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1. Evaluate

4 dx
@ &) f, 2 oty

(b) (8%) f 12 22 n(z +2) dz

Solution:

(a) Let 2 = 2sech, 0< 0 <7/2 or 7 < 0 < 31/2. Then dx = 2secftand db, (z2 - 4)'/? = 2tan@. The integration
limits for § can be found by 2secf = 4 and 2secf = 2v/2, hence 6 = 7/3 and 0 = /4.

f4 dz 1 f’f/3 f”“ cos 9 f”/3( cos 6 030) "
202 22(x2 - 4)3/2 24 Japa Sec6‘tan 9 16 sin 0 16 sin” 0

_[—cscé’—sin@r/3 _%_£+ 2+\/§ 9V2-T7V3
- 16 e 16 96
O
More on (a): Antiderivative
d 6 sing -~ - 2 g2
x —csc - sin —1 p -x
- o= Yt v Lo 278 Lo
f 1'2(5E2 - 4)3/2 16 16 Srvx2 -4
Substitution u = 2% — 4
f4 dz e du
ovz 22(22 - 4)32  Ji 2032 (u? + 4)3/2
Substitution u = Va2 -4
4 dx 23 du
f2\/§ x2(z2 - 4)3/2 /2. u2(u2 +4)3/2
(b) Integration by parts.
2 1 3]
[ 22 In(z +2) dx:ff In(z +2) d(z*) = ‘ n(x+2)
-1 3J- 1 3Jaza +2
Long division.
1 2 1[a? ?
= §1n4—7 (x2—2x+4—i) dx = §ln4—f x——x2+4x—81n|x+2|
3 3J z+2 3 3|73 3
1 1 161 4
= §ln4—7[(§—4+8—81n4)—(——1 4)] Oln
3 31\3 3 3
O

More on (b): Antiderivative

(2% +8)In(z + 2) B 3 - 322 + 122
3 9

+C

f 22 In(z +2) dx =

Substitution u = x + 2

2 4 _231 4 4.3 9 190 —
f 2’ In(z +2) dx=f (u—z)anudu:[(“)n“] ‘f W 6w’ +12u-8

3 3u

Substitution « = In(z + 2)

2 In4 In4
f 2?In(z +2) d = f ue(e* - 2)? du = f (ue®™ — due®™ + due™) du
-1 0 0
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Grading scheme:

For (a):
(3 pts) for correctly applying a trig-sub. Does not include finding the angles.
(3 pts) for correctly evaluating a trig-integral. They can still get points here even if they mess up the trig-sub.
(2 pts) Notation, convert the bounds, evaluation, and answer. Basically (-1 pt) for each error you find.
For (b):
(3 pts) for correctly applying an integration by parts.
(2 pts) for correctly dealing with the rational function. Mistakes in long division would subtract from here.
)

(3 pts) Notation, evaluation, and answer. Basically (-1 pt) for each error you find.
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2. (12%) Compute the following indefinite integral.

T

f\/_—é/ilJr{j/E—ld

Solution:

By setting u = ¢/z, we have x = u° (v > 0) and

1 6u® 6u
d :[7d :/(6 2 7)d.
/\/_—\3/54—{3/5—1 v W ru-10" " +6u+u3—uQ+u—1 "

Note that u® —u® +u -1 = (u—1)(u? + 1). Suppose that numbers A, B, and C are such that

6u B A +Bu+C
w-uZ+u-1 wu-1 wu2+1"

i.e.

6u=(A+B)u?+(-B+C)u+A-C.
Thus, C=A=-B and 6 =-B+ C =2C. This implies that C' =3, A =3, and B = -3, and hence

[ 1 dx—f( 6u du
V- YT+ Yr-1" wd-—uZ+u-1

d d d
:f(6u2+6u)du+3f—“—3f wdu +3/ U
u-1 u?+1 u?+1
:2u3+3u2+3ln|u—1|—§ln(u2+1)+3arctanu+c
:2\/5+3€'/§+31n|\6/5—1|—gln(%+l)+3arctan(\6/§)+0.
o R A - AEKRE B = (@EFR )

(I) (457) A S oA shasts R RE A0 7 B B R 0

(1) EEEENEEOER (FI02r=u®) 1522
(2) Hde EREBIL (W = «*Rld = 6u’du) {5257 °

(IT) (497) WA BREBHIRR o0 SURBA -

6u” + 6u)du + f

Bu+ec¢

(1) S8 TR KT (B (9602 + 6u) » ST H 48 B EREMTB R il .
fhosy o v
(2) EHESHELA - BELCIE2S » HLERS L5 48 o
(IT1) (455) SKHI (IT) BB 2 8650 50 20 B TEAT RS » 40 LU FIUEES, » SR EE S 4B - SRR 52 B2
K
(1) ZTERES (6u2+6u) HIRERAMELS ;

