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. Consider F(x) = f; sin(V/zt) dt.

(a) (3%) Show that F(z) = ; - f1 " (/i) du.
(b) (7%) By using (a), find F'(1).

Solution:
Marking Scheme for 1(a)
e 2M for letting u = xt

e 1M for completing the proof

Sample Solution for 1(a).

1
whent=—,u=1
x

1
Let u = at. (2M) Then du = xdt = — du = dt and { (IM) Therefore,
T

when ¢ = z, u = 2

F(x)= f sin(vVat) dt = / sin(v/u) - 1 dt = 1 f sin(v/u) du
1 1 x z J1
Marking Scheme for 1(b)

e 2M for the use of product/L’Hospital’s rule
e 3M for differentiating the integral correctly (-2M for missing the term from chain rule)
e 1M for F((1)=0

e 1M for answer

Sample Solution I for 1(b).
1 e 1

By product rule (2M), F'(z) = - f sin(v/u)du + — - sin(z) - 2z. Therefore,
x 1 N

(3M)

F'(1)=-1- 0 +sin(1) -2 = 2sin(1)

(1M) )
Sample Solution II for 1(b).
of . F(1+h)-F(1 . F(1+h)-
F'(1) “ lim A+h)=FQ) lim (1+h)-0 (IM) for F(1) =0
h—0 h h—0 h
. f1(1+h)2 sin(\/u) du
= lim
h—0 h2+h
in(1+h)-2(h+1
= lim sin(1+h)-2(h+1) (2M) for L’H and (3M) for derivative
h—0 2h+1
=2sin(1) (IM) for answer
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2. Evaluate the following integrals.

(a) (9%) [ (o+3)VI-a?da, ) %) [ (v +2) da.

Solution:

(a) Let x =sind with 6 between —7r/2 and /2. So, dz = cos0df and

f(m+3)\/1—a?2dm
:/(sin0+3) cos®0df  (3%)

=— 100539+3/ 71+COS29d0
3 2

=— 1cos?’9+ %(0+ sin 20

= %(1—;1:2)% +gsin_1m+gsc\/1—x2+c. (3%)

)+C (3%)

(b) Let u =+/7. So, 2udu = dr and
1 1
f In(v/z +2)dz = f In(u+2)2udu  (2%)
0 0

=In(u +2) 2|1—f1 QLd —1113—f1 v du. (3%)
B YT o M 2™T o u+2’" !

For the second term,

2

/~1 Y g /~1 2+ g (2%)
u= u-— u )
0 u+2 0 U+ 2 !

2
S oy dlnfus 2t = -2 v 4In3 - 4In2.
2 077

Therefore, the final answer is

In3+ g -4In3+4In2= g -3In3+4In2. (2%)
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/2
(a) (8%) Evaluate f cot®(x) dz and apply the result to show f cot®(x) dz is divergent.
0

(b) (4%) Use the Comparison Theorem for Improper Integral to determine whether

o 1]
/ dx
1 er-27

is convergent or divergent.

Solution:

(a) The following crucial steps must be shown clearly -

4% f cot? () dz = f cot(z)(csc?(z) - 1) da
:—fcot(:c)cot'(x)dx—fcot(a:)d:z:
_cot2(:v)

Sl —In|sin(z)|+ C
/2
4% f cot? () dz = lim (
0 a—0*

cot?(a)
2

+1In|sin(a)|)

(}Lrgl+ 2o (a) (1 +sin?(a) In|sin(a)|)

lim ——— (1 +0) =
a—0* QSiHQ(a)( ) Oo

(b) The following crucial steps must be shown clearly ---
2% 2
1% e =2"=e"(1-—)=e"(1-(=)")
e e

In(2)

2 2
1%+ lim (=)*=0= (=)* <1/2 whenever  >b= ————
xr—>o0 e e 1-111(2)

oo b oo
2. f dx _ f dzx N /‘ dzx
1 er-2% 1 er—2% b er—2%

b dx *© 2dx b b dx
</ +/ — =2¢ +f < oo
1 er 2% b er 1 er-27

convergent
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4.

