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1. Let g(z) = /421 . thg dt and f(z) =1n(2+ g(x)).
(a) (4%) Find ¢/(x). (b) (4%) Find f'(V/2).
Solution:

2
! = —_— .
(a) By FTC, /(2) = =+ 4z
— (2M)
(2M)

Marking scheme :

e 2M for the term by replacing ¢ with 22>

e 2M for the term coming from the Chain rule

(b) By chin e, /() = 2005 Since g(1/2) =0, we have 7'(V2) - 7(v2)
— (1)
(2M)

e 2M for differentiating f(x) correctly
e 1M for knowing g(/2) =0

e 1M for answer

= % Marking scheme :

—
(1M)
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2. Evaluate the following integrals.

x

(@) (%) (-2 2" de (b) (10%) [ :

d
(v + 1)2(e2 4 1)

Solution:

(a) Method1:
Let x = sin(6).
Then dx = cos(#)df and (1 - xQ)%xg =(1- sin(@))% sin®(0) = cos®(6) sin®(9).
Thus

[(1 - x2)%x3dac = / cos®(6) sin®(6) cos()db
= f cos* (0) sin®(0)d6 = / cos*(0) sin? () sin(0)df = [ cos*(0)(1 - cos?(6)) sin(0)df

Let u = cos(f). Then du = —sin(6)df and sin(6)d6 = —du.
So

f cos*(0)(1 - cos?()) sin(#)d

5 7 5 7
= f u*(1-u?)(~du) = f —u* +uSdu = —% + u7 +C = —COS5(9) + COS7(9) +C

5 7 .2 g 2 %
Recall that sin(0) = . We have cos(6) = V1 — 22. Thus _cos'(6) L& ) = _(-27) + (1-a7)

5 7 5 7

_2\3 _2\Z
f(l—xQ)%xg’dx:—(l ;) +(1 :) +C.

1 point for the correct substitution x = sin(f) and dx = cos(0)d0,
1 point for getting f(l - x2)%x3dx = / cos* () sin®(6)do
1 point for the substitution u = cos(6) and du = —sin(6)d0,

1 point for getting [ cos*(0)(1 - cos?(0)) sin(0)df = / ~ut + uldu

5 7
. ] u’

1 point for f W dldu=-——"—+ =+ C
5 7

20s° 0 2087 0
1 point for getting —COS5( ) 4 o8 (9) L C

7
1 point for getting cos(6) = V1 — x2

) 1_/.2 5 1_/,2 z
1 point for the final answer f(l—lL‘Q)%[L‘dd;L‘:—( j Ik +( ; )? +C.
5
Method2:
Let u=1-2z2 1
Then du = —2zdzx, xdx = —gdu, 2?2 =1-wu and
3 5
1—1’2 %Igdmz 1—x2 %xzxdm: u% 1-u _1 du: —uz +UQdu.
2 2
—us +us
/(1—x2)%m3dm:f 5 du
L L ISR C e ) LI (St ) LR
5 7 5 7 ’

1 point for the correct substitution u = 1 — 22
1 point for du = —2zdz,
1 point for getting 2% =1 —u

< 3 1
2 point for getting f(l —x2)5x3d:c = f u2(1- u)(—é)du

and
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3 5 5 7
. . U2z +uz uz  uz

2 point for getting / —  du=——+—4+C
2 ) 7

1 point for the final answer f (1- 12)%13

dr = - - + T +C.

Method3: .
Let v =2? and dv = (1 —zZ)%x. Then du = 2zdz, v = f(l —xQ)%:cdz = —g(l —zQ)g.

f(l—x2)%x3dx:fm2(1—x2)%:rdw

1 5 1 5
“r(—z (1-a®) )+ < [(1 — )3 20de

z? 5 102 z
:—g(l— 2)2—5-?~(1—m2)2+0
2 2\ %
=—£5 (1-22)3 2(1;;)2+C.

