1102 Calculus 4 (Class 01-05) Final Exam Solution

June 4, 2022

There are SEVEN questions in this examination.

1. Determine whether or not the vector field F is conservative. If it is not, give your reason, if it is, find a function f

such that F =V f.

(a) (4%) F(z,y,2) = (-2 +yz, 22 +y*, 2y +sinz)
(b) (4%) F(z,y,z) = (-2 + 2zy,2yz + 2, xy? + z)

Solution:

(a) Since V x F = 0 on R3, the vector field is conservative (1 pt). To solve the equation Vf = F, integrate the

first component of F to get
1
fa,y,2) =52 +ayz+9(y,2). (1 pt)

Differentiating the above equation with respect to y gives
rz+y? =1z +0y9,

so g(y,2) = %yS +h(z) (1 pt). After substituting the equation of g (y, z) into the equation of f (z,y,z) and

differentiating the resulting equation with respect to z, we obtain
ry+sinz=xy+h' (2),
which gives h(z) = —cosz + ¢ (1 pt). Thus,

1 1
f(z,y,2) = —51:2 + Yz + gyg —cosz +ec.

(b) Since
0F3; 0Fy
— - —=2xy—2 0 2 pt
oy 0, =0, (2 pts)
o OF, OF
1 3 2
o _ 9% 4
0z Oz y *0,
or

VxF=(2zy-2y, -1-y° 0) %0,

the vector field can not be conservative (2 pts).
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2. Let

F(2.y) = (P(.). Q) - {

(a) (2%) Compute Q, — P,.

-y .3 T
———, Jx +sin + .
22 + g2 (%" :172+y2)

(b) (2%) Compute f F - dr where C] is the line segment between (-2,2) and (2,2).
Cy

(¢) (4%) Compute f F - dr where C is the counterclockwise-oriented unit circle z2 + 32 = 1.
c

(d) (7%) Use Green’s Theorem to compute fc F - dr where Cj is the path traveling from (-2,2) to (2,2) along
2

\ S /

Cy

the graph y = 22 - 2.

Solution:

(a) A direct computation shows that ), — P, =3-0=3.

(b) FEECEEEEBE—EfiR: XEEBENILTO., AU FEREEEDT—ELOAENT. U TRZR
H(-2,2)8(2,2)0 5@ 860,

Method 1: C} is the path given by (s,2) with s € [-2,2], and

2 2 -2 2 ™
f01F-dr: [2 F(s,2)-(1,0)ds = [2 mdt:—arctaun(t/Z)L2 =-3

Method 2: Note that F = G + H where

-y x .
G(z,y) = <W, W> and H(z,y) = (0, 3z +sin(y?)).

Since C is horizontal, /Cl H - dr = 0. By the angle-counting property of G we see that

o F.dr= o G - dr = the net change of the polar angle along C; = —g.
1 1

(¢) C =0B1(0) (positively oriented) and is parametrized by (cost,sint) with ¢ € [0,27]. We have
2m
/ F.dr= [ F(cost,sint) - (-sint,cost) dt
c 0
27 —sint cost
= ———  3cost+sin(sin®t +7>. —sint,cost)dt
fo <0052 t +sin?¢ ( ) cos?t +sin?t ( )

2m 2m
= f (1+3cos’t)dt + / sin(sin®t) cost dt.
0 0

We have

2m 2m 1 2
f (1+3cos2t)dt:f (1+3~+Cos(t))dt
0 0 2
5
2

2w 3 27
=[ dt+§f cos(2t)dt =5m+0 =57
0

0
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and
2 ™
f sin(sin® t) cost dt = / sin(sin®t) costdt = 0 (the integrand being odd).
0 T

In summary, [, F-dr=5m.

(d) “Cq—C7 —C” bounds the region € given by the following system of inequalities:
y>ax? -2, y<2, and z?+y%>1.

