1092 Calculus B 01-03 Final Exam Solution

June 24, 2021

d
1. Consider the differential equation yd—i =y 1-192

(a) (6 pts) If the constant function y(t) = a is a solution of the equation, find the value of a.
1
(b) (10 pts) Given that y(0) = 1 solve y(t) for ¢ near 0.
. .d
2R F X yd—i - V1-¢2,
(a) (6 pts) wwRFHRHE y(t) =a ZHZ RN, Ra 94,

. IR .
(b) (10 pts) &= y(0) = 3’ Ky(t), &FtEOMZ,

Solution:
(a) Let \/1-y%?=0. Then y = £1. Hence
a==x1 (6%).
(b) Now suppose y # +1 (1%). Rewrite the equation as
d
Y _at (1%)
V1-9y?

and integrate on both sides with respect to ¢, we get

-V1-y2=x+c. (3%).

Since y(0) = 1/2, we get that

c=—/1-(1/2)2 = -? (2%).

Hence

y=2\/1-(z-V3/2)2 (1%)
= \/1 - (z - \/5/2)2 (since y(0) = %, we should choose +) (2%).
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2. (16 pts) Solve
y'(1) =t(#* - y(1)),

y(0) =3.
(16 pts) A%
y'(t) =t(t* - y(1)),
y(0) =3.
Solution:
y +ty =3 rearrange the eqn
I(t) =eJ 1t = 3t find IF (5%)
ety + o3t ty =e3t’ 43 multiply the eqn by I(t) = e2®" (2%)
(o),
7 =e2! 3 rewrite the left-hand side
d (e%fg y) -
f Tdt = f e2" 13 dt integrate both sides (2%)
ey =e3t” (12 2) + ¢ evaluate the integrals (3%)
3=-2+c use y(0) =3
5 =c find ¢ (2%)
_¢2 .
y(t)=t*-2+5e= the solution (2%)
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3. (8 pts) Suppose that X and Y are independent and E(X) =1, E(Y) =2, Var(X) =5, Var(Y) = 7.
Compute E((2X -Y)?).
(8 pts) &4 X, YVARMBEELOMMEEHE, AL E(X)=1, E(Y)=2, Var(X)=5, Var(Y)="7,
K E(2X-Y)?),

Solution:
BE((2X'Y)?)
=E(4X%-4XY +Y?) expand (2%)
=4E(X?) -4E(XY)+E(Y?) E(aX +bY)=aBE(X)+bE(Y) (1%)
=4 (Var(X) + (E(X))?) —4E(X)-E(Y)  Var(X) = E(X7) - (E(X))” (2%)
+ (Var(Y) + (E(Y))?) X, Y idep. =E(XY)=E(X) -E(Y) (1%)
=4(5+1%)-4-1-2+(7+2%) input the values (2%)
=27
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4. Suppose that X is a random variable with probability density function fx(t) = ce

constant ¢ > 0.

—t2+8t
20 for some

(a) (8 pts) Find the constant ¢ such that foc fx(t)dt =1. (Hint: foo e dt = /)

(b) (8 pts) Find E(X) and Var(X).

(c) (6 pts) Suppose that Xi,---, X,, are independent random variables and X; ~ X for 1 <i < n.
Use Chebyshev’s inequality to estimate the size of n such that we can derive

P( ‘X1+.7;+Xn

~E(X)

<0.05) > 0.9.

—t248t

Sl X HREBERHE (1) =D, £¥ c>0 A% K,
(a) (8 pts) R c 1243 / T re(Ddt=1. (427 [ R

(b) (8 pts) K E(X) #= Var(X). N

(c) (6 pts) B3 Xy, X, BEABGHMESHOHEL X, ~ X,
X, 3t n E2 5K, HMFaRs

1<2<n,

F| B Chebyshev %

X+ + X,
P ‘L ~E(X)|<0.05) > 0.9.
Solution:
(a) We have
1= C/OO 67(t278t)/20 dt
=c[ e~ dt (3%)
(<< o 2

= ces / e dt (1%)

= ces -/T-V20  (3%).
Hence

1
PAVAYS

—4f5

(1%).

c=e

(b) Follows form (a), we have that
X ~N(4,10)  (2%).

Hence

E(X)=4 (3%), Var(X)=10 (3%).

(c) Let
Xl 4o

n

7 = +Xn.

Since X; ~ X for all 7 and X7,---, X,, are independent, we have

E(Z)=E(X)=4 (1%) Var(Z)=

Var(X) 10
=

— (1%).

Page 4 of 7



By the Chebyshev inequality, we want to find n so that

PqZ—ELXﬂ<Om021—%%%% (2%)
~ 10/n
‘1_(00m2 (17%)

> 0.9,

this is equivalent to
10/n

0.1
” 1/400

< n>40000 (1%).
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“te7t t>0
5. Letf(t):{g “ o

(a) (8 pts) Find constant ¢ such that f(t) is a probability density function.

(b) (4 pts) Suppose that X and Y are independent with probability density functions fx = fy = f.
Let Z = X +Y. Find the plane region D in the xy-plane such that the distribution function of

Z, Fz(t)=P(X+Y <t),is ‘/foX(x)fy(y)da:dy.

