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1. (20 pts) Let f(z,y) =1 x* +y?2 if () # (0,0),
0 if (z,y) = (0,0).
(a) (5 pts) Is f(z,y) continuous at (0,0)7 Explain.
(b) (5 pts) Use the definition of directional derivatives to find Dy, ) f(0,0) for any unit vector (a,b).

(¢) (5 pts) The function f is differentiable at (0,0) if

: f(z,y) - L(z,y)
lim =0
(I,y)%(o,o) \/ 372 + ’y2
where L(x,y) is the linearization of f(x,y) at (0,0). Is f(z,y) differentiable at (0,0)? Explain.
(d) (5 pts) Find f,(x,y)when (x,y) # (0,0). Is f,(z,y) continuous at (0,0)? Explain.

Solution:

(a) We use the inequality

2

0<y?<at+y? :Og%sl for any (x,y) # (0,0).
xt+y

Then for any (z,y) # (0,0), we have

2

0< f(z,y)<z?, lim 0=0, lim =«
f9) (2.4)~(0,0) (2,5)~(0,0)

By squeeze theorem, ( 1)111% )f(x,y) =0 and f is continuous at (0,0).
x,y)—(0,0

= 1m
10 a2 + b2

. flat,bt) - £(0,0) . a®b?t! . a’bt
Diap f(0,0) = 11_{% ; = %1_1,% A5 1 b243

Case 1: b=0, (a,b) = (1,0),

. f(ata bt) B f(07 0)
D(l,())f(oao) = f2(0,0) :%E% P =0.
Case 2: b0 -
. a“b-t
D(a,b)f(07 O) = 1&% att2 1+ b2 =
(c) From (b), we know that f,(0,0) =0 and f,(0,0) =0.
Linearization L(z,y) =0+ 0z + 0y = 0.
: - f(zy) - L(z,y) : a?y®
Consider  lim —F~———">=  lim
(z,9)~(0,0) Va2 + g2 (@,9)=(0,0) (24 + y2)\/x2 + >
2
Use squeeze theorem again with inequalities: -1 < S <1,0< Y <1. Hence
2+ y? zt +y?
L A@ Loy oy, Ty L)
Vaz+2 (z,y)~(0,0) V2 + 12

(d) From (b), f,(0,0) =0. For (z,y) # (0,0),

222y (2t +y?) - 2223
(24 +y2)2

fy(x,y) =

Along the path £(t) = (£,12), lim £ (x(1)) = lim = =22 4
ong the path r(t) = {t,2%), lim f(r =lim — )

So f, is not continuous at (0,0).
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Grading:

(a) If students use polar but did not discuss sin = 0 case, (-3 pts). If students only show a few paths, (-4 pts).
Otherwise, (-2 pts) for each logic/concept mistake.

(b) The definition is (3 pts). (2 pts) for evaluating the limit carefully. (-1 pt) if they did not consider b = 0.

(¢) Linearization is worth (2 pts). Similar to (a), (-2 pts) if students use polar or paths incorrectly.

(d) (2 pts) for f,(0,0) and f,(z,y). (3 pts) for showing not continuous.

Note: Students can use change of variables (y = 22) before switching to using polar coordinates, then the
arguments are easier for each limit.
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2. (9 pts) Find the equation of the tangent plane to the surface

r? = (1-2%)cos(260) =0

1 1
where 7,0, and z are the cylindrical coordinates, at the point where r = — 6 = E, z=—.
3 6 V3
Solution:
In terms of the Cartesian coordinates, i.e.
(x,y,2) = (rcosf,rsinb, z),
the given point is
1 1 1
)~ = = 1 pt
(2 2V/3 3) (et
and the equation of the surface is
2
(2% +y%) - (1-22) (a* - ¢?) = 0. (3 pts)

Let f(z,y,2) = (a:2 + y2)2 - (1 -2%) (a;2 - y2). Then

oty )

= (436(3:2+y2)—2x(1—z2),4y(x2+y2)+2y(1—z2),22(x2—y2))|(%,ﬁ7%)
4 1
=(O,3\/§,3\/§). (3 pts)

1 1.
, =, =] 18
2/3 \/é)

DN | =

Thus, the equation of the tangent plane to f (z,y,2) =0 at (

4 1 1 1 1
(0,3\/3,3\/3)'(.’17—272/—2\/572—\/5):0. (2ptS)
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3. (9 pts) Suppose that the temperature at the point (z,v, z) € R? is indicated by a C"* function f(z,y,z). One launches
three observers at time t = 0, which travels along the curves

(1+1%,2+4t%,3 +sint),

(1+t*, 1+, 2+¢€?"), and

71(t)
Y2(t)
v3(t) = (e',1+€®,3+4t), respectively.

