1092 Calculus4 06-12 Final Exam Solution

1. (12 pts) Use Green’s theorem to evaluate the line integral

jg(xz +y3)da + (2 + y?)dy

7r
where C' traces counter-clockwisely the polar curve r? =sin(46), 0< 6 < —.

W

June 19, 2021

Solution:

The following steps of arguments must be shown clearly!

(2%) State what is the Green’s theorem:

fo(2? +y)dw + (a® +y*)dy = [ [p[(2° +y*)a = (a7 +y%)y |dady
where D is the region enclosed by 72 = sin(46), 0< 6 < 7/4.

(2%) Find the relevant partial derivatives and the link to polar coordinates:
(@3 +yH)e — (@2 +9°), = 3(2? - y?) = 3r? cos 20

(3%) Tteration for the double integral in terms of polar coordinates:
[ Jol(@® +y%)s - (22 + ), ]dxdy = fow/4 I sin(40) 3.3 cos(260)drdf
= % OW/A‘ cos(26) sin?(46)d6

(5%) Work out the trigonometric integration:

= 3 [ cos(20)[1 - cos(86)]d0 = 2 [ *[cos(20) — L (cos(60) + cos(106))]d0

_ §[Sin(29) _ sin(60) sin(lO@)]ﬁ/4 _ §|:l A i] _
-8 2 12 20 0 "~ 8L2 12 204 —

ot
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2. Let a and 8 be two constants and set
F(z,y,2) = (y+aze™)i+ fxj-2xe™ k.
(a) (5 pts) Find curl(F) in terms of a and f3.
(b) (4 pts) Find the values of a and § such that F is conservative on R3.

(c) (6 pts) For the pair of values that you found in (b), evaluate / F - dr where
c

C={(z,y,2)eR®: z=22%2=9> 0<2<2}

oriented in increasing values of x.

Solution:

(a) (Total 5%) curl(F) =0i+ (2+a)(1+z2)e**j+ (8-1)k (5 pts)
Partial credit below is given if the answer is not completely correct:

e Write down the correct definition for curl(F) (2 pt)

e Write down correct component of i,j,k (1 pt+1 pt+1 pt )
(b) (Total 4%)

e State the correct statement: [F' is conservative on R? iff curlF =0 on R3] or [if curlF =0
on R3 then F' is conservative on R3] (2 pts)

e a=-2 =1 (2 pts)
(c) (Total 6%) Method 1: Find potential function and use fundamental theorem of line integral:

e Write down F(z,y,2) = (y — 2ze**)i + xj — 2ze"*k or mention anywhere about the correct
substitution of @ and S into F (1 pt)

e Solving for potential function F = Vf: f(z,y, z) = zy—2e* (2 pts, if students include any
constant ¢ behind f, it is acceptable)

e By Fundamental theorem of line integral,
f F.dr= £(2,2,8) - £(0,0,0) = 6 - 2¢'6
c

(3 pts; 1 pt for correct initial point (0,0,0), 1 pt for correct terminal point (2,2,8), 1 pt
for correct answer)

Method 2: Direct computation of line integral

e Write down F correctly or mention anywhere about the correct substitution of o and S
into F (1 pt).

e Any correct parametrization AND orientation of C' (1 pt).
e Correct computation of line integral. (3 pts).

e Correct answer = 6 —2¢'6 (1 pt).

Remark: For Method 2, if answer is incorrect, the maximum score is 2 pts. Only need to check
for F and C.
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3. The figure on the right gives a surface S which is part of the graph z = y? — 22 enclosed by the curve
C with parameterization

r(t) = (2sin(t), 2cos(t), 4cos(2t)) with 0 <t < 2.

(a) (7 pts) Find the surface area [S 1dS of S.

(b) (8 pts) By Stokes’ Theorem, evaluate the circulation

f (ye® —y®)dx + (23 +e¥) dy + (2%e7)dz.
c

Solution:

Marking Scheme for Question 3a
e 1% - (1) Parametrisation of S
e 1% - (2) Correct specification of the ranges of parameters D
e 1% - (3) Correct value of ||r, x r,||

e 2% - (4) Correct definition of surface integrals (at most 1% for those who does
not/cannot specify D or makes mistakes in ||ryx x r,||)

e 2% - (5) Correct evaluation (1% for students who made minor sign errors/obvious
typos)

Remark. In other words, if a student makes mistakes in (2) or (3), he/she can earn at
most 3% for this part of the question.

