3)
ag 1
2 pts for £7He ™=} =U(t - 3).
s
2 pts for 6_1{6_35%} =cos(2(t—3))U(t-3)
s +4

The graph of y(t) is

B
@
L
]
3

1 pt for the graph of y(t).
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5. In country A, a booster vaccine has been invented to conquer a mutated virus X. Let « (in thousands) be the total
number of people in country A at time ¢ (in months) and y be the those who has received the booster shot at time
t. It is known that 0 < x < 100 and =z, y satisfies the following equations.

dx x dy y)
) Y _gorf(1--2 2y YW_ogay(1-Y).
=0 gc( 100) @ =0 y( x

It is known that x(0) = 10 and y(0) = 1.

100
(a) (7%) By solving (1), find z in terms of ¢. Express your answer in the form z(t) = A0}
1
. 1. . . 100
(b) (8%) By letting u = — in (2), find y in terms of t. Express your answer in the form y(¢) = 30}
Y 2

(c) (2%) Hence, determine how long will it take for 80% of the population to have received the booster vaccine.

Solution:

1
(a) (1%) By separating the variables, we have 100 f ————dx = / 0.2dt
(100 - )
1

(1%) To compute the LHS, we first note

1 1
S 7(,+ )
(100 - z) 100\z  100-x

1 1 x
1%) Th /72717 tant
(%) Then | e 00-2) ~ T00 ™ Top— 5 (constant)
(1%) Hence, the equality becomes In =0.2t + C.

%00 -
(1%) Since x(0) = 10, we have C =1n g
1

(2%) Thus, 2(t) = —20

1+9e70:2t°
Marking scheme of Question 5a

e 1% for separating the variables correctly

1% for correctly decomposing into partial fractions

Lt
2(100 - )
1

1% for a correct antiderivative of ———
‘ (100 - )

1% for a correct implicit solution of the equation

1% for figuring out the correct constant C'

2% for the correct answer

1
(b) Let y = —. Then

U
dy 1 du
%) — =-——.
(1%) dt w2 dt i 0.2t
1 1 04 1+9e™
(1%) Equation (2) becomes _ﬁdi: = 0.45 - 1;9{
(1%) From this, we obtain a first order linear equation d—? +0.4u = 0.004(1 + 96_0'2t)-

(1%) An integrating factor is e’'.

Multiplying this to the above equation and integrating it yields
1%) w-e®* =0.004 | €™ +9e°2 gt

(

(1%) Hence, u(t) = 0.01 +0.18¢™ 02" + Ce 04,

(1%) Since, u(0) = 1/y(0) = 1, we have C =0.81.

(1%)

%) Thus y(t) =

1+ 18¢70-2t 4 81 04t
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Marking scheme of Question 5b
o 1% for relating correctly ' and u’
e 1% for transforming the equation in u and ¢
e 1% for tidying up and obtaining a first order equation in u
e 1% for knowing the method of integrating factor
e 1% for an implicit solution
e 1% for an explicit solution
e 1% for finding out the correct constant C

L4 1% for the correct answer

(¢) (1%) Set y/z = 0.8, we have

1+ 96_0'2t 8 _0.2¢ 1 1 -
1+ 18e-02t 4 81¢-04t 10 =€ ~ 36 or — 9 (rejected)

(1%) Hence, t = 101n6.

Marking scheme of Question 5c
e 1% for setting y/z =0.8

o 1% for the correct answer
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6. (a) (9%) Use the method of undetermined coefficients to find the general solution y = y(z) :

y" + 4y = sin(2x)

(b) (9%) Use the method of variation of parameters to find the general solution y = y(z) :

y" +y=csc(z) with 0 < < g

Solution:

(a) The complementary equation y” + 4y = 0 has auxiliary/characteristic equation r? +4 = 0 with complex roots

£2i. Thus it has general solution y. = ¢1 cos(2x) + co sin(2x) where ¢, co are arbitrary constants.
[Here from equation 72 + 4 = 0 to roots +2i: (+3), finding general solution y.: (+2).]

Suppose a particular solution is of the form y, = az cos(2x) + brsin(2x). Then
sin(2z) =y, + 4y, = —4asin(2x) + 4bcos(2z).

Thus a = -1/4,b =0 and one finds the general solution
1 .
Y=Yptye=— cos(2x) + ¢1 cos(2x) + co sin(2z).