(2) FRERH f Y qultsy

1+u2

(3) ERkt [ —duffils ;

(4) IEFEACHRIE] Dl A BB B 147 -
R B
(I1-2) A0SR B SEE R 0 o AT R B IERE - IS 8 4y -
o WRBECHIZAE K EL (Wﬂizub@ﬁ’a*) B HESAEREE D E3RLIERN - 3P

ud —u?+u-
JBE(D) #5053 » (BR(IE (D AERD RS ($E8R)) AERBEZ MAnnRER ) o

o) WRANAIERD >N EH » (D) AIERMKATTS ($5REY) #0507 s\ I% AT IAR AR 40

u?z +1
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3. Determine whether the improper integral is convergent or divergent. Provide your reasoning in detail. Evaluate the

integral if it is convergent.
L2 +sinx

(a) (6%) f L

o xlnzx

(b) (6%) fo T e sin(3) do

Solution:

(a) The final answer is divergent. The integral is improper at both z =0 and x = 1.

1 2+sinx 3
> >

-1<sinx <1 = 1<2+sinr<3 = > >
rlnx zlnx zlnx

since Inx < 0.

L 2+sinx
To apply comparison theorem we would need to consider f ———— dx, along with

z(—Inx)

1 2+sinx

< <
z(-Inz) ~ z(-Ilnz)
1/2 1
lim ———— dz = lim (-Inln(1/2)|+In|lnal) = oo
a0+ Jo  x(-Inx) a—0*

1/2 1

The limit does not exist. The improper integral f dzx is divergent. Therefore the improper
0

z(-1nx)
1 1 L2 +5si

integral f ———— dz and hence f Srsme dx is divergent.

0 z(-Inzx) o ez

(b) The final answer is convergent. That means we need to evaluate it.

. -1 5, 3 .
[ e sin(3z) dx = 36_2* sin(3x) + 5 f e 2% cos(3z) dx

-1
= —e *sin(3z) - §e’2”” cos(3z) - 9 f e **sin(3z) da
2 4 4
Hence 1
f e **sin(3z) dx = ' (26_2$ sin(3z) + 32" cos(3x))

Since sin(3z) and cos(3x) are bounded, we can use squeeze theorem to get

-1
Jim - (2¢7% sin(3t) + 3¢ * cos(3t)) = 0

Therefore - 5
/ e 2 sin(3z) do = —
0 13

(Method 2)

Since |sin3z| <1 Vz e R = |e " sin3z| < |e™**| Vo ¢ R

o, 1 0 e 1
= f e “*dr=lim ——e “*| = lim ——e “*+ - = — = conv
0 a—> 00 2 2

0 a—oo 2 2

[

By Ci, e~** sin 3zdx conv
0

. : 3 ® st .
consider L£{sin3t} = 210" fo e *" sin 3tdt

oo 3 3
By assigning s = 2, we can have f e 2! sin 3tdt = —
0

s2+9ls2 13
Grading scheme:

For (a):
(3 pts) for showing an improper integral diverges via the limit notation.

(3 pts) for correctly using the comparison theorem. No need to convert to positive but they need to know the
inequality is the other way around for negative functions, (-1 pt) if you can tell they didn’t see Inx is negative.

For (b):
(4 pts) for obtaining the antiderivative.
(2 pts) for the limit notation, the conclusion, and the answer.

They can get (4 pts) if they could not evaluate the integral but used other methods to prove convergence.
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4. The curve in the zy-plane described by the equation r = cos(#/2) in polar coordinates is shown in the following
picture:

(a) (8%) Find all points (in terms of their zy-coordinates) where the above curve has a vertical tangent line
(b) (8%) Compute the area of the shaded region

Solution:

(a) Let P(6) = (x(0),y(0)) be the point on the curve corresponding to 8. The condition for vertical tangent
line is essentially () = 0 (provided y'(#) # 0). Note that

z(0) = cos(6/2) cosb,
and hence

2'(0) = 5 sin(0/2) cos 6 — cos(6/2) sin 6 = —% sin(6/2)(cos 6 + 40052(9/2))
= —% sin(0/2)(3cosf +2).
Similarly,

(8) = 5 sin(6/2) sin 6 — cos(0/2) cosf = —cos(6/2)( sin?(6/2) - cos 9)
=—cos(6/2)(1 - 20059).