Sample Solution to Q3(a) Ver 1.
Parametrise S by r(x,y) = (z,y,y? — 22) where 2,y € D = {(x,y) : 22 +y? <4}. Then

[ S —
1% 1%
ffmsd:eff/\/4x2+4y2+1dAP‘2“/ / rVar? + drd@—%( 75 -1).
S D
1% 2%
2%

Sample Solution to Q3(a) Ver 2.

Parametrise S by r(r,0) = (rsinf,rcos,r?cos(20)) where 0 <r <2, 0<6<27.

1% 1%
Then |r, x rg|| = rv/4r2 + 1 and
|

1%

21 2 3
f[1dsd§f[ f A Ldrdg = 7 (173 - 1).
S 0 0 6

2% 2%
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Marking Scheme for Question 3b
o 1% -

(1) Statement of Stokes Theorem
e 1% - (2) Correct computation of curl(F')
e 1% - (3) Correct (k-component of) r, x r,

e 3% - (4) Correct transformation of a flux integral into a double integral (at most 1%
for those who does not/cannot specify D in (a) or makes mistakes in (2) or (3))

e 2% - (5) Correct evaluation (1% for students who made a sign error)

Remark a. In other words, if a student makes mistakes in (2) or (3) or not specifying D,
he/she can earn about 3-4% for this part of the question.
Remark b. Sign error will be deducted from (5) only.

Sample Solution to Q3(b) Ver 1.

By Stokes” Theorem, —75 F.dr= /f curl(F) - dS.
c S

1%
To evaluate the RHS, first we compute that curl(F) = (322 + 3y?)k and therefore

1%

ﬂcurl(F)-dSzf (0,0, 3% + 3y?) - ( 2x,2y,-1) dA = —3[/ 22 +y?)dA
s D

1%

3%

27 2
Polar g f f 3 dr df
0 0

= 247
——
2%

Sample Solution to Q3(b) Ver 2.

By Stokes’” Theorem, ygF-dr = ﬂg curl(F) - dS.

1%
To evaluate the RHS, first we compute that curl(F) = (322 + 3y?)k and therefore

1%

27 21 2
ffcurl(F) ds = / f (0,0,3r2) - (%, %, 1) drdH:—B/ f P drdf = —24r
0 0 ~——

3%

1% 2%
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4. Consider the field of gravitational force F : R3 \ {(0,0,0)} - R3 given by
-1

(22 +y2 +22)2

F(z,y,2) = (xi+yj + zk).
(a) (6 pts) Show that div(F(x,y,2)) =0 for any (z,y, z) # (0,0,0).

(b) (7 pts) Evaluate, directly, the flux of F across the sphere Sg : 22 + y? + 22 = R? where R > 0
endowed with outward orientation.

(c) (5 pts) Hence, find the flux of F across the ellipsoid £ : 2% + y2 + 222 = 1 oriented outward.

Solution:

For (a), let F = F1i + Fyj + F3k. The formula of divergence is
div(F) = (F1)s + (F2)y + (F3).- (1)
It is straightforward to obtain

-1+3x2 (22 +y? +22)7!

F1).(x,y,2) = -
(1) ) (22 + 12 + 22)2

(2)

Remark: One can obtain (F3), and (F3), in a straightforward manner like (2), or just say that
F is symmetric in the symbols z,y, 2.

For (b), the flux is given by
(,y,2)
F . ds. 3
[/SR (@,9,2) R )

Applying spherical coordinates yields

J[ ) s g L g n

-1 )
= ﬁzm% (5)
= —4r. (6)

Remark: One can use other methods than spherical coordinates to evaluate the flux.

For (c), let R >0 be sufficiently small so that Sk is contained in the interior of the ellipsoid E.
We endow Sk with the orientation in the item (b). Let 2 be the space region between Sy and
E.

Since (0,0,0) is not in g, we can apply the divergence theorem on €2g and use the item (a) to

obtain
(ﬂE—ﬁR)F-d§=ﬂ)Rdiv(F)dV (7)
=0.

