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1. SRLUTEMS o Evaluate the following definite integrals.

W o0 [ () (%) [ cos (VA do

Solution:

(1%). Thus

V3o d ™3 2costdt
f 756(13;:[ _ 2O ()
1 /4 - g2 /6 2sint-2cost
1 /3
:5'/”/6 csctdt  (1%)
L esct tt|r/3 (2%)
=-= +
5 nlesct +co » 0

_ Ly, VB

5 nm (1%).

1
(b) Let t =+/z. Then dt = dr = % dz (1%).

1
2/
[0 cos_l(ﬁ)dx:QA cos M (t)tdt (1%)

:[Olcos_l(t)dt2 (1%)

1 1 t2
“1 0542
—cos (O] + [ dt (2
cos™'(t) |O+ Vi (2%)
2

/2 &f
t:=sinu :0+[ S0 Y cosudu (1%)
0 cosu

/2 1 - cos2u
- ST L (1
A S (1%)

(a) Let 2 = 2sint. Then dx = 2costdt (1%). Since z € [1,4/3], we have that ¢ € [7/6,7/3] (1%) and cost > 0
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2. RUUTAEMS » Evaluate the following indefinite integrals.

(o) (%) [ #ﬁwdx ) (4%) [ mdx (@ %) [ vl

—— d
x2(22 +4x +5) v

Solution:

(a) Let u=x?+4x +5. Then du = (2x +4) dz. Therefore,

—_— N
(1M) (1M)
2 1 1 1
fLdm:fffdu:fln(x2+4:r+5)+c
x?+4x+5 2J w 2

) )

Remark. Do it by inspection is OK.

1 1
D [t we [ b ey
() 2rdzip " (x+2)2+1 v=tan” (w+2)+C

[ S —
B (2M)
-1 A B Cx+D
S —_—— == —_ 1M).
() Suppose 22(x2+4x+5) =z TR @iz (1M)

By clearing the denominator,

(x-1) = Ax(2® + 42+ 5) + B(2® + 4z + 5) + Cx® + Da?

A+C=0
4A+B+D=0
We obtain e (1M).
5A+4B =1
5B =-1
9 1 9 31
Solving gives A= —,B=-—,C=-—,D=-— (0.5 each)
i 25 5 25 25
Hence, the given integral equals
9 1 1 1 9x + 31 9 1 1 1 9 T+2 13 1

B e e AP S |
5 22 25 22+4z+5 25 22+dz+5 0

1 1
- In|z| + — —gln(:c2+4z+5)—jtan_l(aj+2)+0
25 5z 50 25

(1M for attempt and 1M for final answer)
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Evaluate each of the following improper integrals, or explain why it is divergent.

(a) (8%) fQ “mdx (b) (4%) f12 m da

Solution:

The antiderivative: 1 1
- f 4
/‘zzj(lnac)2 v (Inz)? (Inz)

:fu_Q du:—u_1+C—_—1+C

Clnz

Substitution « = Inx

(a) The improper integral is convergent and it converges to

1 1

li =
bljg In2 Inb In2

(b) The improper integral is divergent because

1 1 -1 .1

lim —— 4+ —=—+ lim — =
a-1* In2 Ina In2 ¢-0+¢
The limit does not exist.

Grading scheme:

(4 pts) Finding the antiderivative. Or converting the improper integral to another one.

fw;dx—fmidu and fQ#dm—flﬂidu
2 a(lnz)?2 " Jm2 u2 1 z(lnz)2 " Jo o w2

(4 pts) Explaining why (a) is convergent and evaluating. (-2 pts) if student forgot to evaluate.
(4 pts) Explaining why (b) is divergent.

If the student found the wrong antiderivative or copy the problem wrong, a maximum of (8 pts) is possible. If
the problem became too easy to determine convergence/divergence, then the maximum would be (4 pts). The
explanation must involve a limit notation, otherwise (-2 pts).
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- 1 .
B R By = g0 My=a €0 =0fx=9 ZHERLES, -
1
Let R be the region enclosed by the curves y = g:z:% and y = x between x =0 and = = 9.

(a) (8%) K R % x-EifieiRy e ie R -

Find the volume of the solid of revolution obtained by rotating R about the z-axis.

(b) (8%) sk R & y-BipERi peRamiesy -

Find the volume of the solid of revolution obtained by rotating R about the y-axis.

(c) (8%) K R HIMAR - (EEMRAERRD)
Find the perimeter of R (that is, the combined length of the two arcs).

