111184H01-053F TAE 1 B B E T8

1. (12%) Evaluate the following limits.

T=>—oo 42 +1 =0+

. . 1
(a) (6%) lim z-sin ——— (b) (6%) lim(

3

2$+31’+5$)i

Solution:
1
a) lim z-sin ——— = — lim 2 -sin ——— A 0-c0o NEH

(&) T—>—00 Vaz? +1 L—>00 422 +1
. 1
sin ———

. . 2
W%:—Mn——i%——($)ﬂ=—MH——£L—f()
r—>00 [e'e) T—>00
€8¢ —— z

422 +1
7?172 (i) Apply L’Ho;vpital’s rule, FH5H 5T ~ 3 EHEE o BASEMETBE A NE

2

Apply L'Hospital’s rule » & 7pF - \!:1_%;%( ke (az) a>0,
:(ea:lna)lzlna.aa;’ %$ (235)1/3 {/_

)

. 1
Sin
2
ﬁ&om%%(mn )1m i
TEVAE LT e
o 1
B im0 s s L.
0—»0 9 2
2% x x 9T T Ty _
(b) lim (M) By 17 TR = exp{ lim In(2” +3 +5) n3}(g
x—0%

sinf 3% cscO HYEE -

>

b

;g

(3t
i

=ES

2. (10%) Let f(x)=1In (x(mjle)rl) and g(z) = tan™ (2%1).

(a) (8%) Find f'(z) and ¢'(x).

(b) (2%) Find two integers m and n such that di(f(x) +v/mg(x)) = &
x

3+ 1

Solution:

()7]0_7 ((x+1)2) 2 2u-1 )

i_
dx dx 2-x+1 z+1 x2—x+17x
FE n(z+1)?=2mn|z+ 1. H#HAE 2In(z+1), ¥ 1 &

d d (201 NG 2/3
ﬁg:%tan V3 2r1\? Adz? -4z +4
“(ﬁ)

n__-3z+3 Vm(F) (1)

241 2P+l 3 +1

() (f +mg) =

?mzs, 3m =36, m = 12

3+\/ﬁ~§:3+g:6:n
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3. (12%) Figure 1 below shows the curve given by 2(z? + %)% = 25(z* - 4?) for (x,y) # (0,0).

Figure 1.

Find the highest and the lowest points on the curve (that is, the points with, respectively, the largest and the smallest
y-coordinates).

Solution:

The curve reaches its highest and lowest points when the derivative 3" of y with respect to z is zero. To find y/’,
take the implicit differentiation
A(a® + ) (22 + 29y = 25(22 - 2yy), (1)
and one obtains
, x(4a® + 4y - 25)

. 2
y(4a? + 4y? + 25) @

Thus ¢ = 0 if and only if

2

25
2t y? =

- 3)

In this case, the starting equation gives z° — y* = 25/8. Together with (3), one finds x* = 75/16,7* = 25/16.
Therefore the curve has horizontal tangents at the four points (£5v/3/4, £5/4). One obtains that the highest and

the lowest points are respectively
i—5\/§, 5 and i—5\/§, 0 . (4)
4 4 4 4

Correct implicit differentiation (1) and (2): +6
Condition for horizontal tangent (3): +3

Correct extreme values (4): +3
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4. (16%) Let f(z) =z +e2@D,

(a) (2%) Prove that f(x) is a one-to-one function.
(b) Let g(x) = f~*(z) be the inverse function of f(z).
(i) (5%) Find g(2) and ¢'(2).
(ii) (5%) Prove that ¢g"”(z) <0 for all x € R.

(iii) (4%) Write down the linearization L(z) of g(x) at = 2. Hence determine whether ¢g(2.1) or L(2.1) is
larger.

Solution:

(a) (Sol 1):
Because f'(z) = 1+2¢2@ 1 5150 for all 2 € R, we conclude that f(z) is increasing on R. Hence f(z) is
one-to-one.