It is not hard to see that z'(9) and y'(6) can not be zero simultaneously.

sly.  The condition z'(0) = 0 is
equivalent to that either sin(6/2) = 0 or cosd = -2/3. The first situation corresponds to the points (1,0) and
(-1,0). In the second situation,

cos?(0/2) = -3 1 and sin?(0/2) = 5
2 6 6

and hence sinf = :t?. In summary, the corresponding points are

6

3% 3 ) (4 combinations in total).

N 1(—2 V5

VAN
N JJ

Eﬂ}

/\IJ
1
2

(1) BEREERL(9) = 0BT FEM24
(2) ﬁ@f%u%x (0)&Eﬁiﬁ£f§%1¢mzﬁj\ °
(3) IERERH 2 (0) = ORIFT A RG24
(4)

1) S BBy ST 525 -
B

(4) WERSHOME - FEREE ZR4EEAR6E - /515 - b
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3
(b) We denote D; (resp. Ds) be the region swiped by the segment OP(6) with 6 € [0, g] (resp. 0 € [g, g])
Then

the area of the shaded region = the area of D; — the area of Dy

13, 1 rs
=3 [0 cos”(0/2)db 5 [w cos”(0/2)df
s 37
:1(f2 1+C080d0—f2 1+C080d0)
2 0 2 ™ 2

_1 6 +sinf 3 i _1
"2 ] 2
R Al

2
(1) 'Jh'jﬁi%@%%ﬁ ;T R AR o ZE 4G40 o WNARGE PRI AR - SRR T LEREE R H R &

20

B2 (f —) 2 XEOME#EEWELRE - WRERSE(LMEG » SO VEEHEETR
Eiyx'jixy'fﬁ HIFERESD -
(2) [EREREHME D Z - MEFESD > &1h25

HR B (DRYE SRS AIERE - I MBS T 8L

() FI8E% (FEIPN L TIRSREEREER)  (HEFEREZRIE EHEOMIRESRmEZ (Fn
BHEREECCFEHE) o AlEL1g o

(i) FHESM LTRSS » (EyEREHEE > 7515 -

(ii) %ﬁaﬁﬂ)}z% SR BEL R S o (H EFRRHSE - A B4 o

(1) Ao BT IREERR - (2) IR RERR A & B RAE 0y - ANEEI

0 +sinf
0 2
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5. Consider the solid described by 223 + y2/3 +2<2,2,y,220.

(a) (8%) Let z(t) = Kcos®t, y(t) = Ksin®(t), with 0 <t < /2 and K a positive constant. Find the area of the
region in the first quadrant enclosed by the curve, the z-axis, and the y-axis.

(b) (4%) Find the volume of the solid. (Consider cross-sectional area for fixed z-value)

Solution:

(a) The area of the region is
K z ‘
/ ydr =— [ Ksin®t d (K cos® t) (2 points)
0 0
—3K2f sin®t cos® ¢ dt (1 point)
0

= gKZ fa (1-cos (2t))sin® (2t) dt = SKZ {fz sin? (2t) d fi sin? (2t) cos (2t) dt}
0 0 0

s

1 1
ng {2 [0 ’ (1 -cos (4t)) dt - 3 /0 sin? (2t) dsin 2t)} (3 points)
3 1 211 2 3

- 2K {2 [t— me(zxt)] -3 [§Sm3 (2t)] } - ZaK? (2 points).

t=0 t=0
(b) The cross-sectional area of the solid in the plane through z and orthogonal to the z—axis is bounded by the
curve
3 3 3 .3 Q
x(t)=(2-2)2cos’t, y(t)=(2-2)2sin’t, te [0,5],
the x—axis, and the y—axis, where z € [0,2]. Using (a) with K = (2 - z)%7 the cross-sectional area is

A(z) = 3%7r(2 -2)3 (1 point).

Thus the volume of the solid is )
V= [ A(z) dz (1 point)

f (2-2)3%dz= —7r [—f (2-2) LZO = %ﬂ'. (2 points)
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6. (10%) Solve the initial value problem

d
(e+1) Y iy=1, y(0)=0.
dx

Solution:

Method 1: The standard form of the linear equation is

dy 1 1
— + . 1 int
dr e*+1 et +1 (1 point)

Evaluating the indefinite integral

[ 1 d:r:u:e:mﬂfil du:f( 1 l) du
e +1 u(u-1)

u—1 _u
:ln‘u_

. After multiplying both sides by the integrating factor, the equation becomes

e@’
+c=1 +c, 3 points
c=tu(-5 )+ (3 points)

gives an integrating factor

d e’ e’
= = : 3 point
dx (695 i1 y) (6w + 1)2 ( poin S)
from which we get
a -y (2 points)
= c. oints
e*+1 Y e +1 P
Plugging the initial condition y (0) = 0 yields
1 i .
y:§(1—e ). (1 point)
Method 2: The equation is separable, i.e.