By Green’s theorem, we have

F-dr:ff(Qz—Py)dxdy+f F~dr+fF-dr
Co Q Ch c
:3area(Q)+/ F~dr+fF'dr
Cq C
2 2 T 3m
:3(/ 2 (z —2))dx—7r)—7+57r:32+—.
" 2 2

Grading scheme. (a) & (b) EREHIDH. (b) BEEKBEMBCHE (NSHIL ) RREEE,
() BEUTERIBDASH: BABCERBBBIL: 1(1) (te[ab]). (F—EBR2SERSHMWER, B
TEL (cos(2t),sin(2t)) (te[-Z, %), thTIE C DRSHIL, AUABNEEL, FTLEM. )

(1) EREEF(4(1) -+ (t), BES[ F(y(t)) 7/ (1) dERLD FRRLECES (HNSSEER0 [ (1+
3cos?t) dt#l [ sin(sin t) costdt ), BEPET—EEEDEHIIERE (HIMBEEL [, sin(sin’t) cost
0), WETE3D,

(2) EREEF(y(t)) -+ (1), RIS/ F(y(t) 7 (t) HERLDFRABEEED (Hlusss=mm [ (1+
3cos?t) dt [ sin(sin®t) cost dt ) , BE@EME (& ) UENEESBEERRSE, HIBTE2D,

(3) BB F(y(1)) -/ (t) e, BBERI (#R) BR, BB ERNARHESD [F(y(1) v ()dt, It
BI85,

(d) AELEEB(a). (b)B(c)IRBZEREANTERRRE [, F-dr:

(%)-- CZF-dr:[[Q(Qm—Py)dxdyifclp.dufcpdr.
ER(a). (D)N()BEMBE, KLREAKTEEND. HIHRUWT:

(1) (+) PREHERSIE (FTRESHBSNERIRERSD, NEEA(). (b). (FIEEEETHT), B
=XNREISR (RTAEH ) 58, SEENESRSE—EN2S (834D, RANEENEEESRSR
BEMAE) .

(2) () HBIEPEIIL (FTRERHBENREDREED, WEEA(a). (b). ()FBEERHFIIT ), BIE
B (HEODEH ) Z£EE, BREAEREFRHEEIZREARMLEIEER, WHTSF62,

(3) Bt (+) BBRDE C MRES, 149, ER-EFSRERERENISENE (1). (2), (£3) 029,
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3. Let S be the surface (called a helicoid) shown in the figure.
(a) (2%) The surface is formed by horizontal line segments connecting the z-axis to the helix C:
o(t) = (cost,sint,t), 0<t <.

Find the z,y, z coordinates of the blue dot if it is distance s from the z-axis at height z = ¢.

(b) (2%) From (a), a parametrization of S is

’Y(U:U)=< ) ) ),OSu31,0<v<7r.

(¢) (4%) Let
F(z,y,2) = (z +e”, 2zycos(y?), € + sin(yQ))
Compute curl F.

(d) (10%) Use Stokes” Theorem to compute the line integral fc F.dr.

(cost,sint,t)

Solution:

(a) (scost,ssint,t).
(b) We may take

v(u,v) = (ucosv,usinv,v) (0<u<1l and 0<v< 7).

(c) A direct computation shows that curl F = (0,1,0).
(d) We have

Yu = {cosv,sinv,0), v, = (~usinv,ucosv,1), and 7, x v, = (sinv, —cosv, u).

Apply the Stokes theorem: [ [s(curlF)-dS = [,4F-dr where S is oriented by the direction of 7, xy,. We have

/fs(curlF)-dS=foﬂj:(O,l,O)-(fyux%)dudv=foﬂfol(—cosv)dudv=0.
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On the other hand, 95 =“C' + Cy — Cy — Cz” where

Co: (s,0,0) (s€[0,1]), Cy: (-s,0,m) (s€[0,1]), and Cz: (0,0,t) (¢t €[0,n]).

