1092 Calculus4 01-05 Final Exam Solution
June 19, 2021

1. (10 pts) Let D be any square in R? not containing the origin with side length a > 0. Let C be the positively oriented
boundary of D. Evaluate

f 20 +y” +y|dx + Y d
——tyldr+ | ——= -7 |dy
o\ /22 +y2 /22 + 42

Solution:

By Green’s Theorem

222 + 92 Ty 0 [ 22% + 4>

=t y|dx+ - —=—=+y]|dA
‘/C(\/J?2+y2 y) ! ( x? +y ) [/ aﬂf( a:2+y I) ay(\/a:2+y2 Y
ESY i o B2BE "Green’s Theorem , 1 li'}o
DABA -2 () +5-( ), M2, WA +2()+ 5 ()ﬂ—gx) 2(), BERE 13, TETULE.

0 [ 2z +y
o) 2 () b

=0

StREBEALE, BRI 0, F 22

- [[ -2aa[ERmErEEET. B2 B 12]

= ~2Area(D) = ~24° | LEBH 2, o RWIUKS, FTES—RRSBEAERTHELE 0.
(Bt o?, B 13|

R 1ESERIESR, A Green’s Theorem F line integral 8, SEIEREE, 62. Bif, 02.
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2. (14 pts) Evaluate f/:q 2dS, where S is the part of the paraboloid z = 22 + y? that lies under the plane z = 4.

Solution:

Method 1. Notice that S is the graph of the function f(x,y) = 2% +%? above the disc D of radius 2 centered at
origin. (2 points)

In this case, we have

dS=\/1+f2+ f2dA= V1+(22)2+ (2y)2dA. (4 points)

f[SZdS:/f[)(x2+y2)\/1+(2x)2+(2y)2dA. (+)

Using polar coordinates (z,y) = r(cos,sinf), we have

Therefore,

dA =rdrdf, (3 points)
2
(%) = 27r[ r*V1+4r2.rdr. (1 points)
0

Here,

2 2 2 1 2
f 7‘3\/1+47'2d7’:%(1+4r2)3/2‘0—6f r(l+4r2)3/2d7’
0 0

3/2
L
3 120

1732 172

+—.
3 120 120

2
0

(4 points; allowing small mistake)

All together, one obtains f]s zdS = 27r[ 17§/2 - % + 1—50]

Method 2. One uses the parametrization of S:
r(p,0) = (x = pcosh,y = psinb, z = % + y* = p?),
0<p<2,0<0<2m. (2 points)
In this case,

TpXTg = (~2p% cos 0, -2p sin 6, p),
(3 points; it is OK if there is sign error)

dA = |r, x 14| dpdf = p\/1 + 4p2 dpdf. (1 points)

Therefore,

27 2
/]SzdS: / f 2 /T + 402 dpdf
0 0
2
=27 f p*\/1+4p2dp. (4 points)
0
Here,

2 3 02 23/22 1 r2 213/2
fop 1+4p2dr:5(1+4p) |0_6/(; p(1+4p=)“dp

1732 1 9
= - —(1+4p%)°?
5 "ot |
1732 172

+—.
3 120 120

2
0

(4 points; allowing small mistake)

All together, one obtains [[¢zdS = 27r[ 17§/2 - 11725(/)2 + 1—50]
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3. Let C be the circle which is the intersection of 22 +y? + 2% = 4%, a > 0, and the plane 2z + 2y + z = 0. Let
C be the upper part of C :hat is above the zy-plane from (—7 ' 50 ,0) to (f’ f,O) Consider F(z,y,2) =
<;v3 +y+1,sin(y?) + 2,z +e* >

(a) (5 pts) Find curl F

(b) (15 pts) Evaluate fCF-dr

4y 3 " “
r+y+zr=a

Solution:
i i k
(a) carl F=| Oz dy 0z |=(-1,-1,-1)
Bry+l sin(y®)+z z+es

‘EE%IEEE 27, BEBESE, & 17, ERRNESR, BEEREE, 3ESE 22, 28 52,

b) [oF-dr, where C': 2®+y*+2* =a® 20+2y+2z=0and 2>0.

F5i% 1. BEE& line integral.

D) C BN 7D (BERSE 522 +5y? +8zy = d?, 2 = 2z - )

@) [.F-dr=-271a®+\2a, 85, FINBEEEBE, BEEEE., FAREN 12, HMER M2 09,
F3i& 2. T Stokes’ Theorem

D 1§ C BME 1§ curve L (RUETHREREDNERER) BHR—@ surface D (R—EE THREEE) W
closed boundary, IEWEE T Stokes’ Thm BRI, FEBE TRETEIERESE, #§ 72, /\#E, 2 curve L BI75H,
orientation %, ¥ 19,

(2) D EHI surface integral, 558 dS = ndS, n [E#352, HEERE 29, STEBRERE, ZEHAE LA
193, WEoH 415

(3) L £H line integral. A BREBEE, FEHE 419, REBIBRIEND 19,
MR \irstD. BMEORHN L HEET, Q) RRGEEEME L £ line integral KIEE,
FIF Stokes; Theorem HVEEERE