1 -1 .

——dy = dz. (3 points)

Y- e*+1

Since ) ’ ) ) .
[ [ (A
er +1 u(u-1) u u-1
=In . +te=In(l+e™®)+ec, (3 points)
u—
we get

Injly-1=In(1+e®)+c < |y-1=e(1+e%)

(2 points)
1
Plugging the initial condition y (0) = 0 gives e¢“ = = and hence
1 i ,
y—1:i§(1+e ). (1 point)
1

The condition y (0) = 0 implies that y -1 # 5 (1+e™®). Therefore,

1 o1 o )

y:1—§(1+e )25(1—6 ). (1 point)
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7. (01-02¥t) Solve the differential equations.
(a) (11%) Use the method of variation of parameters: y” — 6y’ + 9y = €.
0 omputing the Laplace transtorm o t) and solve the boundary value problem
b) (11%) C i he Lapl f ff d solve the bound 1 bl

d*y
W‘Fy:f(t), 0St§2,
y(0)=y(2)=0,

where f(t)=1-[t-1].

Solution:
(a) The auxiliary equation X% —6X +9 = 0 has repeated roots r = 3. Let y;(t) = te* and ya(t) = €** and set
y(t) = Ay (1) + B(t)ya(t).
We need to solve (A, B) for the system of equations:

te' A’ + ' B’ = 0
(3t +3te3) A" + 33 B’ = €3

We then have
A'(t)=1 and B'(t) = -t,

that is,
t2
A(t) =t+ Cl and B(t) = —5 + Cg,
and hence )
t .
y(t) = Ee?’t + Oyte® + Oye™.

oA R ER A
) By = te* Blyy (1) = G35 -
(I1) IERESRHA(H)ELB(t) 15845 °
ooy BRADRE S - T =REIE ISR TER S 58
(i) &5 H TRV ER B IERE A ~ B (8FE%A - BIEY) » /525 -
(i) [FRESHA" ~ B (S(F#EA ~ BIFES) » HERRZREEKA - BE2IEREREH » 1545 -
(iil) IEMEEHA ~ B' (83KEA ~ B ) » (HEWERES HEH—[E > 565 -

(b) Although the original question only asks us to solve the ODE on [0, 2], we may simply solve it on [0, c0).
First we compute L{f}. Note that

0 if 0<t<l;
f(t):t+{2_2t sy tm2-nuE-1),

and hence
1 . 1
L{f}y = Ly} —2L(t- DUt -1) = — - 2™ .
S S

Applying the Laplace transform to the original ODE, we obtain that

(s> + DL{y} ~y(0)s —y'(0) = L{[}, (3)
that is,
£y} =(0) s2i 1" y'(0) 5214- 1" sﬁQ{f}l
=y'(0) ! ! 2¢7° ! since y(0) =0,

+ — —_—
s2+1  $2(s2+1) s2(s2+1)

1 1 1 1 1
s e ()
y()32+1+52 21 - &2 21
=L{y'(0)sint +t-sint - 2(t -1 —sin(t - 1))U(t - 1)},
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and hence
y(t) =y’ (0)sint +t —sint —2(t — 1 —sin(t — 1))U(t - 1).

To determine 3'(0), we use the condition that y(2) = 0:

0=95(2)=9'(0)sin2+2-sin2-2(2-1-sin(2-1))U((2-1)
=9'(0)sin2+2-sin2 -2+ 2sin 1
=1/(0)sin2 -sin2 + 2sin1,
and hence
sin2 - 2sin1 2sin1

"(0) = =1- =1- 1.
y(0) sin 2 2(sin1) cos1 sec

Therefore,
y(t) = (1-secl)sint+t—sint —2(t -1 -sin(t - 1)) U - 1)
=t—(secl)sint—2(t-1-sin(t-1))U(t-1)
_ t—seclsint if 0<t<l;
2-t—(secl)sint +2sin(t-1) if t>1

Some of you might have regarded f(t) as being 0 for ¢ > 2:
t if 0<t<1; 0 if 0<t<l;
F(t)=4 2-t if 1<t<2 =t+{ 2-t-t if 1<t<2;
0 if t<2. -t if t<2.

