110285817-193F 53 M MENTFIRLE
(o) (3%) FEBES f(r,y) BSEHE - A1 o) = (2(1).y(1)) WEPFTARTE - HHH © 7(e(0)
A, B, C B ZIE (Positive) ~ & (Negative) :ZB2HERE (Zero) °
. d /
(. f(c() =V (e(t) ()
The following figure shows the level curves of a function f(z,y) and a curve c(t) = («(t),y(t)) traversed in the

d
direction indicated. Determine whether T f(c(t)) is positive, negative, or zero at A, B, C respectively.

(Hint. Recall that %f(c(t)) =V f(c(t))-c'(t))

y
8 4
B HIEREEZE Circle the best answer.
4 1 Nz C —20
D

-10 B A : Positive / Negative / Zero
0T 3 B : Positive / Negative / Zero
2:?0 C : Positive / Negative / Zero

—4 +

} } } —X
-4 0 4 8

(b) (%) ZREFRE v2° +xy = 1 +y°2 REHTE - KifEAES (1,1,1) ERYHERAER -
Consider a surface defined by the equation zz% + zy = 1 + y?z. Find the equation of the tangent plane of the
surface at the point (1,1,1).

Solution:

d
(a) At points A, the path is tangent to one of the contour lines, so the derivative %f(c(t)) is zero. (1%) At

point B, the path is moving form a higher contour (-10) to a lower one (-20), so the derivative is negative.
(1%) At point C, the path is moving form a higher contour (-10) to a lower one (0), so the derivative is
positive. (1%)

(b) Let F(z,y,2) =22* + xy — 1 - y*2. Then
VF(1,1,1) = (22 +y,x—2yz,2x2 — y2) ‘(17171) (3%)
=(2,-1,1). (3%)
Hence, the equation of the tangent plane at the point (1,1,1) is equal to

20x-1)-(y-1)+(2-1)=0. (1%)
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. BEHE Let f(z,y) =2x-e™
(a) (4%) 3K Find V£(2,0) °
(b) (6%) A f 128 (2,0) ROSREEERSE £(2.06,0.02) BfE

Use a linear approximation at (2,0) to estimate the value of f(2.06,0.02).

(c) (6%) & Let g(s,t) = f(2st,s* —t?) » K Find %(1,1) I and %(1,1) °

Solution:
(a) folz,y)=2e" +2wye™ =2(1+ay)e™, [:(2,0)=2
Fy(w,y) =207, f,(2,0) =8
V/(2,0) =(2,8)
(b) Linear approximation L(z,y) = f(2,0) + f2(2,0)(z - 2) + f,(2,0)(y - 0) = 4 + 2(x - 2) + 8y
L(2.06,0.02) = 4 + 2(0.06) + 8(0.02) = 4.28
(c) Let z(s,t) = 2st, y(s,t) =s*—t>. At s=1,t=1, we have z(1,1) =2, y(1,1) = 0.

or 0 0 0
We need 5 = 2t, a—f =2s, 8—/‘5 s, and a—i = =2t for chain rule.
By chain rule:
99

(1,1 = ﬂ(zo)@(u) . ﬁ(z,o)%’u,n 9.248.2-20

%(1,1) (2 0)—(1 1)+ (2 ()) (1 1)=2-2+8-(-2)=-12

Alternative 13neth30d:
g(s,t) = 4ste?s 725t

d 3y g by s D

99 _ gpe25°t258 | gsp(65%t - 263)e2 2 21 1) 24416 =20
Os Os

d s 0

ai 45e2 17258 4 4op(255 - Bst2) 2 172t a—i’u, 1)=4-16=-12

Grading:
(a) 2% for fz, 2% for f,, 1% for plugging in (2,0), 1% for knowing the gradient is a vector. This part is only
worth 4%, so we take points off for each mistake until there are no points left.

(b) 2% for linear approximation formula, 1% for f(2,0), fz(2,0), f,(2,0) each, 3% for plugging in (2.06,0.02)
and the answer. This part is only worth 6%, so we take points off for each mistake until there are no points left.

(c) 3% for each partial derivative. They can use whatever method they prefer. Lose 1% for each small mistake
(algebra mistakes) and 3% for each big mistake (wrong formula or poor concept).
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B E BB 0% +1? <4 WEHBEBIR c CAE E b % (v,y) BEBES T(z,y) =2y -2” -2y -

Let E be a circular metal plate that occupies the region z° +y? < 4. The temperature at the point (z,y) on the plate

is given by the function T'(z,y) = 2y - 2 — 2>

(a) (6%) KEH T(x,y) £ E KIRETRIREE - A ERREHRAE - Rl MERZ#E; -
Find the critical point(s) of T'(x,y) on the interior of E and determine whether it is a local maximum, a local
minimum, or a saddle point.

(b) (12%) f#F Lagrange T EREBICER 2° +y° = 4 LRBENRERE -
Use the method of Lagrange multipliers to find the maximum and minimum temperatures on the boundary
22 +y? = 4 of the plate.

(c) (4%) BER (a) 70 (b) » REBR_ERBEMBIGHIEL (EFEER) -

Using (a) and (b), find the hottest and coldest spots on the plate (which includes the boundary).

Solution:

(a)

Marking scheme.
(2M)  For correct derivatives T, and T,
(2M)  For the correct critical point
(2M) Establishing that it is a maximum with a correct argument

Sample solution.

Ty:2—4y:0 —_——

T,=-2x=0 . oy . . .
Set { o to obtain the only critical point (z,y) = (0,1/2). At this point, D = 8 > 0 and
(2M)

(2M)
A =-2<0so this is a (local) maximum point (2M).