(D Let L be the line segment from (%, —%,0) to
that 0D =Cu L
Stoke’s Theorem implies

(- f f’ 0), and let D be the semi-disc oriented such

fCULF'dr:fchurlF'dS (ER# 792)

(2) D is oriented with n = (2, 2 1) [Fre# 39

3

ﬂcurlF ds = f/ - (g ; ;)dS——fArea( ) = g(gaz)

= —gmﬁ s 19, QHH 49

Page 3 of 9




() Let r(t) = (—%t, \%LO), t € [-1,1] be a parametrization of L. Then

3 3
1 a a a a a a
F~dr:f — 2t =t +1sin|—=t] |, -—=t+1)-{-—, —=,0)dt
1
= f —%dt + 0 Since the integral of an odd function on [-1,1] is 0
-1

= —2a. ERRE 49

]CF .dr = —%T(CLQ +v2a
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4. Consider the vector field

_ o Yy
F(x,y,2) = (W’ FENEY 1)~
2?2y
Surface Sy = {(x,y,z) iy <l z?+y?21, 2= 1} is a plane region with n = (0,0,1).
22 2
Surface Sy = {(x,y,z) : o + T <1,22+y°>1, 2= 0} is a plane region with n = (0,0,-1).
Surface S3 = {(x, y,z):a?+y?=1,0<2< 1} is a cylinder with n pointing away from the z-axis.

2,2
Surface Sy = {(x, Yy, 2): % + yz =1,0<z< 1} has n pointing away from the z-axis.
(a) (4 pts) Compute the flux of F across S; and Sa, respectively.
(b) (6 pts) Compute the flux of F across Ss.

(¢) (6 pts) Compute the flux of F across Sy.

-~
~
~
~
~

a
N |
S, -

Solution:
(a) The flux of F across S is

ffSIF-ndS:/fSl(%%7302?/?,1)-(0,0,1) dS://Sl dS (1 point)

= Area (S1) = 67 — 7 = 5. (1 point)

The flux of F' across Sy is

T Yy .
. - = 7 ). -1 - 1
f/:ng ndS ff52 ($2+y27x2+y2’ ) (0,0,-1) dS [32 dS (1 point)

= —Area (S2) = -5m. (1 point)

(b) Method 1: Note that the outward normal of Sz is given by
n = (z,y,0). (2 points)

So the flux of F' across Sj3 is

x Yy .
F-ndS = L — ] - 2 ~
[f53 ndS [/53 (ac2 T e ) (x,y,0) dS ﬁs dsS (2 points)
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= Area (S3) = 27. (2 points)

Method 2: The surface S3 can be parametrized as
(z,y,2) = (cosb,sinb, z), 0<0<2m, 0<2<1, (1 point),

0
ndS = (—sinf,cos6,0) x (0,0,1) df dz = (cosf,sinb,0) db dz. (2 points)

Then the flux of F across S3 is

1 2m
f[s F-ndS-= [ f (cosf,sin6,1) - (cosh,sind,0) db dz (2 points)
3 0 0

1 27
= f / dfdz = 2. (1 point)
0o Jo

(c) Let E be the solid region enclosed by the surfaces Si, S2, S3, and Sy. Using the divergence theorem we get

Jlf v-Fav-

E

ff F.nd5+ff F-ndS—f F~ndS+ff F-ndS (3 points)
Sl Sg Sg S4

Since 5 9
V'in(%)+7( 2y 2)
Or \z2+y oy \z2 +y
2,2 2, .2
e +y°)-x-2x (JJ +y°) -y 2y . )
:( 5 ) ot 5 ) I in F, (2 points)

(22 +y?) (22 +y?)

we obtain

577—57r—27r+/] F-ndS=0
Sy

= fS F-ndS =2m. (1 point)
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s 2n 2n -1
8 pts) Determi heth -
(a) (8 pts) Determine whether 7;1 (2n+ 1 o

) is convergent or divergent. Compute the sum if it converges.

(1n(n+ 1) - lnn) o

(b) (12 pts) Find the interval of convergence of the power series Z In(n)
n(n

n=3

Solution:

(a) LLEMNRBREHBIER]L -1In2, EHDIE1D, HENTIEDLLHIIT:
(72) BIEMEMBRBRBNE, HIIRATIIMESE:

& 2 2n-1 1 1 -
e BIREOS ;- = e S Tz R comparison test,

o (UTHERBNOAINENBHNERs, . ) ERRIPIERHS - L+ 1+ WY, &I (URBHAEZE) s, 82

LAz SEAREBMAVECER, FELLERBARMREN WS ( E'JH—{IFTBE )o ZZI]% e 32 55 #R B BN A L PR R B U B Y
fERAREEH (28 T—1%).

(49) ERRBREREL - £ + 1+ WY, EEESHERBNH,

1-33) The answer might conclude divergence by applying tests with correct reasons to wrongly obtained expres-
sions. If this is the case, the grader may give 1 to 3 points depending the situations.