, (9.9)
y=x
1
- -3
3
(0,0
T
Solution:

(a) The integral that evaluates the volume can be set up in two ways.

fog [W () -7 (%msp)?] . fog 2 () [(39)?* — y] dy

We can evaluate either.

9 2 9 479
f 7r(9[:)2_7r(1$3/2) dm:f[ (922 - o) de= "33 - % _ 248
0 3 9 Jo 9 4 |, 4

(b) The integral that evaluates the volume can be set up in two ways.

fog% () (:c—%:c?’/?) dr = [Og[w((3y)2/3)2—7r(y)2] dy

We can evaluate either.

0 1 2r 9 2 2 751 4
f 27 (x) (sc——x3/2) do = L (33:2—955/2) = i[xg——x7/2] _ 486w
0 3 3 Jo 3 7 0 7

(¢) The length of the line segment from (0,0) to (9,9) is 9V2.
1
The length of the curve y = §x3/ 2 is given by

9 dy\? 9 T 1 9 13V13-8
1 ) d :f 1+Z doe == 4)3/27° =
[o \ +(dz) =y g de= gl )7, 3

1
The combined length is §(13\/ 13+27V2 - 8).

Grading scheme:

(4 pts) for each correct integral setup. (-4 pts) if they confuse (a) and (b).

Students do not lose points if they notice a negative answer and add a negative sign to fix it. (-4 pts) for each
negative volume or length.

(-2 pts) for each computational mistake. (-1 pt) if they over-simplified.
(-2 pts) if students forgot 9v/2.
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1
V1-22

Write down the Taylor series of

(a) (4%) BH £ = =0 BURENEBA - (IR C EEFCHETREE )

at  =0. (You may express your answer in terms of C, notation.)

1
Vs
(b) (6%) i sin™ & %€ = = 0 IAHREIAS -

sin"lz = a1x + a3x3 + a5x5 + a7:1:7 + -
Bl a1,a3 M as BIE - (BRFHIEET)
Suppose the Taylor expansion of sin™! x at z =0 is

sin"lz = a1 + a3x3 + a5x5 + a7x7 + e

Write down the values of a1, a3 and a5 as a fraction.

Solution:
(a) By the binomial theorem, we have
(1- x2)-1/2 _ 061/2 i 01—1/2(_372) " 02_1/2(—552)2 ;.
o PP v o Pt - (4%).
(IE&SRFTSERIEETI—57, a9 RFFTEEH—5)
(b) We have that

sin_larzfom(l—t2)_l/2dt (2%)

2
ol o Lo /o (1%)

ro_
3 5
=r+—+—x°+--.
6 40

Hence a1 = 1(1%), as = %(1%) and as = %(1%).
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. ETELITHRRR - Evaluate the following limits.

N
(a) (8%) lim %f\f e dt.

x—0%
3
-7 _q 3
(b) (8%) lim &
x—0 _(1,‘6

(R« B eI © = 0 UEMEER - ) (Hint. Write down the Taylor series of e at x = 0)
(c) (8%) nr%(cosx)%

Solution:

(a)

VT 42 -z 1 -z 1
S petdt gy €T gz (Com
hm+ — "= hm+ T
z—0 \/5 z—0 NG
= lim 2¢7*
r—0*
=2

Marking scheme for (a)

e 1M in correctly identifying the indeterminate form
e 1M for using L’Hospital’s rule

e 4M for correct derivative of numerator (2M for applying FTC, 1M for the term from chain rule, 1M
for the term arisen from the lower bound)

e 1M for correct derivative of denominator

e 1M for correct answer

2 6
: x B x
(b) Smceem:1+x+§+-~, we have ¢ =1-x +?+~-Hence,

Marking scheme for (b)

e 2M for knowing the series expansion for e”

e 2M for the correct series expansion for e’

e 2M for simplifying the fraction by plugging in the series

e 2M for correct answer
We accept doing (b) by L’Hospital-ing six times. In that case, 1M for each correct application of L'H and
the final 2M for the correct answer.

In(cos x)

(c) Let y = (cos x)% Then Iny = . Therefore,

1
lim Iny = lim 20052
r—0+ x—0* €T
(0/0) ,. —tanx
= hIIl Ee—
=0t 1

=0
. 1 0
Hence, lim(cosz)= =¢’ = 1.
z—0

Marking scheme for (c)
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2M for taking log

1M in correctly identifying the indeterminate form
1M for correct derivative of numerator

1M for correct derivative of denominator

2M for correct limit of Iny

1M for correct answer
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