(b)

Marking scheme.
(4M)  For setting the system of equations (2 marks per equation)
(2M)  For dividing into two cases =0 or A = -1 (or any reasonable approach)
(4M)  For each critical point on the boundary
(2M) For the correct max. and min. values (1 mark each)

Sample solution.
-2z = A(2x)

2 -4y = A\(2y) (D

By the method of Lagrange multipliers, we obtain {

The first equation yields z =0 or A = -1.
e When z = 0, the constraint z° + y* = 4 gives y = +2.
This gives two crtical points (0,+2) (1+1M).
e When A = -1, the second equation becomes y = 1 and hence the constraint implies = = +v/3. This gives
two crtical points (£v/3,1) (1+1M).

Now we compare
T(0,2) = -4, T(0,-2)=-12, T(+V3,1)=-3

From this, we conclude that the highest temperature on the boundary is —3 and the lowest temperature is
-12.

Marking scheme.

(2M)  Correct method (comparing critical values of (a) and (b))

(2M)*  For the coordinates of the hottest spot and of the coldest spot (1 mark each)
Remark. 1M is deducted from * if a candidate writes down the values of extrema rather
than the coordinates at which they occur.
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Sample solution.
Since the region 22 + 3% < 4 is closed and bounded, the absolute extrema is attained at either the critical
point or the boundary (2M).

By (a), (0,1/2) is the only critical point and at which 7°(0,1/2) = 1/2. Compare with the findings in
(b), we conclude

e the hottest spot is (0,1/2) (at which the temperature is 1/2),
—_——
(1)
e the coldest spot is (0,-2) (at which the temperature is —12).

——
(1M)
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1
(a) (10%) &% Evaluate folff\/2+y3dydx.

(b) (10%) &S R L > BW# f(z,y) BFBEEER

The average value of a function f(x,y) over a region R is defined by

are;(R) f[R f(z,y) dA.

(HH area(R) BR HIHT)

# R BEPES 2 +y® <25 - R R EABERIREEAERE T 1{E -
Let R be the disk 22 + 4% < 25. Find the average value of the distance from points on R to the origin.

Solution:

(a) Reverse the order of integration.

1 1 1 ry? 1
[ f V2 +y3 dydxzf [ V2 +y3 d:cdyz/ 32+ 43 dy
0o Jyz o Jo 0
Let u =2 +v>, then du = 3y* dy.

3 J2 9 2 9

(b) The function f(z,y) = /22 +y>.

Area of R is 257.
27 5 3715
;fff(x,y)dAzif fr2drd9=31 _10
area(R) JJRr 257 Jo  Jo 2503, 3

Grading:

(a) 6% on setup (2% for knowing to reverse order, 4% for finding the correct bounds), 4% on computation (-1%
for algebra and -2% for integration mistakes).

(b) 7% on setup (1% for the area, 2% for knowing to use polar, 2% for finding the correct bounds, 2% for function
and r dr df), 3% on computation (-1% for algebra and -2% for integration mistakes).
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5. (14%) # R B#liff y=32" v y=4+32" ~y=8-2% My = 12 - 2*EH KR ERAES, - FTEUTHEERS
Let R be the region in the first quadrant bounded by y = 322, y = 4 + 322, y = 8 — 2% and y = 12 — 2. Evaluate

ffo3 dA

Solution:

Marking scheme.

(2M) Making a suitable substitution u = u(z,y), v = v(x,y)

(2M)  Solving for z = z(u,v) and y = y(u,v)

(2M)  Correct Jacobian

(2M)  Correct transformed region

(3M)  Correctly transformed the integral (integrand, integration limits)
(IM) Correct anti-derivative for du or dv

(2M)  Correct answer

Sample solution.

502 L Yu-u
Let {" Y f (2M). Therefore, we have % (2M). The Jacobian equals
v=y+a u+3v

Y=y
1 1
- 1
J=| Vv-u AJuv-u|__ 2M
1 § 4\/v-u ( )
4 4

The region becomes a rectangle 0 <u <4 and 8 <v <12 (2M).

4 12 —2)3/2 1
ffa:?’dm:f f (=)™ dvdu (3M)
R 0 J8 8 4/v-u
4,12, _
:/ f Y udvdu
0o J8 32
12
8

412
:3%[) |:2—uv:| du (1M)

1 4

:—f 40 — 4u du
32 Jo

=4 (2M)
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6. (18%) HPTIIRIMD I » KR IEERIFIERRAERIE y = f(1) °

Solve, for y = f(t), the following differential equations with the given initial conditions.

d
(a) ty.diizl—yQ, y(l):\/i'
() % -2ty = sin(z), y(0)-1.
Solution:

(a) Since y(1) = /2 (1%), rewrite the equation we have that

Y 1
dy==>dt. (1
oy g (%)
Thus
1 9 Y 1
—§ln(y -1)= [ - dy = f Edtzlnt+c. (4%)
Put y(1) = V2, we get
O=c. (1%)
Hence
In(y?-1) = —2Int =In(1/t*) => y =/1+ 1/2.  (2%)
(b) Let
u(t) = el (20 = et (3%) (we take the constant to be zero).
Then )
(ey) =sin(2t). (2%)
Hence

e_to = [ sin(2t) dt = —% cos(2t) +c. (2%)
Since y(0) =1, ¢ =3/2. (1%) Therefore,

y = et (_71 cos(2t) + ;) - (1%)
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