Suppose that the observe temperature data are given by
FOyi(t)) =6 +5t +3t%, f(72(t)) =5+3t +e*, and f(y3(t)) = 6 + 3sin(5t), respectively.

(a) (6 pts) Find Vf(1,2,3).
(b) (3 pts) Use linear approximation to estimate f(1.04,2.01,3.02).

Solution:
Note that 71 (0) = (1,2,3) and hence
f(17273) = f(,YI(O)) =6.
We have
71(0) = (0,0,1), 75(0) = (0,1,2), and ~3(0) = (1,3,4).
Denote Vf(1,2,3) by (A, B,C). Since v1(0) =v2(0) = v3(0) = (1,2, 3), we have by the chain rule that
(fo7:)'(0) =V f(1,2,3)7(0) (i=1,2,3),
and hence
0A+0B+1C =5

0A+1B+2C="7
1A+ 3B +4C =15.

This implies that V f(1,2,3) = (4, B,C) = (4,-3,5). The linear approximation of f(z,y,z) at (1,2,3) is then
f(1,2,3)+vf(1,2,3) - (x-1,y-2,2-3)=6+4(x-1) - 3(y—2) + 5(2 - 3).
Therefore, the estimated value of f(1.04,2.01,3,02) is
6+4(1.04 - 1) - 3(2.01 - 2) + 5(3.02 - 3) = 6.23.
Grading scheme. (o) WA BUTOHI:
(a1) (39) BRISTRE(f ov) (0) = VF(1,2,3)-7.(0) (i=1,2,3)NEEZEY, UTHRIEDDH:
o (1) EIRE chain rule BERSIEBEEA(F 07:) (0) = VF(1,2,3) - v/(0)s
(a2) (1) EREEA/(0)(i=1,2,3) =8,
(a3) (1) ERBH(f o) (0) (i =1,2,3) =8,
(a4) (19) FIF (a2)82 (a3)FT1SEY ( THERSERM ) EA, FRBERTSEME (ol)N5EE,
(b) D BA BUT MBS
(b1) (1) ERKBF(1,2,3)0
(b2) (193) FIF (0)Fi KRBV RE R BT AR .
(b3) (19) ERKHRIEEE DB,
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4. (10 pts) Let f(z,y) = 22 + 2xy* - 322 + ¢,
(a) (4 pts) Find all critical points of f.
(b) (4 pts) Classify each of the critical points by the second partial derivatives test.

(c) (2 pts) Does f attain an absolute minimum? Does f attain an absolute maximum? Explain your answers.

Solution:

(a) We have
fo(z,y) = 62% +2y* — 62 and fy(z,y) = dzy + 2y.

We solve (z,y) for the equation Vf(z,y) = (0,0):

622 +2y°> —62=0 - 3z(z-1)+y*=0
dry+2y=0 2z+1)y=0

= { ji(fl_/;);ryy::% hnd ($,y):(0,0) or (1,0)

The critical points of f are (0,0) and (1,0).

foa(2,y) fﬂcy(xvy) ~ 122 -6 4y
fyo:(mvy) fyy(xay) ) 4y 4z +2 7
D(0,0):det( =60 ):—12<0 and D(l,O):det( 60 ):36>O.
0 2 0 6

(b) We have

and hence

Therefore, (0,0) is a saddle point of f; since f,,(1,0) =6 >0, (1,0) is a local minimum point of f.

(c) f has neither absolute minimum nor maximum since f(z,0) = 22* — 322 is neither bounded from below nor
from above.

Grading scheme. (o) WZEBBUTMIBI:

(a1) (273) EREWEVf(z,y) WIHSEBEVf(2,y) = (0,0), RGEDDH,

(a2) (253) BBV f(x,y) = (0,0)#F critaical points (0,0)E4(1,0), ATERIEEBD D E:
o (173)Vf(x,y)=(0,0)3N5ER, BERSENBRELER, BMREME LR critical points ( RIL&(0,0)ZH(1,00) ) .
o (13)Vf(xz,y)=(0,0)5KNIER, BRSENBRERR, BEREMMELLERN critical points ( RIA#(0,0)3H(1,00) ) »

(b)) NBEDRUTMED:

(b1) (293) EREED (z,y)7EFTE (o)BIFREM critical points BME. U THERITBHID:
o (19)BEREEEBD (v, y), BERAF (o)REW critical points BB IEME BIER,

(b2) (293) B3R (a)SRFTRRBEY critical points EVBEMMEE. EEELEEEER KESRBREERb)FRE
MDES,, (3f,, ) DFEUESDEENESR, U THRISDISH:

o (17) (a) REREH critical point EDBEME, BRERZEHBIENSOINESDIER ( AHDAS,, Sy, N
EEREBIERE) .

o (I173) (a) REEBHY critical point AEE, BEEREHBENASNTEIER ( ARDES,, NS, ME
EBIER) .