We have
1 1
F-dr:f F(S,0,0)-(I,0,0)ds:[ efds=e-1,
Co 0 0
1 1 1
F~dr:/ F(—s,(),w)~(—1,0,0)ds:[ (cm—e®)ds=-m+--1,
Cy 0 0 e
andf F.drzf F(o,o,t).(o,o,l)dt:f etdt=e™ — 1,
Cyz 0 0
Therefore,

1
fFodr:—w+f—l+e”—e.
c e

Grading scheme. (a) 8 (b) BEF#EE2 2 &,
(c) BEUTERTEHI28: NRESLERTERESR

cwrlF = (R, - Q., P, - Ry,Q, — Py),

tRHEEsE&EEND,
(d) EER Stokes EIE, U EFREIHFMRARREINES, USEHENRTERG, BREEAUTEHN:

(%) ff(curlF)'dS:fF~dr+ F-dr—f F'dr—f F.dr.
S C Co Ci Cz

curl F#Y flux MRFECUANN=RIBZELWREDF, URREEERE, PEFA—EERAESEHEDNRE,
BEHZE Stokes EEBRBWIERER, BRI BEZHER, HEFERFENDH, SEMT:

(1) curl FAY flux URFECUMN N RBE FMSEISNESR, KSLABNSBILEEE, SEREBEMS.
(2) (+) PRENESESHE—EN29 (RS0, AAEHEE, FRESREEWE) .

(3) MRB(+)PWEEEFDERRTRET, BREKRE [ F - drlFEetH#ER, {12,
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4. Let f(x,y,2) = 2% +2y?+32% and S be the ellipsoid f(x,y,z) = 1. The surface integral ffs |V f| dS can be evaluated

with the Divergence Theorem via the steps below.

(a) (2%) Find the outward unit normal vector n at a point (x,y,z) on S.

/fslvﬂ dS:ffSF-ds.

(¢) (9%) Use the Divergence Theorem to compute the surface integral [f F-dS.
s

(b) (4%) Find a vector field F(x,y, z) so that

Solution:

(a) The outward unit normal vector on the surface f =1 is given by

n= vf _ (fL', 21/732) . (2 pts)
IVl 2?2 +4y? + 922
(b) Rewrite |V f|dS as
Vf|dS =V f- é‘}’:'ds -V/f-dS. (4 pts)

That is, F =V f.

(c) It follows from (b) and the Divergence Theorem that

JgF-dS:mZIVf.dS:ﬂf<lv.vfdu (3 pts)

where integrand of the last term is

0*  9* 9

axz+ay2+822)f:2+4+6:12. (3 pts)

V-Vf= (
To evaluating the last triple integral, using the change of variables
x:u,\/iy:v,\/gz:w

we get

12 12 4
f/] 12dxdydz = w —dudvdw = —- =7 —8\/67& (3 pts)
z2+2y2+322<1 uZ+v24+w2<1 \/6 \/6 3 3
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5. Determine whether the series is conditionally convergent, absolutely convergent, or divergent.

@ %) 3t (Z)

(D"

F ()

Nk

n=2

Ngk

(b) (6%)

3
Il

Solution:

(a) Use Ratio Test: Let )" (-1)"n! (Z) = ay.
n n=2

n=2

v = (et ()T =y (7)]

n+1 n

+1) n+1 n n 1\
lim |22 = lim (n+ 1)t " :limﬂ'( " ) :ﬂlim(1+—) I
nooo| g, | moee  pl " (n+1)"l noee \n+1l n—oo n e
a oo
Since m > e, the limit L = lim nt11 5 1. Therefore by the Ratio Test we know that the series Z an
n—oco (075 n=o
diverges. O
2ol (-

(b) Let s = Y. — , an= , and by, = |ay| = —

m=1 m n Sn

Since Sp,41 — Sy, = ﬁ > 0, we know that s, is increasing and hence b,, is decreasing.