1 point for u = 22, du = 2zdz,
< 3
1 point for getting dv = (1 -27%)2x

5

2 point for getting v =-—(1- z?)?
5
. . 3 ‘ 1 9.\ 5 1 9.5
2 point for getting f(l —x2)§x'3d:r = 1:2(—5(1 —2?)%) + 5 f(l — %)% 2zdx

_ o d 3 2 os 2(1-22)3
2 point for the final answer f(l —z7)2a dr = -—(1-27)2 - s +C..
5

eﬂ?

1
T e 1) LT / w2z

Let u = €*. Then du = e*dz and [
(e”

1
The function ———————— has a partial fraction decomposition of the form
(u+1)2(u?+1)
1 __a b L e +d
(u+12(u2+1) w+l (u+1)2 w2+1

Multiplying by (u+1)?(u® + 1), we have

1=a(u+1)(u?+1) +b(u?+1) + (cu+d)(u+1)?
=a(u® +u+u? + 1)+ b + b+ (cu+d)(u? +2u+1)

=au® +au® + au+a+bu + b+ cu® + 2cu’® + cu+ du® + 2du + d

=(a+c)ud+(a+b+2c+d)u’ + (a+c+d)u+a+b+d

Comparing the coefficient, we have a +c=0,a+b+2c+d=0,a+c+d=0,a+b+d=1. From a+c¢ =0, we

have ¢ = —a. From a+c+d=0and a+c=0, we have d=0. From a+b+d=1and d =0, we have b=1-a.

From a+b+2c+d =0, we have a+1-a—-2a+0 =0, 2a:1anda:%. Thusbzl—azl—%:%, c:—a:—%.

1 111 1 u
(u+1)2(u2+1) 2u+1 2(u+1)2 2u2+1

1
Remark: one can also plug in u = -1 first to get b = 3 first and then determine other coefficients accordingly.

Page 3 of 9




Thus

f 1 d fl 1 +1 1 1 wu d
—_— AU = —_ —_ —_ - U
(u+1)2(u2+1) 2u+1 2(u+1)2 2u2+1
1 1 1 1
=—Inju+1]-= ~ I +1/+C
2 2u+l 4
and r 1 1 1 1
f - dr=—-1Inle” +1|- = ~—Inle* +1]+C.
(e +1)2(e?* +1) 2 2e7+1 4
1 point for the correct substitution u = e* and du = ¢“dx,
e’ 1
1 point f tt'[ d:f—d
POMPIOT SRS | 2=+ )™ ™ (wr1)2(2+1) "
1 voint f i 1 a_ . b +cu+d
oint for setting u =
P M 122 41) utl (uil)? wPel
4 points for getti ! LI - L (cach coefficient 1 point)
oints for gettin == = - = each coefficien oin
P BOMNE i D2(i2+1) 2w+l 2(utl)? 2w+l P
1 1 1 1
2 points for gettingf—du:fln|u+1|—f——fln|u2+1|+0
(u+1)2(u?+1) 2 2u+1 4
§ 1 111
1 point for the final answerf - dr==Inle® +1]- = -~ In|e** +1]+C
(er+1)2(e?* +1) 2 2¢7+1 4
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3. Find the volume of the solid obtained by rotating the following regions about the specific axes.
2
(a) (8%) Region bounded by y = \/g and y = %; rotate about the z-axis.

(b) (8%) Region bounded by y = xQeI2, 2=0,z=1and y=0 (See Figure below); rotate about the y-axis.

|

Solution:

2 2 4
(a) The curves y = f(z) = \/g and y = g(z) = % intersect when \/g gi This implies g = :16—6, zt -8x=0

1 1 1 1 1 1
d z(2®-8) =0. =0 and z = 2. lug in o = - and get f(=) =1/~ == and g(5) = —.
and z(2°-8)=0. So z =0 and x We can plug in z 5 and ge f(2) \/; 5 at g(2) T S

2
we know that \/g > % on [0,2]. The cross section has the shape of a washer (an annular ring) with inner

