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. (14%) ETR y = f(x) HEER, OBERE THIEZEEMEEEE, Use the following graph y = f(z) to answer the
following questions.

)
\

~

0 \/ 1 2 3 4 5

-1
e lim f(z)= o lim f(z)=
e lim f(2)= o lim f(z)=
o limf()= o limf(x)=

s NEEAMEERENECETINEEREE? (E¥E ) On which interval can we define an inverse function? (Circle
all correct choices)

(a) 0<z<1l (b)l<z<2 (¢)l<z<3 (d)3<z<b (e)2<x<5

Solution: The answers will give from left to right. 2 pts for each question. 1 pt for the last one if he/she
misses one answer.

o lim ()= 1 lim f(z)= 1

. 1 .
 lim f(2)= 3 o lim f(z)= 1
o linrif(ac)z not exists . linéf(x)= 1
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2. (14%) R#BBR, ( fEF 'Hopital FZRIREESEIERD D8 ) Evaluate the limit. (Use of L'Hospital’s Rule will result in

partial credit only)

(a) i . (b) lim x (\/m - x)

el
=322+ - 12

Solution: (a)

) 2% -9 . (z+3)(z-3) .. x+3 6
lim — = lim = lim =—
=322 +x-12 -3 (x-3)(x+4) ==3zx+4 T
O
(b) . .
x
lim z(Va2+1l-z)=lim —— = lim — = —
L—>00 ( ) T=oo \/p2 L1 4 To00 /1+z%+1 2
O

Grading:

It is hard to get this problem wrong, so the grading can be harsh. (2%) if they only found limits of all the
parts of the function (example: 2 —9 - 0 and z* + 2 — 12 - 0). (4%) if they know that they need to factor or
rationalize, but did it incorrectly. (6%) for having only 1 or 2 minor errors like mis-copy or error in simplifying.

Only (3%) for correct answers via ’'Hospitals Rule. No points for this part if incorrect.

If they copy the problem wrong and their work show other limit techniques, at most (5%). If the limit became
too easy, (3%).
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3. (24%) M2, Differentiation.

(a) SHESEH f(z) = % +tan” (V) ( EERALE) .
Find the derivative of f(x) = % +tan~! (\/5) You do not need to simplify.
cos? x

(b) EEBERBMDERRARER o5+ 8y° = 24uy HY (6,3) MW—REH,
. . d
A curve is given by z® + 8y® = 24zy. Use implicit differentiation to find the value of d—y at the point (6, 3).
x

(c) HEEH g(x) =2 (1+ 22", FIAHBMISHEEH ¢/ (1).
Let g(z) = 2% - (1 +2%)Y/*. Use logarithmic differentiation to find ¢’(1).

Solution: 8 pts for each questions.

cos® z + 2sin® z cos 1

a + .

(@) cost 2/x(1+x)
(Any sign of applying quotient rule +2. Any sign of applying chain rule +2. Apply quotient rule correctly
+2. Apply chain rule correctly +2)

9 9 , o, 3x%-24y , 3-62-24%3 1

(b) 3z~ +24y“y’ = 24y + 24xy’. y' = YPECYI y' = 21(6-3) "3
(Any sign of applying implicit differentiation +2 pt. Correctly, apply differentiation +2 pt. No matter
he/she applies implicit differentiation correct or not, as long as he/she tries to solve y’ gives 1 pt. Correctly
solve y’ gives another 1 pt. No matter what he/she get in the latest step. Try plug in (6,3) 1 pt. Correctly
evaluate 1 pt.)

-1 N -1 . 2 )
22In(1+22) 1+a2 2In(1+22) 1+22”
(42 if he/she takes In. +2 for any sign of trying implicit differentiation. +2 if he/she applies implicit
differentiation correctly. +2 if he/she solves 3" by multiplying y)

1 1
(¢) Iny=2In2+=In(1+2%). =y =In2+ y = 2°(1+a>)/*(In2+
T Y
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4. (12%) $8EWH f(z) =In(1+2)o Let f(x)=In(1+x).

(a) AT x =0 BRMEELMGE In(0.95),
Use the linearization of f(z) at = =0 to approximate the value of In(0.95).
(b) HIERIRTE(a)BB D MYMLETEEB RN KB ELLERE, SHERAEZLR), FHRBERROHETSE.

Is your estimate in (a) an over- or under-estimate? Justify.

Solution:

1
(a) f(0)=0and f'(z)=—— = f'(0) = 1.
[ — r+1 —_—
1M D e 1M
The linearization of f(x) at =0 is

L(z) = f(0)+ f'(0)(z-0) = L(z)==.

S —
1M 1M
Hence,
In(0.95) = £(~0.05) » —0.05 .
—_— ——
Ny 1M
(b) 1"(x) = ——
(1+2)2

2M
So y = f(z) is concave downward which means any tangent line lies above the graph of f(z). | (1M)
Hence, L(0.95) > £(0.95) (over-estimate).

