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1. (20 pts) FHELUTHMEIR - (RRILAEAE L'Hospital’s rule)

Evaluate the following limits. (Use of L’Hospital’s rule is not allowed.)

IR AE e LA T RIRRR  (SHREH ) -

You may use, without proof, the following standard limits.

i 1\* 1
im =" =1 lim (1+7) e lim—— =1
z—-0 o T—>+00 €T z—1 -1
N . 1-cos(2z) In(sin’ ) N EEEY
(a) (5pts) lim ——— b) (5 pts) lim ————= 5 pts) lim ——— 2 (d) (5 pts hm( )
zo0 1 + 227 (b) ( ) 20 s 42 (c) (5 pts) wl_{% p—p (d) ( ) vl G
Solution:
(a)
.3+t 17 + (e/3)*
1 = 3%
e T M Gy e O
=0 (2%).
(b)
lim 1-cos(2x) lim 1-cos(2x) Va2 +4+2
20 \/22 +4 -2 *0\/22 4+ 4-2/22 +4+2
1 -cos(2 2+4+2
:hm( cos( x))(g\/a: +4+2) (2%)
z—0 x
2sin®
=1im = (VaZ v 4+ 2)  (2%)
z—0 (p2
=2.4=8 (1%).
(c)
In(sin’ In(sin”
lim 711(512 z) =- lim 71.1(21n z) (2%)
z-7/2 COS®X z-7/2 sin“z -1
Int
o 2 _ 1
(let t =sin“z) = }Slirll—t_l (2%)
=-1 (1%).
(d)
2.2=1 47
x+1\° 1 2
1 = 1+ —— 3%
i (555) = (1 ) ()
1 2y+1
(let y=(x-1)/2) = lim (1+ )
Y
=e? 1=¢* (2%).
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2. (20 pts) FEUTEHEFEE - Compute the following derivatives.

(a) (8 pts) f(x) =" D 5k f(2) FI f"(x) * Find f'(x) and f" ().

(b) (6 pts) g(z) = tan-L(sinz)’ K ¢'(2) » Find ¢'(z).

(c) (6 pts) h(z) =2 (1+2%)=, K #'(1) > Find #'(1).

Solution:

(a) Product rule and chain rule.

f(x) = (32%)- ™2 4 (e”:2+2 . 230) -2 = (22" + 327) = *2

f"(x) = (82° + 62) ey (ew2+2 : 295) (22" +327%) = (42° + 142° + 62) er 2

(b) Quotient rule and chain rule.

1+sin’ z

) (1) -tan™(sinz) - (285-) -
(tan™ (sin ac))2

g'(x)

(¢) Logarithmic differentiation.

In(1 +2?
lnh(x):gl:lnam-M
’ 2
h(x):lnac+1+ 2 In(l+z%)
h(x) 1+ 22 x2

R(1)=h(1)-(0+1+1-1n2)=4-2In2.
Grading scheme:
Part (a) is 5+3. Part (b) is 6. Part (c) is 5+1.
0 points if they couldn’t use the derivative rules correctly.
-3 points if they clearly remembered a derivative formula wrong.

-1 point for computational mistakes/miscopy/oversimplify.
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3. (12 pts) A& 2® + 4% = (222 + 2% - 2)? 155 (0, %) MHEFT DB RR IR v = y(x) -

1
Near the point (O, 5), the equation 2% + y* = (222 + 2y — )? defines implicitly a function y = y(z).

o Find @

d
(a) (7 pts) kg
0.3) dx

dx (07%)-
(b) (5 pts) #H y(z) & = =0 KFEELEHE yv(0.1) BfE -

Use linear approximation of y(x) at « = 0 to approximate the value of y(0.1).

Solution:

(a) Regard y as a function of x and take derivatives on both sides of the equality above we have

d d
2x + 2yﬁ =2(22% + 2% - 2) - (4o + 4yﬁ -1) (4%)

Put (z,y) = (0,1/2) in the above equality, we have

dy B 1 (. dy
%|(0,1/2) =22 4 (2£|(0,1/2) B 1) (2%)

dy
= o =1 (1%).

(@)~ y(0) + 3/ (0)z  (2%) = y(0.1) % £1-01=0.6 (3%).
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4. (10 pts) #EEEL Consider the function f(z) = 4tan™!(2®) + €.

(a) (4 pts)
(b) (6 pts)

S f(z) IRKEUESE - Explain briefly why the inverse function of f(x) exists.
Foglx) B f(o) WKEEL > K g'(m+e) o Let g(z) be the inverse function of f(x). Find ¢’ (7 +¢e).

Solution:

(a) e (2M) Correct f'(z)
e (1M) Writing f'(z) >0
e (1M) Saying f(«) is strictly increasing
Sample solution.
1222
!
F@=1mre 2l

—— 1M
2M

so f is strictly increasing ---(1M).
This implies that the inverse function of f(x) exists.

x

(b) e (1M) Discovering f(1)=m+e
e (2M) Correct f'(1)
e (1M) Correct formula for ¢'(f(x))

(2M) Correct answer

Sample solution.
Note f(1) =m+e - (1M)
and f'(1)=6+e - (2M).