2 22
radius % and outer radius \/7 The area of the cross-sectional is A(x) = w(\/7)2 —7( ) (f - —)
2 r 4 32 371'
So the vol '/A d:f L e
o the volume is | (z)dx ; 71'(2 16) ( )| (4 80)
2 points for finding the intersecting x-coordinate x = 0 and r=2,
2
1 point for showing or explaining \/; > TZ on [0,2]
2 points for finding area of cross section A(x) = 7r(§ - E)
"
1 points for setting up vol [A/- zf-:f S
points for setting up volume | (x)dx ; 7 ( 5 16) x
. o 2 r o 3
2 points for the definite integral final answer f (= - —=)dx = (f - —) = —
i 0 2 16 4 80 )

1 1
(b) We can use the shell method to find the volume. So the volume is f o 2%e® du = 21 f 23e” da.
0 0

We find fmgexzdx first. We write f:rBezzd:c as /xgxezzdx. Let u = 22 and dv = ze® dz. Then

) exZ exZ ez2

du =2x andv:/.:rez dz—T Using integration by parts, we get fac ze” dr =1z 7—f7 2zdx =

2z 2 2?2 z?
5 _fIGszx:xe -S e

2 2 2

b3 a? w2 e 1 2 2% 2%yl
Thus27rf x”e® dx = 2m( 5 —7)|0:7r(a:e -e")p=n(e—-e-(0-1))=m-1=x
0

So the volume is 7.

1 « 2
4 points for setting up the volume formula 27 f z2e” dx |
0

o2 2
I26,L e

-—+C
2 2

- 2
2 points for indefinite integral / 23 dx =

1 m2€:l:2
2 points for finding the definite integral Volume= 27 f 23e® dz = 27 ( 5

wle—e—(0-1))=r-1=7 ’

2
xr - b
-l =@ ey
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4. The latest model of XPhone has just released. It is very popular that there is a shortage in supply.
(a) The XPhone is priced at p = D(q) = 64(4 + 2_((12;02)) dollars when g-thousand units are demanded. While the
supply function is given by p = S(q) = 256 + 41*10, only ¢ = 10-thousand units can be supplied.

(i) (6%) Find the total surplus in this case.
(ii) (2%) How many additional units of XPhone need to be supplied to maximize the total surplus ?

q
Reminder. The total surplus (TS) is defined by TS(q) = ./0 [D(q) - S(q)] dg.

(b) The waiting time for customers to receive their new XPhone is a continuous random variable whose probability
density function equals
0 ifx<0
x) =
i) 1“%-2*1/5 if >0
(i) (8%) What is probability for a customer to wait for more than a week ?

(z in days).

(ii) (6%) The newly released earphone ‘XPod’ is also highly demanded and its waiting time is a random variable
given by Y =0.5X + 1. Find the probability density function for Y.

Solution:

(a) (i) The total surplus is

q=10
10 -2 q — q-2 q
6427 (%) 416 dg = 1280.2—(27)_&.4?0
0 — In2 In4
—— (2M) —_— —
(1) (1M) v o
1

1280-27% _ 40 128025 10
In2 In4 In2 In4
(1)
1280(210 —273) - 15
In2

Marking scheme :

e 1M for correct integration limits

e 2M for correct integrand

e 1M for correct anti-derivative of 2_%
e 1M for correct anti-derivative of 44/1°

1M for correct answer

(ii) The total surplus is maximized at equilibrium quantity ¢* at which the quantity demanded and supplied
agree. Equate

_ q*—2 a*
64(4+2 (5 )):256+4E = ¢ =244
——
(1M) (1M)

So 24.4 — 10 = 14.4-thousand units need to be produced additionally. Marking scheme :
e 1M for setting D(q) = S(q)

e 1M for correct answer

(b) (i) The required probability equals to

oo t
[T et g i [T RE 0 gy < i | 27| < i (<27 2T =
7 5 t—oo J7 5 t—oo [ ~—0  — t—o0 27/5
(2M) 7 ~—
(2M) (1M) (1M) (2M)

Marking scheme :

e 2M for correct integration limits
e 1M for correct integrand
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e 1M for definition of improper integral
e 2M for correct antiderivative of f(x)
e 2M for correct answer

(ii) The distribution function of Y is (for y > 1)

2y=21n2
=

Fy(y)=P(Y <y)=P(X <2y -2) = fo 215 iy

(1m)

(1M)
By differentiating the distribution function, we obtain the density functiin of Y :

0 ify<l  (1IM)

fr(v)= 721;2.2-@1/-2)/5 y>1 (3 0O

Marking scheme :

1M for definition of probability distribution function
e 1M for transforming into P(X <2y —2)
1M for specifying fy (y) =0 for y <1 (or y < 1)

3M for correct density function when y > 1.
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5. Solve, for y = y(x), the following differential equations.