The sequence s,, is the partial sum of the harmonic series, which diverges. So we know that lim s, = co and
n—oo

lim b,, = 0.
n—o0
oo
The sequence s, is positive for any n > 1, so a,, is alternating and Z an is an alternating series.
n=2
With the conditions above, the Alternating Series Test implies that Z an is a convergent series.
n=2
Now we consider Z by,
n=2
Use Comparison Test:
n
We can see % <1,s0s,< Z 1 =n, which means b,, > %
m=1
. — 1. . .
Since Z — is the harmonic series, it diverges.
n=2"T
From the Comparison Test, we see that Z b, is also a divergent series.
n=2
Therefore Z a,, is conditionally convergent.
n=2

Note: Students can also compare s,, with Inn. In that case it is okay if the student did not check whether the

harmonic series satisfy the Integral Test conditions.

Grading:

No points for ”guessing” the right answer. Both series give inconclusive answers to other tests, so any other
method can only get at most (2%) (up to TA’s decision to decide if their work is really worth partial credits).
If students use Stirling’s formula for (a), they can get full credit if they stated the formula accurately, otherwise

it is (-4%). For (b), if students only checked the alternating or the absolute value series, it is at most (2%).

Any mistake, missing condition, wrong conclusion, or other errors would be (-2%) each until no points are left.
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6. Find the interval of convergence of the series

& (x-1)"

a) (8% —_—
(a) (8%) L Tl
& tan~! (2
(b) (8%) > )
n=1 n
Solution:
(x-1)" . .
(a) Let a, = ———=—=. Use Ratio Test on the power series:
(-2)"vVn?2+1
. Ap+1 n2+1 |a: - 1|
lim = lim |z —1] =
| ey |t a2 s 2 e 2 2
-1
% <1 = -1<x<3. Centered at 1. Radius of convergence is 2
n 1.
———— =1. Checks Z — diverges.
=n

For x = —1: Checks vVn? + 1 is positive. Checks lim
n—o0 /n2 + 1 =1

diverges by Limit Comparison Test (or also Integral Test or Comparison Test)

=0 n2+1
. ine. . -0
n=ee\/n? +1

For x = 3: Checks Vn? + 1 is positive and increasing. Checks lim

—1)"
(=) converges by Alternating Series Test

S
I
(=]

Therefore the interval of convergence is (-1, 3]

-1 (2—n) )
". Use Ratio Test on the power series

(b) Let a, =
n
tan~1(27"71) n
|

. An+1
lim |—| = lim <
n—oo | @y n—oco tan~ (27") n+1

27 (-~ In2) 1

For the portion with the inverse tangent function, we use the L’Hospital’s Rule for &

t -1 2*12*1 P
im 2 _5 ) = lim 12 T =—.
o tan L(27)  eos —L_o-a(-In2) | 2

a 1
Hence lim [—%|= .
n—-oo | @, 2
T
U <1 = -2<x<2. Centered at 0. Radius of convergence is 2

2" tan™! (27"

3117() is positive and decreasing.

t(In2)2' tan™ (277) + _ltglf,,) - 2" tan! (27F)
t2

For x = -2: Checks

d 2t tan™! (2’t) B

dt t
[28(1+272") tan™' (27")] (In2)t - 1) - (In2)¢
t2(1+272)
2n+1
Usetan 'z =) (—1)"2 1 and let y = 27" to get
n=0 n
-1 _ 2 . n y
tan™ (y) = (1+y )Z 1)

20(1+27 %) tan 1 (27%) =
oo y 2n+2 1Y

— 1 n 1 n _1 1 n+ n
20" EO( ) 2 i1 +Z( s ,;)( "y

2n+1
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i 1 1 29/
=1+ —1)" - 2n+2<1+7
,;J( ) (2n+1 2n+3)y 15

from observing it is an alternating series.
Hence the derivative

d 2t tan' (27) . [1+ 327 ((n2)t-1) - (n2)t _ 2nDig-2t 1 - 29°%

il <0
dt t t2(1+272) t2(1+272)

since t < 2%t for ¢ > 1.
2"tan™' (27")