1

Therefore, g'(7+¢) = ¢'(f(1)) = 0 o (1M)
1
T 6re (2M)
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5. (6 pts) A : 2=0BHER v+cos™ 2= g HME—fiFf

7r
Prove that x = 0 is the only solution to the equation : x + cos™ z = Ch

Solution:

e 2M - Correct citing of Rolle/MVT/Consequences of MVT
e 2M - Correct derivative of x + cos ! (z)

e 2M - Overall correct and complete argument

Sample solution 1.
Let F'(x) = x + arccos(z). Suppose x = « is another solution to the equation. Then F(0) = F(«).
Hence, Rolle’s Theorem implies that F'(c) = 0 for some c lying strictly between 0 and «. --- (2M)

However, F'(c) =0 implies 1 - — - 0 and
-c
|
2M
hence ¢ = 0 which is a contradiction. --- (Complete, correct argument 2M)

Sample solution 2.
Let F(x) =z + arccos(x).

1
Then 1 - <Ofor-1<z<0and 0<xz<1.
V1-22
N

2M
Therefore, F is strictly decreasing before reaching x = 0 and also after leaving a = 0.--- (2M)

™
Hence the function crosses y = 5 at most (and hence exactly) once. --- (Complete, correct argument 2M)
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6. (20 pts) FHEEEL Consider the function f(z) =6z - 2? —4lnz.
(a) (1 pt) BEHEKE f(z) FWEZRE - Write down the domain of f(z).
(b) (4 pts) K f'(x) > HRHEHE f(x) BEE ~ RFHYERR] -
Find f'(z). Write down the interval(s) of increase and interval(s) of decrease of f(z).
(c) (4pts) K f(x)» P y=f(z) BRI -
Find f”(x). Write down the interval(s) on which f(z) is concave upward and the interval(s) on which f(z) is
concave downward.

(d) (4 pts) HHFTERESRA//IMEFIRK HHEE  Write down (if any) the local extremas and inflection points.
(e) (2 pts) K v = f(z) WATBMEHELER - Find all the asymptotes of y = f(z).
(f) (5 pts) F|EH y = f(z) WEF - Sketch the graph of y = f(x).

Solution:
(a) z>0.
(b)

Py =62 o2t oBrrd) 2o D(@-2)

Increasing: (1,2)
Decreasing: (0,1) and (2, o)

(©)

f(x)=-2+ % _2(2?-2)  -2(x-V2)(z+V2)

x? x?
Concave upward: (O,\/§)
Concave downward: (v/2,00)

(d) Local minimum at z =1,y = 5, local maximum at z =2,y =8 —41In 2, inflection point (\/§7 6v/2-2-2In 2).
(e) Vertical asymptote at = = 0 since lirg f(z) = oo.
z—0*

No horizontal asymptote as x goes to infinity since lim f(x) = —oo.
€Tr—>00

x
No slant asymptote as x goes to infinity since lim M =-

(f)

AN

N
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Grading scheme:

(a) (1pts) Right 1 or wrong 0.

(b) (5pts) 2 pts for derivative. 3 pts for determining the signs.
(c) (5pts) Follow through. 2 pts for derivative. 3 pts for determining the signs.
(d)

(e

)
(f) (5pts) Follow through. Their picture need to match their answers above. -1 for each item not labeled or
different from previous answers.

(4pts) Follow through. -2 for each mistake.
(2pts) 1 point for horizontal asymptote and 1 point for vertical asymptote.
(
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7. (12 pts) FEIAIIR y = 2 WEIEATFR y =2 THE-REAREGRAMNELIATR vy =2 54 (RE) - KEREAF
RAHIE
Find the largest rectangle that fits inside the graph of the parabola y = z® below the line y = 2, with the top side of
the rectangle on the horizontal line y = 2.

Solution:

e 4M - for writing down the correct function to maximize

e 2M - correct derivative

e 2M - correct critical number

e 3M - any correct argument that verifies maximality of the critical number

e 1M - correct answer

Sample solution.
Let (z,2%) be the coordinates of the right hand corner of the rectangle. We want to maximize the function

A(z) = (22)(2 - %) = 4z - 227

Differentiating gives
Al(x) =4 - 62>,
—
oM

2
Setting A’(x) = 0 gives x = \/; (negative rejected).

——
2M

(**) Since A" (\/5) =-12- \/5 <0,
3 3

2
the second derivative test implies that A(z) attains a maximum at « = \/; -+ (3M)

and at which A(\/g) = 89& .
—

1M

Alternative for (**). (Using first derivative test)

Al(z) | + | + 0 - | -

2
Therefore, the first derivative test implies that A(z) attains a maximum at z = \/; .
2
and at which A(\/g) = %

Another alternative for (**). (Using Extreme Value Theorem)
Compare the critical value and values at boundaries :
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A(\/g) = ¥ and A(0) = A(V/2) = 0.

—

2
We conclude that A(z) attains a maximum at z = \/; .
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