(8)

Therefore, by the item (b) we see

ffEF-dS:fSRF.dS* 9)
= 4.
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Grading Suggestion.

e For (a), get 2/6 by obtaining (1); get 1/6 by obtaining each (Fy)., (F2),, and (F3). as
shown similarly in (2); get 1/6 by explaining why div(F(z,y,2)) = 0.

e For (b), get 2/7 by obtaining (3); get 2/7 by obtaining (4); get 2/7 by obtaining (5); get
1/7 by obtaining (6).

e For (c), get 1/5 by explaining the setting in the red paragraph; get 1/5 by obtaining each
of (7)-(10).
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2n
5. (a) (8 pts) Find the interval of convergence of the power series Z  on 196) @)
n n

(b) Determine whether each of the following series is absolutely convergent, conditionally convergent,

or divergent. Please state the test(s) that you use.

(i) (6 pts) S (~1)"- [ + tan" (%)]

n=1
[ee]

(6 pts) Z (-1)"- (27" - 1).

Solution:
(a) (Method 1: Use ratio test)
x?n
Set a,, = s D)(@n+2)’ Then
x2n+2
711_)1{)10 %  lim (2n + 3:17)2(71271 +4) ~ 12 (2%)

2n+1)(2n+2)

x2n

(2n+1)(2n+3)

By ratio test, we know that Y 7,
|z > 1 (1%).

N . I
2n+1)(2n+3) " (2n+1)(2n+3)

For x = £1, we consider the series Y,

that
1
(2n+ 1)(2n+ 3) 1‘ (1%)
L
Since Y, 0 ! —; converges, by limit comparison test, Yo" !
(2n+1)(2n + 3)
2n

the interval of convergence of the power series Y., (2n+ 1)(2n + 3)
n n

(Method 2: Use root test)

xZn
Set a, = . Then, b
G i) @2nr2) Y
1 n(2n+ n+ _ n+
lim = lim e "R 2 lim e Trnen = 0 = 1, (1%)
nee 3f(2n+1)(2n+3) o neo
we have
lim {/|a,| = lim ! |27 = |2%. (1%)
noeo n=ee 3f(2n+1)(2n + 3)
x2n

By root test, we know that Y7,
lz| > 1 (1%).

2n+1)(2n+3)

converges for |z| <1 (1%) and diverges for

We compute

converges (2%). Therefor

is [-1,1] (1%).

converges for |x] < 1 (1%) and diverges for
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(£1)2n o 1
(2n+1)(2n+3) " (2n+1)(2n+3)

For x = £1, we consider the series Y, . We compute

that
1
2 1)(2 3 1
lim (20 )1( n*d) 1y
n—co 4
n?
Since ;7 ! by limit ison test, Yo ! (2%). Therefi
mce _n —= converges 1mit comparison tes _ converges . ereror
n=0 7’L2 ges, by p ) n=0 (2n+ 1)(27’L+3) g 0

xQn

s 1)@n+3) "

the interval of convergence of the power series Y.,

s [-1,1] (1%).

1 1 1 1 1 1 1
(b)-(i) Set ay, = ‘(—1)” (— +tan™! —)‘ = —+tan"! = by —, tan™! (—) >0 for n>1. Since Y, —
n nl/l n n " n n n

diverges and — +tan™! — > —, by comparison test, we have o2, — + tan™! — diverges (2%). So
n

1 1 1 1
Yo (1) (— +tan™! —) is not absolutely convergent (1%). Set b, = — + tan™ —. Let f(z) =
n n n n

r +tan"'z. Then we have f/(z) =1+ >0 for 0 <z <1. (Or Since tan™ z is increasing

1+ 22

1 1
for z > 0, we have tan™!(1/n) is decreasing.) So b, is decreasing and lim,, ., — + tan™' = = 0
n

1 1
(1%). By alternating series test, we obtain that ».,>,(-1)» (— +tan™! —) is convergent (1%).
n n