(c) (22) BDBERKIE, BERIMEFBFENEHZIE12, PEXDDH.
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5. (12 pts) Let f(z,y) = 22% - 2zy + 3y*. For (a,b) € R?, we define h(a,b) to be the maximum rate of increase of f at
(a,b).
(a) (4 pts) Find h(4,4) and the direction it occurs in.

(b) (8 pts) Use the Lagrange multipliers method to find the absolute maximum and absolute minimum values of h
on the constraint a® — ab + b* = 16.

Solution:

(a) The gradient of f at (4,4) is

Vf (4a 4) = (455 - 2yv -2z + 6y)|(474) = (87 16) : (2 ptS)
So
h(4,4) =1(8,16)| = 8v/5 (1 pt)
and the maximum rate is attained in the direction
(8,16) 1
(8,16)] /5

(b) Finding the extrema of
1
h(z,y) = |Vf (z,9)| = 2V5 (2 - 20y + 24%)* .
subject to the constraint 22 — zy + y? = 16 is equivalent to finding the extrema of
z? = 2y + 207

subject to the same constraint. Note that both of the maxima and minima exist by the Extreme Value
Theorem (since the ellipse 22 — zy + y* = 16 is a bounded closed set) and they satisfy

V(x2—2xy+2y2):AV(xz—xy+y2), (1 pt)

ie.
(22 -2y, 2x+4y) =2z —y,-x +2y). (2 pts)

In view of the second components of both sides, one can infer that either x = 2y or A = 2; in the latter case
one has x = 0. Substituting into the constraint z° — zy + y* = 16 yields

8 4
(x7y)e{i(\/§,\/§)7i(074)}. (3 pts)
It follows that
8 4 8 4 10
() s) Ve (o0
is the minimum value and
h(0,4) = h(0,-4) = 8/10 (1 pt)

is the maximum value.
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6. (10 pts) Fill in the blanks. Do not evaluate.
(a) (6 pts) Let F be the solid below the paraboloid S : z = 5—2%~y* and above the hemisphere Sy : z = /5 — 22 — 2.

The volume of F = / / dr do.

The surface area of £ = The area on S; + The area on S

-/ / ardo+ [ / dr df

(b) (4 pts) Let D be the region described by

T+y<3,
x+22§47
z>20,yy20,22>0.

[/fDF(%y,Z) dv = / / / F(x,y,2) dz dy dx.

Then

Solution:
2

2 2
(a) The volume of E = f f (5 1% =5 -1r2) dr db.
o Jo

The surface area of £ = The area on S; + The area on Sy

21 2 2 2
- [ [Trvieae drd9+f*f’m/75 dr do
0o Jo o Jo 5-r2
3 r3=z rVi-z
/f/F(x,%z) dV:f / f F(x,y,2) dz dy dx.
D 0 Jo 0

(b)

Grading:

(a) Integration bounds are the same for all three (2 pts), Jacobian for polar (1 pt), and (1 pt) for each integrand
function.

(b) (-1 pt) for each mistake.
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7. (12 pts) Compute the following integrals.

(a)

(6 pts) [/ we 3" dA, where R is bounded by the curves y = 2 and y = 2°.

1+ 1 x2 y2
(6 pts) / f oy Va2 +y?+22 dz dy dx.

Sol
(a)

ution:
R is a region of both type I and type II. Since the integration w.r.t. y is almost impossible, we choose to
first integrate w.r.t. . Thus we write R as a type II region, R = {(z,y)[0<y <1,y <z < /y}
2y°-3y° LoVl osigy? . . . .
[f xe? ™Y dA = [ f xe™¥ Y dxdy(3 pts for expressing the double integral as this iterated integral.)
R 0 Jy
' 2\ ,2y°-3y> : ;
= f g(y—y )= 7Y dy(1 pt for integrating w.r.t. x)
0

1 y=1
= (—ﬁe2y373y2) ‘ —(1 —e™1)(2 pts for integrating w.r.t. 3 and the final answer)
y=0

1 T
If students write /] ze?’ 3" g4 = [ /2 we®y 3’ dydz, they get 2 pts out of 6 pts.
R 0 T

Solution 1:
The iterated integral is /ff Va2 +y2 + 22 dV, where FE is a type I solid with the upper boundary surface,
E

z=1+\/1-22-y21ie z?+y?+2%=22 2z>1, and the lower boundary surface z = /2 + 2.