(Sol 2):
Because f'(z) =1+2e2@™D 20 for all z € R, by Rolle’s Theorem we know that f(z) is one-to-one.
(1 pt for correct f'(z). 1 pt for applying the increasing test or Rolle’s Theorem.)
(b) (i) Since f(1) =1+¢° =2, we know that f~1(2) =g¢(2) =1. (1 pt)
d
flg(a)) =o == fo(m) o (x) =1
= (2 pts)
f(g(2))
1 1 (1 pt)
f(9(2)) f’( )
() =1+2-20D=142.0=3
1
- g'(2)=5 (1pt)

Therefore, g'(z) =

For x =2, ¢'(2) =

d

(ii) f(g(x))=$i>f (9(96)) g'(x) =1=5 f"(g(z)) - (¢'(®))* + f'(9(z)) - g"(x) =0
ol ( 9 f”(g(x)) (g'(2))>.

Or differentiate g'(x) = ———— and we obtain

f’(g(ff))

g (z) = » ( 1 ) __SMe@) g’ @) __["(9(=)) )
f'(g(z)) (f'(9()))? (f'(g9()))?

Hence ¢"'(z) = -

(1 pt for trying differentiating f'(g(z))-g'(x) =1 or ¢'(z) =

_f”(g(ll?)). (V)2 or " (
PUED. (@) or (o) -

o f(x) =1+ 262D 5 0, g(m)—

_f"(g(=))
f'(g(x))

1 . .

Fg(x)) 1 pt for correct differential rule.
S(@)

(J'(9(@)))?

>0 f"(x) =4e* @D 5 0 for all z € R (1 pt for f”)

1 pt for ¢"(z) =

1
9(z))
f”(g(w))

o= (o))

g"(x)<0)

(¢'(x))* =~

< 0 for all z in the domain of g(z). (1 pt for determining

1
(iii) The linearization of g(x) at =2 is L(z) = g(2) +¢'(2)(z -2) =1 + g(x -2)

—_—
(& pt) (1 pt)

Because g”(x) < 0, we know that g(z) is concave downward. Hence the graph of g(z) lies under any
tangent line of y = y(x).
Therefore, g(2.1) < L(2.1). (2 pts).

f” > O
If{f' >0 = ¢" <0 can have 4M.
fo5fy =2
f” > O
If [ = ¢" <0 is incorrect (consider e”*), have 1M from f”.
yGEINT Y =T
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5. (14%) (a) (6%) Use Mean Value Theorem to prove that for any 0 <a < b,

w < tan"' (V) - tan"(V/a) < M.

l+a

(b) (8%) Suppose c is a constant such that the limit

I lim tan™t (Va3 + 1) - tan 1 (Va3 - 1)

T—00 x°

is non-zero.

Find ¢ and L.

Solution:

(a) Solution (1) Use usual MVT.
(IM) f(z) = arctan(z) is differentiable everywhere,
Take any 0 < 2 <y and apply MVT to f over [z,y], we have

tan™' (y) - tan"' (z) = (y—x) for some x<c<y.

1+ c2 NI
@) (1M)
Si <e< h L < L < ! H A “Hy) —tan~(x) < y—
ince x < ¢ we have . Hence, =—— < tan —tan~ " (x .
Y 1+9y2 1+c¢2 1+22 T 142 4 1+ 22

(1M)
Now put z = /a and y = Vb (1M), we have
b- h—
m < tant (V) - tan"(V/a) < M.
Solution (2) Use Cauchy’s MVT.

(1M) f(z) = arctan(y/z) and g(z) =/ are differentiable for = > 0.
Apply Cauchy’s MVT to f and g over [a,b], we have

tan™ (v/b) - tan”" (/a) _f(©) or some a < ¢
Giva gl remeese<t

(1M)

(2M)

A
1
Now, 249 _ (1M) and
glc
1 1
< <
1+b 14c¢c 1l+a
1 <tan_1(\/5)—tan_1(\/ﬁ)< 1
1+5b Vb-/a l+a

and the desired inequality follows.

(1M).

since a < ¢ < b, we have

Hence,

Marking Scheme for Q5(a).

1M for the hypothesis in applying Mean Value Theorem

2M+1M for the statement of Mean Value Theorem

1M for setting up correct inequalities (given that the derivative needs to be right)

1M for putting # = /a and y = Vb (in Sol 1) or for computing f'(¢)/g’(¢) (in Sol 2).

Remarks.
The desired inequality cannot be obtained by applying MVT to f(z) = tan™'(\/z). Any
such candidates can receive at most 2M.