1M

Marking scheme for 4a

1M - correct value of f(0)

2M - correct f'(x)

1M - correct f'(0)

1M - demonstrating knowledge of linearisation
1M - correct L(z)

1M - rewrite In(0.95) as f(-0.05)

1M - correct estimation

Marking scheme for 4b

2M - correct f"(x)

1M - mentioning f is concave downward (accept a picture)
1M - correct conclusion
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5. (22%) #EEWH f(v) = ——, v+ -2, {FERE, Consider the function f(z) =

3 3
(a;‘+2)2, mforfﬂ¢—2.
(a) R—FEEHH, FIRNBIEBHEE (BAEBRT )

Find f'(x). Write down the interval(s) of increase/decrease of f(z).
(b) RIIMEEXH, SREBMEREH ( BAEERT) .

Find f”(z). Write down the interval(s) on which f(z) is concave upward/downward.
(c) SRS BEMR IS ( HEERT ), Write down (if any) the local extrema and inflection points.

(d) EFNNEERE—RFEEMIRE—FREOR, SMIFRIVSEINRHR,
The graph y = f(«) has a vertical asymptote and a slant asymptote. Find them.

(e) {EE, Sketch the graph y = f(x).

Solution:
3r2(x+2)2-2%-2(x+2) 2%(x+6)
OIM) f(x) = - _
(a) (M) ['(2) o s
The critical numbers are —6 and 0.
(IM) f'(x) >0 for z <=6 or z >-2; f'(x) <0 for -6 <z < 2.
(2M) Interval of increase : (—o0,-6) U (-2, 00), Interval of decrease : (-6,-2)

Marking scheme for 5a

2M - correct f'(z) (1M for knowing the quotient rule)

1M - for knowing f'(x) >0 (resp. <0) implies f is increasing (resp. decreasing)
2M - correct intervals of increase and decrease (partial credits available)

w oy (B2®+122)(x+2)° - (2% + 62%)-3(x+2)? 24z
(b) (QM) f ({E) - (.’L‘+2)6 - (.’L‘+2)4

(IM) f"(z) >0 when z > 0; f”(2) <0 when z < -2 or —2<z <0
(2M) Concave upward : (0, o0); Concave downward : (—o0,-2) U (-2,0)

Marking scheme for 5b

2M - correct f"(x) (partial credits)

1M - for knowing f”(x) >0 (resp. < 0) implies f is concave upward (resp. downward)
2M - correct intervals of concavity (partial credits available)

(¢) (IM) Local maximum : (-6, f(-6) = _2?7)

Local minimum : NONE
(1IM) Inflection point : (0, f(0) =0)

Marking scheme for 5c
0.5M~+0.5M - correct local max. (each coordinate)
0.5M~+0.5M - correct inflection points (each coordinate)

(d) (1M) z = -2 is a vertical asymptote,
(IM) because lim2f(33) = —o00

Let y = ax + b be a slant asymptote (towards oo).

2M) g = lim ——— = lim ——— =
(2 z—oo (x +2)2  a—oo (1+%)2
3 —4x? -4 —4- 4
(2M)b:1imx7—x:hmx7: im%:—él
z—oo (2 +2)2 voeo p2 +4r+4 woe 1+ 24+ 5

(IM) So y =z —4 is a slant asymptote (towards o).
The calculation for x — —oo is identical.
Hence y = z — 4 is the slant asymptote.
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Marking scheme for 5d

1M - correct vertical asymptote

1M - correct verification of the vertical asymptote
2M - computation of a (partial credit available)
2M - computation of b (partial credit available)
1M - correct slant asymptote

(e) Sketch :

Marking scheme for 5e

(0.5M) Asymptotes x = -2 and y =z —4
(0.5M) Local max at (-6,-13.5)

(0.5M) Inflection point at (0,0)
(0.5M)The shape for z < -2

(IM) The shape for >0

Page 6 of 7




6. (14%) WE, —ERSENSFEMERES, BREIUS ©. . v

Consider a rectangular box with a square end as shown in the figure.

.
“‘
.
.

.
“‘
.
.

ERLENBRRINLRE 42 +y BER 3 ARER, RURSINEFREBNRKIE,
If the perimeter of the square and the length combined 4z + y is equal to 3 meters, what is the largest possible
volume of the box?

Solution: Since y = 3 - 4z, we can let the volume function be V(z) = 2%(3 - 4z).
The domain is defined by the fact that >0 and y >0, hence 0 < x < 2
To find the critical number(s), we find the solution to V'(z) = 0.

V'(x) = 62 — 1227 = 62(1 - 2x)

1 1
The critical numbers are =0 and z = 3 Only z = 3 lie in the domain.

3
We know that V(0) =0 and V(Z) =0. We can also see that
1 /
0<x<§ =V'(z)>0

1
§<x<2 = V'(z) <0

3 1
Therefore the absolute maximum value of the function V(x) over the closed interval [0, Z] is achieved at = = 3

1\ 1 4\ 1
ViZ)==(3-2)=m?
(2) 22(3 2) ™

The maximum volume is equal to

Grading:

(3%) for setting up a correct function to maximize. There are multiple possible answers. If the function is
wrong, they can still get (11%) from later parts.

(1%) for finding the domain that matches common sense. It is okay to use open or closed intervals.

(8%) for the optimization portion: (2%) for derivative, (5%) for critical number(s) and sign chart, (1%) for
checking if answer matches domain.

(2%) for presenting final answer (plug in = value into function) with units.

They do not need to quote first or second derivative test (or extreme value theorem), but if their work doesn’t
make sure that the value they find is a maximum, (-3%).
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