The projection of E onto the zy-plane is D = {(z,y)|z* + y* < 1,5 > 0}, the upper half unit disk.

In Spherical coordinates, the upper boundary surface is p = 2 cos ¢ and the lower boundary surface is ¢ = %
Moreover, D tells us the range of 6 is [0, 7].

Hence R={(p,p,0)0<0<m,0<p< Z,O <p<2cosp)

™ z 2cos
/ff\/:r2+y2+22 dV:/ f f p-p*sinp dpdedd
E o Jo Jo

(1 pt for correct integrand, 3 pts for correct range of p, ¢ and 0)

= / fz 4cost psinp dedh (1 pt for integration w.r.t. p)

u=cos =1 4 1
e 4/ ff ut(~du)df = 471'( ):w 1-—=)
du——smap de =% 5 4\/§

(1 pt for integration e.r.t. ¢ and the final answer)

Solution 2:
In Cylindrical coordinates, E = {(r,6,2)[0<0<m,0<r<l,r<z<1+vV1-r2}

T 1 1+V1-r2
/f/ x2+y2+z2dV:f / f V12 +22.r-dzdrdf
E o Jo Jr

(1 pt for correct integrand, 2 pts for correct ranges of z, r, and 6.)
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8. (18 pts) Compute the following integrals by making a suitable change of variables.
(a) (9 pts) [/ e(=20) dA, where T is the triangle bounded by x -2y =1,3z+y =0, and = + 5y = 0.
T

(b) (9 pts) ffD(xSy+5y3x) dA, where D = {(z,y) |3<a® +y* <4,1<a® —4* < 2,2 >0,y > 0}.

Solution:
(a) Solution 1:

1 1
) x==(u+2v) Z
Let {“ T Then | T 0z.v) |7,

v=3r+y y:?(v—?;u) ~ (u,v)

1
7

NN )

(1 pt for choosing new variables « and v. 2 pts for the Jacobian)
The corresponding region of 7' in the uv-plane is .S, which is bounded by @Dz - 2u=1=>u=1,

1
@32+y=0=v=0@ z+5y=0= 7[(u+20)+5(v—3u)]:0:>—14u+7v:03v:2u

Hence /f (@=20)* jp = f/ O(z.y)

o(u,v)
(1 pt for the integrand e’

dudv

(z,y)

. 2 pts for correct region S.)

2u |
f/ = dudv = f f Ze" dvdu (1 pt for correct iterated integral)

-1
:ff 2ue™” du: e :f(e—l)
7Jo 7 u=0 7

(1 pt for integration w.r.t. uw. 1 pt for the final answer.)

Solution 2:

5 - Su + 2v 5 5 2 .
Let 4“7 Then U_7u , (amy): 7 I -
v=2x+5y y = Nu,v) |2 | 7
7 5 7
1
(1 pt for choosing new variables u and v. 2 pts for M =-)
o(u,v) 7

The corresponding region of 7" in the uv-plane is .S which is bounded by w =1, v =0 and
1
3x+y=0= ?[3(5u+2v)+v—u] =0= Mdu+Tv=0=>v=-2u

Hence ff (@20 g4 - [/ v’ 0(z,y) dudv
T 5 O(u,v)
(1 pt for the integrand et Oz, y) . 2 pts for correct region S.)
d(u,v)
2 1
f/ e’ = f f e dvdu (1 pt for correct iterated integral.)
S 7 7 2u

1
== f 2ue™ du = §(e - 1) (2 pts for integration)
0

1 1
[u+v
=22 442 x =
(b) Let {u vy For > 0,y > 0, we have @, y) = 2\/§VIU+U 2\/5"11“'”

v:acz—y2 y= u-v I(u,v) -
2 2\/§\/u—v 2\/5\/11—1)
1 1
N
: . o O(29)
(1 pt for choosing new variables u and v. 3 pts for )
d(u,v)

The corresponding region of D in the wv-plane is a rectangle S which is bounded by u =3, u =4, v = 1,
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v = 2. Hence
d(z,y)

f[1)333y+5y3x dA=[[D(332+5y2)$y dA:ffS%[u+v+5(u—v)]é Ca O(u,v)

(2 pts for correct integrand. 1 pt for the region S.)

1 2 r4 1 2
=— [ / 6u —4v dudv = — f (3u? - 4uv)
16 J1 J3 16 J1

1 r2
T f 21 —4v dv (1 pt for integration w.r.t. )
1

1 1
= E(Ql -6) = 1—2 (1 pt for final answer.)

dudv

u=4
u=

dv
3
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