s 0 if 0<t<1; 0 if 0<t<2;
B 2-2t if t>1 -t-(2-2t) if t>2

St 20— DU =1) + (- 2)U(t - 2).
Then

LUy = £{6 = 2L(t = DUt —1) = SiQ —oet L et 2

52 s

Applying the Laplace transform to the original ODE, we obtain that

(s + 1) L{y} -y(0)s -y (0) = L{f},

that is,
p 1 L{f}
07
AR R
1 1 1 1
_ /0 _2—3.7 -2s _ - . 0)=0
v )52+1 +52(52+1) c s2(s2+1) e s2(s2+1) since y(0) =0,
1 1 1 1 1 1 1
oy e () ()
y()52+1+32 s2+1 € s2 s2+41 e s2 241
y'(0)sint +t —sint
=L -2(t-1-sin(t-1)UE-1) },
+(t-2-sin(t-2))U(t-2)
and hence

y(t) =4 (0)sint +t —sint — 2(¢t = 1 —sin(t — 1))U(t - 1) + (t - 2 —sin(t - 2))U(t - 2).

The rest of the computation is essentially the same as the original one above.

o IRA
(1) 3@*) Hﬁzkﬂjc{f}
(1) (8%7) IEWERE Hiy(t)1584) :

(1) f%u%( )&K"ﬁb@{%ﬁﬁ“m (A # ey (0) =0 ABEHE TR AR Ls® + 1) 1525 5
(2) Eﬁ%éFEEETy(O) EMEE (REL0SEFEEETEREL{y(0)cost}) 115

(3) 1

L= /;{y (0)sint}l143 s
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(4) IEFEIERS TR RASRAG35)
Ly 1

2+1  s2(s2+1)
ZL_L_Qe—s(i_L)
s2 s2+1 s2 s2+1
=L{t-sint-2(¢t-1-sin(t-1))U(t-1)}

sf 1
=

1
s2(s2+1)

-8

T 0 16 2(2 ST BRI S
sin(t — 1)Ut - 1) M2 o (TR B L )

(5) Il & FHE R IEHETRE BT E & Bl 15

ﬁﬁléj\ T e

HR B (DB RAE NIERE - TR DA TR0 8L
(i) RBEER (DEFFREURED DSMER » W25

(i) e L{f} = L{f(t-a)U(t-a)} (a>0)HITTEERR > A[1515) ©

ANRAE (D) F PG HL{ f el » IRAR (ID) 6 P OE (B SR AR A L{ f Y RT3 » A EEAN S

ZHiy ()R SRR » B ALE SR FE ¥ B AN E T

1 N
o JERRAIB L~ 1+

° AL (IT) R E H
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1
-05Y onsider the region ounded by y=2e™“+ —e "*, y=0, =0, and z = In 3.
03-05¥F) Consider th ion R bounded b 26712 5 /2 0 0, and z =1n3

1 / (a) (4%) Find the area of R.
(b) (6%) Find the length of the perimeter (/&) of R.
(¢) (6%) Find the volume of the solid of revolution obtained by rotating R about the z-axis.
(d) (6%) Find the volume of the solid of revolution obtained by rotating R about the y-axis.

Solution:
(a)
In3 1 In 1 11v/3 -
f (2630/2 5 -$/2) dz = [4e*? — e7"1?] PouVBo——d+1= V3 -9
0

0 /3 3
(b) At x=0 2 At z=1n3 —2\/§+L
3 y 2' 7y 2\/3'
In3 In3 —
f \/1+ ex/2 x/2) dx:f (eﬂ?/2+16*r/2) dzzz\/__i_gle:w
0 4 23 2 6
1 113 -
Total length = [5 +In3+ (2\/§+ ) + v3 9]
2 2V/3 6
(c) 9 In3
In3 1 In3 1 1 n
f 7r(2€”2+fe_x/2) dx:ﬂf (2+4e”+fe_x) dx:7T|:2x+4e’”— 7€—a::|
0 2 0 4 4 0
1 1 1
:77(21n3+12———0—4+7) =7r(21n3+8+7)
12 4 6
@ In3 1 In3
f 2nx (261/2 + 56_9”/2) dzr =2 [$(4em/2 _1/2)]m3 -2 f (46“3/2 - e_m/z) dx
0 0
=27 [2(4e®/? = 7%/?) = 8¢®/? — 2e77/2 =27 [4\/_1n3 -8V/3-—+8+ 2]
| I LA

- %” (30 ~26\/3 + 11\/§1n3)

Grading scheme:

No points if the integral is set up incorrectly.

(-4 pts) for mixing up (c) and (d).

(-2 pts) for each error (notation, computation, copying, integration of each term).
(-2 pts) only once for not simplifying e™%? = /3.
(-2

pts) only once for over-simplifying.
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