(a) (9%) Find the orthogonal trajectories of the family of curves y? =4 - Cxz, where C is an arbitrary constant.
(b) (9%) Solve, for y = f(x), the equation

1
1.dy_ 2y = e sin(z) cos(x) with f (E) =0.
r dx 3

Solution:

(a) Differentiating the given equation, we get

2ydy = -Cdzx
or
dy __C
de 2y’
Solving the given equation for C
4 — 2
C — y
T

d
Plugging this in the differential equation to get rid of C from the expression of d—y:
i

dy _y* -4
de  2zy

d
Another equivalent method to find d—y in terms of x,y is as follows: First, solve the given equation for C:
T

Then differentiate both sides to get

. d(4—y2): ~2y 2 - (4-y?)

T dr T x2
This is the differential equation whose solutions give the given family of curves. By simplification, we get

dy _y*-4

dx 2xy
The nextystep is to set up the differential equation for the orthogonal trajectories:
@ _ 1 _ 2xy
dx y;T_; y2 -4
Separating the variables, we have
v 4dy = —xdx
2y

Thus,

2 _
fy 4dy=—[a?d33
2y

2

2
Yy x
= -21 =-—+C.
1 ny| 5

by which we get

(a) Marking scheme
e 4 pts for finding the differential equation

dy 2
2ey— =y~ -4
fl/dx Y

(or any equivalent form) of the given family of curves in z,y. Partial credits will be:

— 3 pts, if the student seems to try eliminating C, but incorrectly.
— 2 pts, if the differential equation is given correctly, but containing C.
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— 1 pts, if the differential equation is given incorrectly, and containing C.

e 2 pts for setting up the differential equation of the orthogonal trajectories

@_ 2zy
de  y2 -4

Partial credits will be:
— 1 pt, if the student tries to set up the equation but incorrectly, such as

dy_ 2zy dy_ y2—4

= or =— etc.
dvr y2-4  dz 2xy

e 3 pts for solving the differential equation of the orthogonal trajectories.
— 1 pt for separating the equation into the terms of x and those of y.
— 2 pts for writing down the final equation correctly.

% 1 pt is taken away if there are minor mistakes such as missing the absolute value sign of the
logarithm.

— 1 pt for executing the integration correctly, but integrating incorrect integral caused by the previous
mistakes.

(b) Making the given equation into the standard form, we have

dy 2?
— —2zy =xe” sinxcosz.

dx

Since

/(—Qx)dx =-z2+C

x

so we can choose the integration factor to be I(z) = e~ : Multiplying e through,

d

2
— (e * y) = xsinzcoszx.
dx

Integrating both sides, we get

2
e” y:[acsmaccosxda:

1

:Efxsinlrdx
1 (COSQ:E) 1 cos2x

- (- _7”_ )dx
2 2 2 2

1 1
=——gcos2xr + —sin2z + C.
4 8

Hence,

1 1
y=e" (—Zx0052x+ gsin29:+C’).

Using the initial condition
we get

Hence

(b) Marking scheme
e 4 pts for finding the correct “integrable” form

d

2
— (e‘m y) =zxsinzcosz
dz
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— 3 pts for finding integration factor I(x) = e correctly.
* 1 pt for rewriting the equation in the standard form.
e 3 pts for executing the integration.

— 2 pts for the student tries integration by parts,
* 1 pt if the student just struggles, but gets to nowhere

e 2 pts for determining the constant C' using

It’s not necessary to write down the final equation, if the constant is determined correctly.
— 1 pts for setting up the equation for the constant.
If the student set up an incorrect equation, but execute the remaining calculations correctly, he/she will get

1 pt for the correct integration, 1 pt for setting up the equation for determining the constant (so at most 2
pts after setting up the integrable form).
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5. (14%) Consider the region enclosed by the curve y = = , the z-axis, the lines x = 1, x = 4 in the first quadrant.
b -z

Find the volume of the solid obtained by rotating this region about the z-axis.

Solution:

The volume is

4 5\ 4 25
Vz/l ﬂ-(x\/’;')—_m) dx:ﬂ/; 7932(17_5)@3(4%)

_ "% _A B
22(x-5) =z a2

C

This shows us that
25 = Az(x-5)+ B(x -5) + Ca® = (A+ C)x* + (B-5A)x - 5B

So we get

Hence,

<
I

4 4 4
71'([ lda:+f 3da:—/. de)
1 1 a2 1 -5

Il
3
—_—
=
8
|
\
|
5
5]
|
(@)
—
= =~
~——
Il
—_—
N
—_
=
[N}
+
SN—
3
~
=~
N
N—
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6. Consider a lemniscate C' whose polar equation is given by 72 = cos(26).
(a) (6%) Find all the points (in polar coordinates) of C' at which the tangent to C' is horizontal.