(b) (IM) Take a =2 -1 and b=2*+1 in (a), we have

Vit + 1 -V -1 Vad+1-vVa3 -1
v i <tan (Va3 +1) —tan (Va3 - 1) < T 3 i
x

3 +2
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(2M) Rationalize the two ends, we have

2 -1 —tan~ ' (V23 - 2
(i Tava ) o e e DS e

(1M) Multiply every term by z*° (or equivalently divide by z™*?), we have

2745 < tan~t (Va3 + 1) —tan ! (V3 - 1) B 2245
(23 +2)(Va3 + 1+ Va3 -1) x5 C3(Vad + 1+ Va3 1)

Now we compute (2M)

i x4 i 2 2 )
e lim = lim =—-=1,
z—>oox3(‘/z3+1+\/x3_1) :E—»oo\/1+?12+\/1_% 2
2445 2 2

1.

e lim = lim = =
S (@) (VP LB 1) (14 2) s L 1oL 12
tan™t (Va3 + 1) — tan ! (Va3 - 1

(IM) By Squeeze Theorem, we have lim an” (Va? + 1) - tan” (Vir ) =

1.
il 45
(IM) So ¢=-4.5 and L =1.

Marking Scheme for Q5(b).

1M for applying the inequality in 5(a)

2M for rationalization

1M for choosing an appropriate z*

2M for computing at least one of limits at the two end correctly, with justification.
1M for applying Squeeze Theorem

1M for correct answers
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6. (22%) Consider the function f(x) = ze* for z # 0.

a) (2%) Find ,.h%l+ f(x) and ,‘11%17 f(x).

) (2%) Find all the vertical asymptotes of y = f(z).

(¢) (6%) Find the slant asymptote(s) of y = f(x).

(d) (4%) Find f'(z). Write down the interval(s) of increase and interval(s) of decrease of y = f(x).
)

(e) (4%) Find f”(x). Write down the interval(s) on which y = f(x) is concave upward and the interval(s) on which
y = f(z) is concave downward.

(f) (4%) Sketch the graph of y = f(x). Indicate on your sketch (if any) the local extrema, inflection points and
asymptotes of the curve.

Solution:
y y
lim & = lim & = 0o (1 pt)

y=1 y-ooo y  y—ooo 1

@) g, f(2) =l oe?
As:r—>0’,1 — —c0 and e+ — 0.
Hence hm f(z) = 111517 zer = (mlirgi x) (zhfé{ e%) =0x0=0 (1 pt)
(b) Since mhj& f(x) =00, 2 =0 is a vertical asymptote.
For a # 0, f(x) is continuous at = = a and glvl_{rcllf(gc) =a-ev # +o0.

Hence x = a is not a vertical asymptote of y = f(x), for a # 0.
Therefore x = 0 is the only vertical asymptote. (1 pt for = 0 is a vertical asymptote. 1 pt for no other
vertical asymptotes.)

(¢) To find slant asymptotes, we first find their slopes which are

1 @) = lim e¥ = Memse s =02
r—>+oc0 0 T—>+00
x
(1 pt for trying computing lim M 1 pt for the correct limit.)
Tr—+00 x

Then we compute

1

o1 vo1 8 v
lim f(z)-1-z= hm x(ez -1)= lim € S = lim & = 1.
T—>+00 T—>+00 < y=1 y=-0* y y—0% 1

(1 pt for trying computing lim f(x)-x. 2 pts for the correct limit.)
Tr—>+00

Hence y = x + 1 is the slant asymptotes. f(z) approaches x + 1 both when x approaches co and when z
approaches —oo. (1 pt for the final answer.)

11
(@) f'(x) = - 1e* (1py
Since f'(z) = er ~———2 t(@-1)
f'(x) >0 for x € (—00,0) U (1,00), f'(x) <0 for x € (0,1)
Hence f(x) is increasing on (—o0,0) U (1,00) and f(x) is decreasing on (0,1).
(1 pt for correct partition, z =0, x = 1.
1 pt for intervals of increase (—o0,0) and (1, 00).
1 pt for the interval of decrease (0,1).)
1 + 1 1 1 1
(e) "=~ 2€T+;€T+;e :Eer (2 pts)
f"(z)>0 for x € (0,00) and f"(z) <0 for x € (—00,0).
Hence f is concave upward on (0, 00) and is concave downward on (-oc,0).
(1 pt for concavity on (0,00). 1 pt for concavity on (-o0,0).)