(b) Let a, = In(r+l)=nn “pe see that lim ~%2- =1 and hence the radius of convergence is 1. On the other hand,

Inn
by the mean value theorem we have In(n + 1) -Inn> - and hence
ln(n+1)—lnn> 1
Inn " (n+1)lnn’

Since m is decreasing and nonnegative and f3°° md;v > f3°° mdx diverges, we see that z =1
does not lie in the interval of convergence. As for x = -1, the series

i(_l)nln(nzl) Inn i 1)n(1nln+1)_1)
n=3 n n=3 nn

In(z+1 ..
nf;; ) _ 1 has derivative

is alternating. We examine if its terms get smaller and smaller as n : the function

zlnz - (z+1)In(xz+1)

x(z+1)(Inz)? <0

Finally,
In(n+1)-Inn _In(n+1) 150

Inn Inn
as can be seen by L’Hospital. According Leibniz’s test, —1 lies in the interval of convergence.

LCREm D123, DRRERD:

(i) B (59 ) :
(59) ERXESNMLT, LTEMETESNEL:
o BERNFENES., BERRS

1
lim =1 Z lim - =1,
n—eolan e g, |
o SERBNOEIERD, I EREH
by, 1
lim |2 =lel ® o lim [ = |a,
n—>o0 n n—»o0

BE B | EHratio testBroot test TR HHER1, HNEFMMRB || < IHRBUBNEE 2| > 1F5R
HEY, SENEHRNRBERTEP—E (BERE 2| < 1188 ) BFAN. WRAREEx = IWVERHM
MNBEERIRERNN, 2ET %,

(17) EERBABRAEERHNY, BEEZEBERBNHFXER]. KFERBAFENSMI RKEl2. (BEEMEER
MEENHONS, RTHE()E, )

1-373) MRERRAWMERERN, ratio testTroot testRREHFE, BEMRNBUBESIEHR, JLUHK1IE3D, HED
HETHE,

(i) ImBLRIE (72 ) : ARk = 1542, ZiR#he = 115323, EHEEENER TSI DD, HIHBETHE.
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6. Let f(x):fow\/4+t3 dt.

(a) (6 pts) Write down the Maclaurin series (the Taylor series at 0) for V4 +¢3 and find its radius of convergence.
(b) (6 pts) Write down the Maclaurin series for f(z) and find its radius of convergence.

(c) (8 pts) Write down Ty(x), the fourth degree Taylor polynomial of f(z) at 0.
Estimate ‘f(%) - T4(%)|. (You need to justify your answer.)

()

Solution:

3 Wl

Vi+t3=2 \/1+—2(i (tg)n) i(],%.?iilt?’”. (3pts)

The radius of convergence of the binomial series is 1. Thus the series converges absolutely if |§‘ <1 and it

diverges if |§‘ >1 (2 pts). Hence the radius of convergence of the series is /4 = 23. (1 pt)
( Or by the Ratio Test,

CQ R t3n+3 n_l t3 t3
lim ‘$| T L R
n—oo 2._1 43n n-ocon+1 4 4
Cn 22n—1t

. . . 3 . . . 3 .
Hence, the Maclaurin series converges if |%‘ < 1 and the series diverges if ‘%| > 1. Hence the radius of

convergence is /4 =23. (1 pt) )

x x o 1 1 n [es) % 1 1 e
@)= [ Varea- [ (Z Ci gt )dt: > Cif g 5 a ™ (3ts)

n=0 n=0 3n+1

The radius of convergence is still 23 because a power series and its integral have the same radius of conver-
gence. (3 pts)
( Or you can apply the Ratio Test,

1
C2, - iy L g3ntd n-Lan+1lzP |z
lim | ”11 220t Sn+d | = lim 2 i = u (2pts)
n—eol o3 221 . +1x3”+1 nocon+13n+4 4 4
n-t 3n
Hence, the series converges if % <1 and the series diverges if % > 1. Hence the radius of convergence is
Y1=23 (1pt))
1

Ty(x) =2z + 1—6x (2 pts)
f( )=2- + Yoo, C2 227{ : 3n1+1 szarr = L+ 2oey O 2§n 377 and the series Z C’ﬁ 557 3n1+1 is an alternating

n=

series (2 pts).

1
Moreover, |C;? 251n Tl

| is decreasing and approaches 0 as n — oo

(If students CLAIM / MENTION that the sequence is decreasing and tends to 0, then they get 2 points.
The complete argument is as below.

1
The sequence |C;? 54 | is decreasing because

1
3n+1

1 | 1
|CZ, 1 550+ n-313n+1 1
"HQ ¥ 3n+d] _ 2 __ <—<1lforn>1.
|Cz n+1253n+4 25
n25"3n+1

Also by the above ratio, we know that |C,$ for n > 1. Thus it approaches 0 as n — oc.)

25 3n+1| < 25n

Hence by the Alternating Series Estimation Theorem,

1
25n 3 + 1

5 -T3) =1 3 Ch gz
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. . 1 1
Students may use Taylor’s inequality to estimate the error. Writing down the inequality |f (5) - T4(§)| <
M

g(%)5, where M is an upper bound for |f(®)(x)| on the interval [0, 1], students can get 2 points.

It is complicated to estimate |f(®)(z)|. If students have some progress in computing |f(®) ()|, they can get
1 more point.
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