1 1
Therefore, Yoo, (-1)" (— +tan~! —) is conditionally convergent (1%).
n n

(b)-(ii) Set a, = |(-1)*(2"/** —1)| = 2/7* ~ 1. Then we compute that

21/m* — 1 2¢ — 1
lim ——— = lim = lim In2-2% = In2.(2%)
n—»00 1/n2 r—0+ X x—0*

Since 3.2, (1/n?) converges (1%), by limit comparison test (1%), we obtain that Yo (2/7° 1)
converges (1%). Therefore, Y22, (~1)"(21/7* — 1) is absolutely convergent (1%).
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6. Consider the function f(z) = [ et
0

(a) (6 pts)Write down the Maclaurin series of f(x) and specify its radius of convergence.
(b) (4 pts)What is the value of f(691)(0)?
flx) -
(c) (5 pts)Evaluate lim 3 (27 2 1) - sin(322)
(d) (5 pts)Approximate the value of f(0.5) up to an error of 10-* by some estimation theorem of
series.
Solution:

(a)

Since et = Y57 & (1 pt) for ¢ € R, we have

3\n
et = Z( ) Z( D 3 for teR (2 pts)
n!

n=0 Tl. n=0

and
f(x):fxe—ﬁdt:fgﬁ(i SivA ") dt = Z( 1)n f 3t

_ S 3n+1
Z 3n+1) n! (¢

The radius of convergence of f(x) is oo. (1 pt)

(b)

By Taylor theorem, we need to solve the equation 3n+1 =691 = n = 230. (2 pts) The coefficient

— ( 1)n 3n+1l .
) Z(3n+1) i *for zeR. (2 pts)

of %9 in the Maclaurin series of f(x) is ((59711—)223300,. So we have
1)230 690!
(691) () = ( 691!) = 2 pt
J0) = ot g0 (0919 = o5+ (2 189)
(c)
(Method 1)
Since
o (2 2\n © 9n
623:2:2_(:17) Z x? =1+ 222 + 22 + -, (1 pt)
n=0 7’L' n=0 n'
2 S 2\2n+1 _ N (_1)n'32n+1 pAn+2 9 g
I SV e (1 pt
sin(3z%) = Z 2 +1)' -(32%) 7;) n 1)l =3z% - 2% , (1 pt)
we have
flx)-=x : (-—gat+)-a
lim =1 1 pt
I @ - 1) sin(32?) AN [T+ 202 1200 %) ~1] (32 Tao gy | PV
I T N |
=lim it at() . (2 pts)

2—0 6zt + 25(-+) T2
(Method 1I)

- Cetdt -
lim f(z) - =i f20 c @77 ( fumdamental theorem of calculus )
2-0 (e2#* — 1) -sin(322) =-0 (e22* - 1) -sin(3x2)
3
/ A
" im _ ¢ (2 pts)

2-0 e22% . (4x) - sin(3x2) + (€2** — 1) - cos(322) - 6x
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Let g(x) := €2 - (4) -sin(322), h(zx) = (629”2 —1)-cos(32?) - 6. Then we have

¢ (x) =2 - (42)2 - sin(32?) + €2 - 4 -sin(32?) + €2 - (4) - cos(32?2) - (6z)
W (z) =e* 4z - cos(32?) - 6z — (¢ - 1) -sin(322) - (62)% + (¢**" = 1) - cos(322) - 6
g'(x)

lim=——==0+12+24=36
z—0 1’2
limh( z) =24+0+12=36
z—=0
Hence
f(zx)-=z . e’ 1
lim 5 =lim —— - >
z=0 (€22° — 1) -sin(3x2) =-0 22" . (4x) - sin(3x2) + (e2*” — 1) - cos(3x2) - 6z
3 !
v, —3wt-e® . -3¢ -3 -1

i —2 ¢ - = — (3 pts
W @) (@) SN 7@, 7w 36486 210 0

(d)
f(0.5) =37, %(05)3”*1 (1 pt) is an alternating series. Let Ry be the error incurred by
estimating with the N-th partial sum. Then

Ry < !
(BN +4)- (N +1)!

(0.5)3N* (2 pts)

Let m -(0.5)3V+4 <1074, Then we get N >2. (1 pt) Therefore,

1 1

N — b —— (Ipt
1(0.5) 2 61" 7 amg PV

Note. If you only give(guess) a number without any explaination, then you get 0 credit.
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