1
x
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(f) f(1) = e is a local minimum.

-2 -1 0 1 2 3 4

-2

(0.5 pt for the local mini (1,e). 0.5 pt for the slant asymptote y = x + 1.
1 pt for the graph on (—o0,0): increasing and concave downward, lirgi flx)=0.
1 pt for the graph on (0,1): decreasing and concave upward, lir{)l+ f(x) = oo.

1 pt for the graph on (1,00): increasing and concave upward. )
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7. (14%) Figure 2 below shows a circle Cy centred at O of radius 1. Let RS be a horizontal chord such that « ROS = 26
with 0 < 6 < g and Cy be the circle centred at O and tangent to RS. We denote by D the region enclosed by the
circles and the chord RS.

_—

Figure 2.

(a) (8%) Show that the maximum area of the region D equals m —tan™'(7) and find the corresponding value of 6
at which the maximum value occurs.

d
(b) (4%) Let s be the perimeter of the region D. Find )

do
(¢) (2%) Luke claims that when the area of D is maximized, its perimeter is also maximized. Do you agree with
Luke ? Justify.

Solution:

(a) Let A be the area of D.

0.5M) Area enclosed by C equals 7

(0.5M)

e (0.5M) Area enclosed by Cs equals 7 cos? 6
(0.5M) Area of the triangle ORS equals cos 0 sin 6
(0.5M)

20
0.5M) Area of the sector ORS equals o T=0

™
Therefore, A =7 —mcos?0 — 6 + cosfsinb.

A
(IM) Then 0;—0 =27 sinfcos — 1+ cos® —sin @ = 27 sin @ cos  — 2sin” O = 2sin § cos (7 — tan ).
dA
1M) Set — =0.

(IM) As0<f< g, we have sin @ cos# # 0 and hence we have tanf =7 == 6 = tan™*(7) is the only critical

number.
-1 dA -1 iy dA . . . .
(2M) When 0 < 6 < tan™ (), TR 0 and when tan™" (7) < 6 < CUPTIR 0, the first derivative test implies

that A attains a maximum value when 6 = tan™' ().

T 1
1M) When tan = m, we have sinf = and cosf = .
(IM) ) Va2 +1 VrZ+1
Hence, A(tan™' 1) =7 -7 - =1 tan™ (7) + oo ek tan~ (7).

Marking Scheme for Q7(a).

0.54-0.540.5+0.5M for writing down the correct area function

(*) 1M for derivative of A

1M for setting dA/df =0

(%) 1M for finding the critical number 6 = tan™* ()

(f) 2M for justifying the maximality (accept argument using the second derivative test, or,
analysing 0 — 0" and 6 — (7/2)” )

(») 1M for correct computation of A(tan™'(r))

Remark.
1. Items marked with (%) will only be awarded if the area function is correct.
2. 1M in () will be given to any candidates who demonstrate ability to justify maximality

(for example, using first/second derivative tests), despite having incorrect calculations
earlier.
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(0.5M
e (0.56M
e (0.5M
e (0.5M
Therefore, s = 2w — 20 + 2w cos 6 + 2sin 6.

(2M) Hence, % =-2-2msinf + 2cosb.

Circumference of C7 equals 27
Circumference of Cs equals 27 cos 6
Perimeter of the arc RS equals 26

Length of the straight line RS equals 2sin 6

—_ — — —

Marking Scheme for Q7(b).
(0.5+0.5M) x 4 for each of the four terms and its derivative

(¢) Since
2
ds =-2- 2n + #0,
db O=tan~1(m) \/71'2 +1 \/7'1'2 +1 T{_’[)
N ) M
(1M)

s does not attain its maximum value at 6 = tan™' () so we do not agree with Luke.

Marking Scheme for Q7(c).
1M for evaluating ds/d@ at the critical point found in (a)
1M for mentioning that the above quality is non-zero and leading to a correct conclusion

Remarks.

1. If a student computed Q7(a) incorrectly or unsuccessfully, he/she can earn at most 1M
from this part.

2. Just disagreeing Luke without any valid argument will receive no credits.
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