Checks lim 2"tan™"(27") =1, so lim 0.
n—oo n—»oo n
2" tan~ (27"
(—1)"8“17() converges by Alternating Series Test.
n
2" tan" (27" > 1
For x = 2: Checks Ftan” (277) is positive. Checks lim 2"tan™' (27") = 1. Checks ). — diverges.
n n—o00 n=1 N

&, 2" tan! (277)
Z 2 = - 7

n=0

diverges by Limit Comparison Test.
n

Therefore the interval of convergence is [-2,2)
Grading:

The points for both parts are split into ”Finding the open interval” (2%), ” Check endpoints” (2%) each, and

”No mistakes or missing conditions” (2%).
”Finding the open interval” (2%): As long as students use Ratio or Root Test properly, they can get (2%).
”Check endpoints” (2%): Lose (2%) for using the wrong test or have incorrect conclusion.

”No mistakes or missing conditions” (2%): If students show knowledge about the process but make mistakes,

then take the (-2%) from here. TA can decide on (-1%) for poor exposition (hard to read, mixing up conditions

=1
and conclusions, confusing statements). Similarly for students writing Z — or Zan.
n=0 1

Note: Since it is a little complicated to check for decreasing in (b), as long as the student attempts to explain

why AST works, they can get the credit.
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7. Let f(z) = [ V8 +13 dt. (Use the binomial coefficients notation (:) for your answers.)
0

(a) (10%) Write down the Maclaurin series for f(x) and find its radius of convergence.

Solution:
fz) = [ZYRB+13 dt:/[j”2(1+ £)5 dt
For |£]<1ie. [f<2, (1+5)5 = Z( )(5)".

Hence by the term-by-term mtegratlon theorem, we know that for |z| < 2,

1
L1341
Let a, = ( )3n+1 23n-1 L

n—lg
_ 3 3n+l 1113 \x\
T snya a5t > Gy asm > oo,

.. we derive that the radius of convergence of f(x) is 2.

. | 8n+1
An

Maclaurin series still has radius of convergence 2.

(2 points for writing /8 + 3 = 2(1 + %)%. .

2 points for the power series representation of (1 + %)%.

3 points for term-by-term integration and correct Maclaurin series for f(z).

3 points for the radius of convergence.)

1

> (A 1 1 > iy 1
S ()@= So(sam = 5 (i
J(@) = 2.\,)3) ,;) 3n+128n° ,;) n)3n+128n1"

3n+1

Or because the radius of convergence of the Maclaurin series for v/8 +13 is 2, the integration of this

(b) (2%) Find f2)(0).

Solution:
1

el (n) 0 oo 1
We know that n2=:0 le()xn - nz (S)Wlﬁnﬂ

-0 n

20)
Compare the coefficient in front of 22° and we obtain 2,,(0) (é)m = £(2)(0)

1 point for checking the coefficient of z2°

1 point for correct answer.

(2)

24!

223

(c) (4%) Use a partial sum to estimate f(2) correct to within 107,

Solution

3ntl _ 4w (2\ 1 133041
f( )_ ( )(3n+1)2%1( ) _47?::0(%)3%1(5) ’

For n > 1 the series is an alternating series.

And {|( )3n+1 33,,1”1 |} is decreasing and tends to 0 as n approaches oo.

Thus by the alternating series estimation, for & > 1

53 L 3n+1 ;)1 1
_ - T <4 - -
f( ) Z( )3n+1(3) _‘ (k:+1)3k+433k+4

1
4(§)li -
2)737

And the partial sum of the first two terms are

Ly 1 1 4 4 1 1 4
)L
nzo(n 3n+13%n 3374731 373

Observe that for k=1, k+1 =2,

4 1 _
%30 §<1O
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Hence we know that |f(§) - (% + 3—15)| <1074

1 point for observing that the series is an alternating series and satisfies hypothesis of the alternating
series estination. 1 point for using the alternating series estimation.

2 points for computing the partial sum and showing that the error is less than 1074

Students can use partial sums with more terms, for example, % + 3% - 7:1?, but they need to show that
the error is less than 107,
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