1
(a) (10%) j—y = 2%y? — 2% with y(0) = 2. (b) (10%) ;Ly =z -2y + 1 with y(0) = 3
x x

Solution:

(a) We rewrite the differential equation as y’ = (y2 - 1)x2. Case 1: y =+1. 3y = 0. Since y(0) = 2, it is impossible
that the case occurs.
Case 2: y # 1. It implies that

d
/ 5 yl = fa:de(l point)
y2 -

1 1 1 1
= = f —_— = dy = —23(1 point)
2 y-1 y+1 3

1 -1, 1
= = n|y—| = ~2° + C(2 points)
2 y+1 3
y—1 225 .
= = Ae”3 (2 points)
y+1
1+ Ae™s
= y(z)= +762:3 where A € R.(1 point)
1-Ae s

1+A4 1
Since y(0) = 2, 14—7 =2=A-= §(2 points)

Hence the general_solution of the differential equation is

w

1 2a° 223
1+§es 3+e73 .
= = —.(1 point)
223 2z3
1 223 23
1-3e™s 3-e73

y(z)

(b) The integration factor I(x) is
I(z) = e 2% = ¢?* (2 points)

Multiply both sides of y' + 2y = 2 + 1 by e?*. We have that
(e*"y)" = e**(x +1)(1 point)
= Xy= [ e**(x + 1)dz(1 point)

= ewa:[xegl'da:+[e2“dm

] @ 1 o, .
= eQ”y:EeQJ—fieQ”dx+[e21dm(2 points)

2
2x _E 2x 1 2x .
= ely=gent e + C(1 point)
1
= y:g-kz-kC’e*m.(l point)

-1 11
C= §(1 point). Hence y = — + 1 ge—h (1 point).

N8

1 1
Since y(0) = 1 +C= 3’
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6. The parametric equations of a trochoid (see figure) are given by
x=60-2sin(f) and y =1 -2cos(f) where 0 <6 < 2.

(a) (8%) Find the equation of the tangent to the curve at 6 = g

(b) (2%) Find the values of 6 at which the curve passes the z-axis.

(¢) (6%) Find the area of the region under the curve and above the z—axis.

\ Trochoid J

Solution:

d d
(a) We have that d—:; =1-2cos(f) (1 point) and d—z =2sin(f) (1 point). We have that

dy 2sin(6) )

o 220 2

dx 1-2cos(0) (2 points)
25sin(6) V2

mb:ﬂM = Y = —(V/2 + 2)(2 points). Hence the tangent line is y — (1 -

2cos(m/4)) = —(V2+2)(x - /4 + 2sin(7/4) = y - 1+ /2 = =(V/2 +2) (x — 7/4 + V/2)(2 points).

dy
Thus —=|y_ =
us dr |0—7r/4

(b) The values of 6 at which the curve passes the z-axis are 1 - 2cos(#) = 0(1 point). It implies that 6 =
)
§(0.5 point) and 6 = 5(0.5 point).

(¢) The area is

BN
I

[ ydx

/fu ~2c0s0)d(6 - 2sin(6))(1 point)

3

5
[T ’ (1-2cosf)(1-2cosf)df(1 point)
5

[(T(l —4cosb +4cos®0)dA(1 point)
5

5w
™

= [#-4sinf]; +ﬁTQCOS(29)+2d9(1 point)

3

w3 Q‘U‘

5

3

4

- ?77 +4v/3+[20 +5in(20)]7 (1 point)

(e w‘

4
= T avB+ S - VB =am+ 3V3(1 point).
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