(c¢) (10 pts) Find the probability density function of Z in part (b).
c-te, t>0
% f(t) = ’
J@) {0, t<0.
(a) (8 pts) RFE c 184 f(t) R—AREREIE,
(b) (4pts) AR EH X Y B mACMRBERERKA fx=fr=f. 2 Z=X+Y, K
vy FEAERD, AT ZamSs, Fy(t) = P(X+Y <t), KﬁﬁAlﬁﬁd@ﬁwwm@h

(c) (10 pts) R(b) AP ZagtkF % HE,

Solution:
(a)

/oof(t)dtchootetdtzc(—tet|oo+/°oetdt) zc(O—e’t‘oo) =c.
—o00 0 0 0 0

(3 pts for applying integration by parts. 3 pts for correct result. Students do not need to

use the definition of improper integrals to compute this integration.)
Let ¢=1. Then / f(t)dt =1 and f(t) is a probability density function.

(2 pts for c=1.)

(b) Fz(t)=P(X+Y <t) / fx(x) fy (y)dxdy, where D = {(z,y)|lz +y <t,x >0,y > 0}.

If ¢ <0, then D is an empty set or a point {(0,0)}.

If ¢t >0, then D is the triangle bounded by x =0, y =0, and x +y = t.

(4 pts for D = {(z,y)|lxr +y <t,x >0,y 20} or D = {(z,y)|xr +y < t}. It is o.k. if students
don’t discuss cases t >0 and t <0. )

(c) For t<0, Fz(t) =0
For ¢t > 0,
Solution 1:

u=x+y

{U -
Fy(t) = [/ xe Pye Vdady —— [/(u v)e’ ™ v
B / / (u—-v)v-e"dvdu,
o Jo
where () is the region in the uv-plane bounded by u =¢, u = v, and v = 0, and ‘

I(z,y)
d(u,v)

|9z, )

dud
O(u,v) uaw

O(z,y)| _
O(u,v)

(1 pt for substitution u =x+y, v=y,oru=x+y, v=2x. 1 pt for

‘—1 1 pt for §2.

2 pts for the iterated integral.)
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t
Hence fz(t) = Fj,(t) = [0 et (t-v)vdv = ét?’e‘t.

¢ ¢
(2 pts for f(t) = F,(t) = / e (t-v)vdv. 3 pts for f e (t-v)vdv = ét?’e_t.)
0 0

Solution 2:

fZ(t)=[: Fx(t-5)fy(s) ds or f: Fx(s) fy (t=s) ds. (3 pts)

oo t
Hence fz(t) = f fx(t=35)fy(s)ds= / (t —s)e*se™ ds
oo 0
(2 pts for the upper and lower limits of the integration 0, ¢.)

t 1
Thus fz(t) =[ s(t-s)etds = 6t3e‘t.
0

¢ ¢
(2 pt for fz(t) = f s(t-s)e™"ds. 3 pts for f s(t-s)eds = ét?’e_t.)
0 0
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6. The number of flaws in a carpet appears to be Poisson distributed at a rate of one every 6m?.
(a) (8 pts) Find the probability that a 3m by 4m carpet contains more than 2 flaws.

(b) (8 pts) There are two carpets with sizes 2m by 4m and 2m by 5m. Find the probability that
these two carpets together contain less than 2 flaws.

B3 M8 E eg B A3 2 Poisson 98, @B -F345 6F 5 R A —EHm®,
(a) (8 pts) R—1F 3ART 4AR KA ARG 2EBMAGEE

(b) (8 pts) AMmAEHE, &% 2ART 4ARKA 2ARE SARK, Riz Mk bosk ey pesc )
w26,

Solution:
3 x4
Z ) =2. (2 pts)
Let F' be the number of flaws in the carpet. Then F is Poisson distributed with E(F') = 2.
1 2

2 2 -
Hence P(F=0)=¢? P(F=1)= Fe‘Q =22 P(F=2)= 56_2=26 g
(1 pt for P(F=0)=¢2 1 pt for P(F =1)=2¢2 1 pt for P(F =2)=2¢2)
Thus P(F>2)=1-P(F<2)=1-P(F=0)-P(F=1)-P(F=2)=1-5-¢2.
(2 pts for P(F>2)=1-P(F<2)=1-P(F=0)-P(F=1)-P(F=2). 1 pt for the final
answer. )

(a) The average number of flaws in a 3mx4m carpet is 1 x (

(b) Solution 1:

2x4+2x5
Together the average number of flaws in the two carpets is 1 x w = 3. (4 pts)

6
Let F' be the number of flaws in the two carpets. Then P(F <2)=P(F=0)+P(F=1) =
-3 -3 _ 4,-3
e’ +3e” =4e.
(1 ptfor P(F <2)=P(F=0)+P(F=1). 1ptfor P(F=0)=¢?. 1ptfor P(F=1)=3e".
1 pt for the final answer.)
Solution 2: Let F; be the number of flaws in the 2 x 4 carpet. P(F; = 0) = ¢ and
4 _4
P(F1 = 1) = g@ig. (2 ptS)
2
3

Let F, be the number of flaws in the 2 x 5 carpet. P(Fy=0)=¢s , P(Fy=1) = —¢75. (2

pts)

P(F1+F2§1):P(Fl:0,F2:O)+P(F1:1,F2:0)+P(F1:O,F2:1) (2 ptS)
4 _4

5 5 5 5
— e’%eﬁ + 56_56_3 +e” §6_5 =4e73. (2 pts)
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