(b) (8%) The curve C is inscribed in a rectangle such that each side of the rectangle is tangent to C (see figure
below). Find the area of the shaded region.

Solution:
Marking Scheme for 6(a)

e 1M for realizing that % =0

e 1M for writing y = v/cos(20) - sin @
. dy
e 1M for correct computation of o7

e 0.5M for each correct angular coordinates 6

e 1M for the correct radical coordinate r

Sample Solution for 6(a).

Since j—i = EZ%ZZ;, a tangent is horizontal is equivalent to having % =0. (1IM)
Since y = rsinf = \/cos(26) -sin b, (1IM)

dy —sin(20) .
we have —= = ————= -sinf +\/cos(20) - cos 6. 1M
do  \/cos(20) (20) (1M)

d 2tand 1
So & -0 implies tan(26) - tanf = 1. Thus, we have # -tanf=1 = tanf=+— = 0= iz,if)—ﬂ. (2M)
df 1-tan“6 V3 6 6
1
In all cases, r = —. (1M)

V2

Therefore, the f ired point (9)(1i”) d(lfﬂ)

erefore, the four required points are (r,0) = —,+— | and | —,+—

V26 V26

Marking Scheme for 6(b)

e 2M for the correct integrand for the area of lemniscate

e 2M for the correct integration limits for the area of lemniscate

e 1M for the correct area of lemniscate

e 1M for the correct height of the rectangle OR y-coordinate of the highest point of lemniscate

e 1M for the correct area of rectangle

e 1M for the correct final answer

Sample Solution for 6(b).
First we calculate the area enclosed by the lemniscate C' :

1 =
4. f 5008(20) df = [sin(20)]; = 1
NP (1M)
2M 2M
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1 3 1
The Cartesian coordinate of (r,0) = —,iz is (z,y) = L, —— |. Therefore, the area of the rectangle
V26 22 22
—_——
(1M)
equals
1
2. — =12
\/§ ——
(1M)

Hence, the area of the shaded region equals v/2 -1 (1M).
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. For each real number p, the parametric equations

_ cos(3t)
-

i t
:Smt(Tg)withlst<oo

a(t) > y(t)

define an improper spiral.
(a) (12%) Find the arclength of the improper spiral when p = 3 (see figure).
(b) (2%) Find the range of values of p such that the arclength of the improper spiral is finite.

N e

Solution:
W (30 (3)
cos(3t sin(3t .
x(t): t?’ y y(t): T with 1<t< oo
-3sin(3t)  3cos(3t) 3cos(3t)  3sin(3t)
.T,(t) = 13 - +4 ) y,( ) = 3 - 4
9 9
[«'()]+ [y (H)]* = 5@
il a3tz +1 b 3sec®d
P+ [y (O] dt = li f EAR A Y T f 25 P g
f1 VIz' ()2 + [y ()] Jim = 3 vy
) b 3cosf ) PR T)
= bl—lgl* fﬂ/4 g df = bl_l)réli [~ (sind) ]Tr/4 =2v2-1
) 3sin(3t 3t 3 3t in(3t
(1) = sin(3t)  pcos(3t) ) = cos(3t) psin(3t)
P tp+1 tp {p+1
9 p?
O+ I OF = 2+

The arc length is

co /9 p2 o 1 / p2
[ t27p+t2p+2 dt—ﬁ tz 9+§dt

2 > 1
Since 3<\/9+ % <4/9 + p2 bounded by constants, we can compare with f m dt.
1

Therefore the arc length is finite when p > 1.
Grading scheme:

(2 pts) for arc length formula.

(8 pts) for integration in (a). (4 pts) for trig-sub and (4 pts) for trig-integral.
(2 pts) for notation and answer in (a).

(1 pt) for setting up the improper integral with p in (b).
(1

pt)
pt) for range of p.
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