[By default, you have to use the method of undetermined coefficients to claim credit. Here setting correctly
yp = ax cos(2x) + brsin(2x): (+3), solving correctly y, = —z cos(2x)/4: (+1).]

The complementary equation 3" +y = 0 has auxiliary /characteristic equation r?+1 = 0 with complex roots +i.
Thus it has general solution y. = ¢1 cosx + co sinx where c1,co are arbitrary constants. We use the method
of variation of parameters.

[Here from equation 72 +4 = 0 to roots +2i: (+2), finding general solution y.: (+1).]

Set
Y = UL COST + Uz SINT.

The method imposes the conditions

uj cosz + uhsinz = 0,

I !
—UqSINT + Uy COST = CSC T,

which give

One finds

Uy = —x +c1,us = Insinz + co.

[Here setting correctly the system of equations for u): (+2), solving u; correctly: (+2), solving correctly u;:
(+2)]
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x(t) = 3cost — cos(3t) 0<t<™

y(t) =3sint —sin(3t) =~ T2’
curve. (Hint : cos(A - B) = cos(A) cos(B) +sin(A) sin(B))

(b) (8%) Consider the portion of the polar curve C : r = ¢’ with 0 < 6 < 7. Let Q be the point on C' at which the

tangent is vertical (see Figure). Find the area of the region enclosed by the vertical tangent at @, the z-axis
and the curve C.

(a) (8%) Consider the parametric curve defined by

Figure.
Solution:
(a)
2'(t) = -3sint+3sin3t,
y'(t) = 3cost-3cost,
()2 +y/ () = 18- 18( cos 3t cost + sin 3tsint) (1)
= 18(1 - cos(3t - 1)) = 18(1 - cos 2¢) (2)
= 18-2sin?t =36 (+1) sin’t. (+5) (3)
# AEEZE)E©2) ( RE +5)
The arc length is equal to
/ V(O +y ()2 dt (+1) 3 FESKINRAR > B2 1 4
7/[2
= 6/ sintdt=6. (+1) O
0
(b) Since z =€’ cos,y = e’ sin 6,
dy _ dy/do _sinf +cosf _ sin(0 + (7/4)) ~ tan(0 + (x/4)).

dx dz/df cosf-sinf cos(0+ (n/4))

It follows that when 6 increases (from 0) to 7/4, one gets a vertical tangent. Or one can verify that when
0 =n/4 dx/df =0 and dy/df * 0.

Thus @ has angular coordinate 6 = 7/4, or polar coordinate (r = e™4 0 = w/4)

or rectangular coordinate (z = ¢™*/\/2,y = e™*\/2) BEIQ WIFAE » BUETEIE ARSI BIE » % IEHE
(+3).

First Approach To find the required area, we first compute the area of the polar region enclosed by the curve
C (with 6 € [0,7/4]), OQ and the z-axis

;fr 6 SETR AT (+1)

- 5 f 029 40 = 1 ™2 _ 1) #+5 polar region HIH » % IEHE (+3).

,p
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1fe™*\ 1
The area of the triangle formed by OQ, the tangent, and x-axis is 3 (e) 'S

/4 /2
(e ) . Hence, the
V2 4

V2

required area equals

/2
T (e 1) = | EEMEIR N EER - BT (+1). D

Second Approach The polar curve can be treated as a parametric curve, and the required area is the area of
the region below the curve and above the z-axis between 2 = 1 and 2 = ¢™/* / /2. Thus

/4
fydx:fo () (0) do BITEMIHEE (+1)

- ‘[077/4 e¥sin 9(69 cos 0)' do = fOTr/4 2 ¢in 9( cosf —sin 9) df
= }1 AHEGERTEEE » iENE  EEREIREREE SR > B (+4)
SiE EE TR » FEEMR («2) GFH45

Here

/4 2 . 1 /4 2 .
f e“’sinf cosfdb = 3 / e’ sin 20 df
0 0

1 /4 1
= *626(811129—00829) =—(e,7r/2+1)_
8 0 8\ 7/
m/4 1 1 /4 )
[ e??sin? 0 do = [*6294-*629(Sin29—sin90089):| = *(6””-1). O
0 8 4 0 A

Page 10 of 10




